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This paper presents some exact solutions of the Navier-Stokes equations of
viscous liquid motion in spherical polar coordinates with axial symmetry,
The eases corresponding to the flows (i) in the annulus of a convergent tunnel
with variable suetion and injection at the walls, (ii) in the space bounded
by porous concentric hemispheres and the common diametral plane with
variable suction and injection and (iii) about a porous sphere, and the cor-
responding particular cases have been discussed.

1. InTrRODUCTION

The object of this paper is to search for some new exact solutions of
the Navier-Stokes equations of viscous liquid motion in spherical polar co-
_ ordinates (r, 8, ¢) with axial symmetry, the line OZ (i.e. 6 = 0) being the axis
of symmetry. A few exact solutions of these equations are known, some of
which are discussed in standard textbooks and some have been published
recently (Squire 1952; Agarwal 1957). 7

In §3 is given a general solution of the equations, from which only a
few particular cases have been discussed. Two other solutions have been
obtained in §§4 and 7, and it is shown that they correspond to the axially
symmetric flows of a viscous liquid (i) in the annulus of a convergent tunnel
bounded by two porous coaxial cones with variable suction and injection
(§§ 5 and 6), (ii) in the space bounded by porous concentric hemispheres and
the common diametral plane with variable suction and injection (§7A)
and (iii) about a porous sphere when the velocity at infinity is parallel to the
axis of symmetry (§ 7B).

The following interesting problems, namely the axially symmetric flow of
a viscous liquid (i) in the space bounded by a porous cone and a porous circular
plate perpendicular to the axis of the cone and passing through its vertex, the
angle of inclination of the generator of the cone to the plane boundary being
very small (§ 6), (ii) along an infinite plane boundary (perpendicular to OZ)
which sucks in or ejects liquid with constant velocity (§ 7A), etc., have been
discussed as particular cases. The results obtained in the case of infinite
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plane boundary have been found to be in agreement with those discussed in
Schlichting’s book (Schlichting 1960). Also the solution discussed by Agarwal
(Agarwal 1957) and some others discussed in standard textbooks have been
deduced as particular cases,

2. SMPLIFICATION OF NAVIER-STOXKES EQUATIONS IN SPHERICAL
Porar COORDINATES

The Navier-Stokes vector equation of motion of a viscous liquid is (Milne-
Thomson 1949)

—

%%, —-—I;xrot V= —grad H—» rot rot f;, . .. (20)

where V is the velocity vector, » the kinematic coefficient of viscosity and
H= % +1V240,

p being the pressure, p the density and £ the potential function of the ex-
ternal forces acting on the liquid element at the point considered.

Let us consider the spherical polar coordinates (r, 6, ¢) with OZ as the
line 6 = 0, and choose the velocity vector of the flow in the form
1 oy 1 %

V= sn6 3% " remo o "9+ X - (22)

so as to satisfy the equation of motion (2.1), where ¢ and X are suitable func-
tions of r and 6 only, and 4, 4, ¢4 are the unit vectors at the point (r, 9, ¢)

in the directions of 7, 6, ¢ increasing.

The equation of continuity of the flow, namely div V= 0, is identically
satisfied. Also we have

= 1{ox . 1 ox .
rotV:r—g(gé-‘-Xcoto)lr—;.g':.Io rsm0D¢ ’G¢,
where 3 *
02 1 o2 1 d
Dt = ar2+;'_2°872_;§'c0t0'ﬁ' .. .. (2.3)

Substituting in (2.1) we get the equations of motion in spherical polar
coordinates with axial symmetry of the forms

af 1 9\ 1{ 1 @& X):J’_H _r O 2.4
a‘t(rns'm_o"ae)"ﬁ(sin“zo'ar'Dz""“‘ar or traamo po O (24
af 1 o 1 3 ax _9H v 9 .,

?ai(sm“"“é’“ar)"'ﬂ(mnﬁa sp D +X zptxtoot 0) = g+ 5 (DW),  (25)

(R IS 1
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assuming H to be independent of ¢, where
e,y _dmdy _oudy

9a,b) 0addb boa’
Eliminating H between (2.4) and (2.5) we get

(%_ Dz)pf.p— 1 1¢)_4v(a 1 a)D‘;’«ﬁ

amd o, 9) atrootf-z
1 fxax @ x‘*cot(i)}
—m{?éu'a_a_g'r(‘—r-z— 2 .. Y .. (207)
where
1
2 =
D1=rﬂsin20

If the velocity component V, in the direction of ¢ is zero, ie. if X =0,

then eqn. (2.6) is identically satisfied. If further the motion is steady, then
eqn. (2.7) reduces to

4 9 4 2 1 ¢ DY)

- 5573 c0b 0. )Df/"" e R T 0, .. (2.8)
which determines completely the steady motion of a viscous liquid with
axial symmetry under given boundary conditions.

Eqn, (2.8) is identically satisfied if we put

D% = kr2gin2 0, .. .. . .. (29

where k is an arbitrary constant. Hence the solutions of (2.9) are the solu-
tions of Navier-Stokes eqn. (2.1) under the above stated conditions.

Also in this case we have from (2.4) and (2.5)
oH o
o =t
Q_Iil

(o

+2kv cos 6,
a .
=k= 50 —2kvr sin 0,
80 that if the external forces are absent, then we obtain

§+w2=consta,nt+2kw cos 0+k, C . (210)

where
V= TV:+V,.
‘We now assume

24— .10,

where n is a positive integer; so that we have

T 8 2.11
V= armn 1O+ 7O 0, ...

where f,, f, and f, are arbitrary functions of 8 only.
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Substituting in (2.9) we get the identity
1 > q
v S 7 Lot
™ 2{(n+1)(n+2) (f,— cot 0.f1)+f1} krt sin2 6
+r(f,— cot 0.f;)+(f;— cot 0.f;) =0 .. .. (212)
for all values of » and @ in the region considered, where the primes denote
differentiation with respect to 8. We thus have the following two cases:

(i) when & = 0 (§3) and
(ii) when k£ 0 (§ 4).

3. SorLuTioON OF EQN. (2.9) WHEN k = 0*
If k¥ = 0, then we have from (2.12)

fi— cot 0. f +(n+1)(n+2)f, = o)
fo—cot 8.f, =0

. 3.1)
fi—cot 8.f,=0 j

The last two equations give
= By—A4; cos 0
Jy=Br=ds l L3
Jy = By—As cos 6
where the A’s and B’s are arbitrary constants.
The first equation of (3.1) is transformed to

&f
dn2
where f,(0) = f(») and 5 = cos 6.

Since n = 0 is an ordinary point of (3.3) and 5 = %1 are its regular
singularities, therefore the general solution of (3.3) in the neighbourhood of
n = 0 is valid for |y | < 1 and it is}

f(n) = 4, Dyg5(n)+B1P(n), e e e (34)

where A; and B, are arbitrary constants, n a positive integer and Dy (7)) a
polynomial of degree n+-2, defined by

1.3.5...(2n+1) (n+2)(n+1)
Dasln) = (n+2)1 [m_ 2.0n¥1) 7

(n41)(n+2)

e

S =0, .. .. .. (33

(n+2)(n+)n(n—=1) _ . ]
+2.4.(2n+1)(2n_.1)-” e .. (35)

* The case k = 0 reduces to one in which the vorticity is zero.
¢ + Multiplying (3.3) by 1 —»2 and differentiating with respect to 7, eqn. (3.3) is transformed
to Legendre's equation for f’(y) of order n+-1, and then solved.
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the last term in the bracket being

(m+2)n+1)nn—1)...4.3.2.1

(—pe
2.4.6...n4+2).2n+1)(2n~1)...(n+1)

or
Lt (n+2)(mn+1)nn~1)...5.4.3.2
2.4.6... (n¥l). n+1)(2n—1)... m+2) "

according as 7 is an even or odd positive integer. The polynomial Dy, is
related to the Legendre’s polynomial P, by the relation

(%;{Dn-a-z(ﬂ)}:Pnﬂ(”I) N . X))

for all positive integral values of n; and hence we have the property

D"+2(7]) =0 v . .. .. (3.7)
when 9 = +1. Also

o) =1+ > {(=)"m+Da=1)=3)... (1=2m-+3)
m=1

2m+1
X (n+2)(n+4)n+6). .. (n+2m) @;—;ﬂ} .. (3.8)

or
@

1+ > {(—1)’"(n+2)n(n—-2) .. (n—2m+4)

m=1
2m
X (+1)(n+3)(n+5) ... (n+2m—1) (-21’1;)—!} .. (39)
according as » is even or odd. The polynomial Dy.s(y) satisfies eqn. (3.3)
for all | 5] < 1, while @(y) is convergent for |5 | < 1.

Further, from the general solutions of (3.3) in the neighbourhood of the
regular singularities n = 41 and using the property (8.7), we have

f) =B, whenn=1,
= B:, when 7= —1,

where B] and B] are arbitrary constants. Here = =1 represent the axis of
symmetry and we assume that

f(1) = f(=1).
Thus since the flow is continuous, therefore assuming
B; = .B: = Bl’
we can adjust the solution (3.4) everywhere in |7| < 1 on the assumption that
P =1 .. .. .. .. .. (3.10)
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when 5 = +1, that is writing

nt2

_ m(n+2)(n+n... (n—m+3).(n+1)(n+2)(n+3)... (n+m) ™
P - 1+z( —1 2" {(m—1)1}.m

{bgf"' Zn+s Z 17%-3"2‘21%"'1—1:;}

= § =

«

_pre(t)(nt2) . mt1)m+2). .. (mtn)
* m=2n+3( ) 2" . (m~1)(m—2)... (m—n—2)

Lm L (31)

at the points p = X1, where r = 1F4 according asn = 1.
Hence substituting from (3.2) and (3.4) in (2.11) we obtain in the present

case
rﬂ+2

= ){Aan+2(17)+Bl¢(ﬂ)}+f(Bz—A27l)+(Bs—Aaﬂ), (3.12)

(n+1)(n+2
where n = cos 6, A’s and B’s are arbitrary constants, Dy.,(n) is defined by
(3.5), and @(y) is defined by (3.8) and (3.9) for |5| <1 and by (3.11) at
7= £l.

Using the property (3.6) of Dy, we have from (2.2) the components of
velocity as follows:

1 o
r2 dy
—ﬁm{Ale(nHB@ (n)}+ 244 5 .. (3.13)

1oy
r gin 6 or

Vr=_

Vo= —

Az"l

{AlD»+2(7)) +B1‘1’("7)}“ - (3.14)

(n+1>\/1— \/ 1—

where Dy .o(n) has a factor 1—x2.
The pressure distribution of the flow is then obtained from (2.10).
Assuming A4,, Ag, B; and B; to be zero and using (3.5) we have from
the general solution (3.12) the following particular cases: :

(i) Putting » = 0 we obtain
Y =Artgin® 0+B, .. .. .. .. (3.15)

where 4 and B are arbitrary constants. The solution (3.15) is a well-known
one and is discussed in standard textbooks. A discussion of this solution
will also be found in § 7, defined by (7.10).
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(i) When n = 1 we have
th = Ar3 cos 8 gin2 6+ B
Ve=Ar@Beost0—1) |, .. .. .. (316)
Vo= —3Arsin § cos 8
where A and B are arbitrary constants. The solution (3.16) represents the
axially symmetric flow of a viscous liquid within or outside the convergent
space bounded by the porous cones cos § = +1/4/3, the velocities of injection
and suction at the walls being proportional to » (r is finite).
(iii) Considering n = 2 we get
Y == Art sin2 §(1—5 cos® 6)4-B
Vy = 44r2 cos 8(3—5 cos? 6) . .. .. (3.17)
Vg = —4A4r2 sin (1 -5 cos? §)
This solution can, therefore, be regarded as representing the flow between
two porous cones defined by cos § = £4/3/5, or between the plane 8 — w2
and one of the cones cos 6 = :l:\/ 3/——5, or along the porous plane § = /2, the
velocities of injection and suction along the walls being proportional to 72
(r is finite).
In general, the solution
= A"””Dn+2("))+B
represents flows between porous boundaries with injection and suction
velocities proportional to »# (r is finite), the boundaries being (@) only cones
6 = constant when 7 is odd and (b) the plane 6 ==/2 and the cones
6 = constant when = is even. Also the number of boundaries increases with
n; for, the n+-1 roots of Pyyy(n) = 0 are all real lying between 1.

4. SOLUTION OF (2.9) WHEN k 7 0
If £ # 0, then from (2.12) we must have » = 2, and then (2.12) gives
fi—cot 6.f,+12f, = 12ksin?6, .. .. .. (4)
fo—cot 6.1, =0

2 5 . (4.2)
Jfy—cot 8.f, =0
Equation (4.1) reduces to the form
%, 12
O 12 ey =12k, @4

2" T—nt
where f,(8) = f(n) and 5 = cos 8.
Since 6ky?(1 —y?) is the particular integral of (4.3) in the neighbourhood of
its ordinary point » = 0, therefore, putting

S(n) = y(n)+6kn2(1—n%), S ¥
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eqn. (4.3) is transformed to
2
The general solution of (4.5) in the neighbourhood of its ordinary point
n = 0, i.e. in the region |5 | < 1, gives (cf. the solution of (3.3))
f) = A)(1=—n2)(1=59®)+B,F(n) +6kn2(1—»?), .. .. (4.6)
where 4, and B, are arbitrary constants, and

=0. .. .. .. .. (45

(=3).(=1).1.3.5...(2m—5)
M+ 2)m+Imtd - Cmt1) "

F(n) =9+ Z om L)
m=1

which is convergent in [5] < 1.
Also from the genmeral solutions of (4.5) in the neighbourhood of its
regular singularities » = 41 we have

f(n) = B;, when 9 =1,
= B;, when 3 = —1,
where B; and B; are arbitrary constants. Thus, assuming as before (cf. § 3)
f)=f(-1) and B, = B; =B,

we can adjust the solution (4.6) everywhere in [4] < 1 on the assumption that

F(n) =1, when n=41; .. .- .. (48)
that is, writing
F(n) =37 log 1’(—2-{-—61'—5fr2+§'1'3)-'}-1-']-1—1 r—4572
109_g 303 (m+1)(m+2)
+z -t Z 2m=2" (m—1)(m—2)(m—3)(m—4)" ™ .. (49)

at the points y = 41, where r == 1Fy according as n = +1.
Hence substituting from (4.2) and (4.6) in (2.11) we obtain in this case
4
¥ = 15 {4:1(1—7?)(1—59%) +6kn2(1 —7%) + B, F (1)}
+r(By—A4gm)+ (Bs—A43y), .- .- .- (410
where n = cos 0, 4’s, B’s and k are arbitrary constants, and F(y) is defined

by (4.7) in |n|< 1 and by (4.9) at the points n = *1.
The components of velocity are

Vr—'“{Al"l(?’ 5-q2)—3kq(1—2.,,2)___!F'(q)} +2, . @)
Vo= ——[{Ax(l—5n’)+6’0’l‘}‘\/l-n’+ S ] : ‘;;f;’; @19
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Equation (2.10) then gives the pressure distribution of the flow.

The solution (4.10) is quite different from that obtained by Agarwal
(1957), and the particular case discussed by Agarwal is obtained from (4.10)
assuming the A’s, B; and B, to be zero, and is given by

¢=gr4cos20sin20+B3. N 8 £

5. Ax1arry SyMMETRIC Frow oF A Viscous LiQuip 1IN THE
ANKNULUS OF A CONVERGENT TUNNEL WITH VARIABLE
SucTiON AND INJECTION AT THE WALLS

Let us investigate the axially symmetric flow of a viscous liquid through a
convergent tunnel bounded by the porous walls

0=a and 0=8 (0<Bp<a<n/2)
between the sections r = a and r = b, where 0 < b < a and @ is finite.

Since r % 0 and n = cos 6 % +1 for the present problem, therefore the
velocity components V, and V, are given by (4.11) and (4.12) when the func-
tion F(y) is defined by (4.7). Let the tunnel suck or eject liquid at the outer
and inner walls 6 = a and 6 = 8 (0 < b < r < a) with velocities k724-L,/r and
kgr?+ky/r respectively. Therefore the boundary conditions are

Ve=0, when 6 =« and 0 = 8
Vg = kyr2+4kyfr, when =« , .. (5.1)
= kgr2+-ky/r, when 6 =p
where &; (1 = 1, 2, 3 and 4) are the given constants.
Applying the boundary conditions (5.1) to (4.11) and (4.12) we obtain

By = —k, sin o,
6k, sin o 2\ 11/
4y = =2y (=2 F ()~ (1~ 24) F(n) |,
24k, si
By =—— R ’71"72(72"’7?)
and
2k, sin «
b= B=b) ) —m(B=5)F )}, .. .. (62
where
71 = COS u,
7g = c08 B,
B =8y =) F(n1)+ 20, (1= 27)2F"(75)
= 2ns(1 =)+~ 21))F'(ny), e e 53

5B
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and the relations between k; are

2k, si
3 = “Z;l‘s%g { 4’71’72(’)2—’7?)1‘ (ne) —n2(1 —~1;§)2F ()
+m(1_,,g)(1+,,§_z,,§)p'(,,2)}, U, 7))
ky=kysinafsing. .. .. .. .. .. .. .. (55

The last t?wo relations show that k; are not all independent.
Substituting from (5.2) in (4.11) and (4.12) we get the velocity distribu-
tion of the flow, given by

V, = g@%i—nl{nmz(ng—n?)F’(n)—nnz(nZ—VF)F’(m)
~mP=)F )}, . L (58)

Vo= %{ 4y —07) F(n) —ma(l —n2)(L+52 —205)F (1)
F(l=n2) (1472 2g ) (rg) } + o250, (57)

where 0 < 7; <75 < % < 1 and the function F(y) is defined by (4.7).
Substituting in (4.10) and (2.10) we obtain the pressure distribution of the

flow as follows:

g.*.%vz = C+4kr(2vm—k, sin «)

kkrt si ,
— B0 2 pana(or =) Fl) —mal =1L 2= 20) F )

+n (1= (42 =20 F'(ns) }, e e e .. (5.8)

where ' is an arbitrary constant and V2 = Vf—}- VZ'.
If Q be the total flux of the liquid through a section r = constant, then
from (5.6)
12
Q=2m?| V,dy
M

= ﬂﬁ;}g_u (5= [41me{F (ng) — F(n1)}

— (ng= 1) {meF" (1) + " (n2)}]: ... (59)

where b < r < a.

If we now assume that k, = 0 = k,, then the above results give the
flow of a viscous liquid with axial symmetry in the convergent annular space
bounded by the porous cones § = a and 6 = (0 <8 < & < n/2) between r = 0
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and r = a. In this case the velocities of injection and suction at the outer
and inner walls are respectively k,v2 and kgr2. - It is interesting to note
that the flux @ in this case remains unchanged and is given by (5.9), where
0<r<a.

Again, from (4.7) and (4.9) we have F(0)=0, F'(0)=1, F(1)=1.
Thus assuming ks = 0 and proceeding to the limit as 5; — 0 and then to the
limit as n, ~> 1 we get from the above results the flow of a viscous liquid with
axial symmetry along a plane boundary (8 = »/2), which ejects liquid with
velocity k,r2, and in which the velocity along the axis of symmetry is zero.
The velocity and pressure distributions in this case are

V, = —k.r2 cos 0 sin2 §
Vg = kyr2 sind 6 ; -+ (5.10)
p = C—4kpvr cos 6

where C' is an arbitrary constant, 0 < r < e and 0 < 0 < =/2.

6. CALCULATIONS OF THE RESULTS OF § 5 FOR SMALL
VALUES OF 9

When 4 is small enough, i.e. when 0 <8 <8 <a < n/2, then using the
approximate formula (from 4.7)

F(n) 2 n—2934-3 . 95,
we obtain from (5.3) that
2 —2(ng—m)[1 ~Me—1)%{2+91(3n2—n1)}]. .. (6.1)

Hence from eqns. (5.6) to (5.8) the velocity and pressure distributions of
the flow correct to the order 5* are obtained as follows:

r = k1?2 8in a(ng—n)(m—m)m+m+n2), .. .. .. (62)

ko simo kr2sin e :
:sin gt ls;in 7 L+me+m1)(ne—71)3

— (2= (n2+n)2—2n1(n2+m)}], e .. (63)

Vo=

%’+12~V2 = C+kr(2v—Fk, sin a)

kk,r4 si
- —1‘—;‘1‘1& 14+ (me+m)(me—n1)®

= me—m2{(n2+m)?—2mne+m)}], .. (64)
where 0 <b<r<a, 0 < <9<y <1, and from (5.2)

k= —k,sin ¢[3+(n§+nzn1+ﬂf)

+{3nm =@t e -] .. .. (68)
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From (5.9) the total flux is obtained as

Fyrt s
Q=" b m)me =% - - .. (66)

where b < r < a.
And the relations between the constants k; are given by

klsinﬂ

b = S22 1k et m)ra— ) % _

(6.7)
ks = kysin ofsin B

Assuming k; = 0 we obtain from (6.2) to (6.7) the flow of a viscous
" liquid with axial symmetry in the convergent annular space bounded by the
porous walls 6 =a and 6 =8 (0 <B < a < 7/2) between r = 0 and r = aq,
when the velocities of injection and suction at the outer and inner walls are
respectively k;r2 and kg2, From (6.7) it is clear that k; and k; are of the
same sign and the magnitude of kg is always greater than that of k; so that
the medium ejects liquid at the outer wall § = « and sucks in at the inner
wall § = B when k; > 0.

If, further, we put a = =/2, i.e. ; = 0, then we get the axially symmetric
flow of a viscous liquid in the space bounded by the porous walls § = #/2
and 0 =8 (0 < B < n/2) between r = 0 and r = a when the velocities of
injection and suction at the two walls are respectively k72 and kgr2.

In this case, the velocity, pressure, etc., in the flow are obtained as follows:

Ve = k1r2(1]2—7;2)1), . .. .. .. .. .. (6.8)

klr

Vo= (1 +27)2-q2-7)4) .. .. .. .. .. (6.9

% = C—2kw(3+12) . m

Kt
+ (1@ -2+ @2 =Y} .. .. (610)
and
why
Q_T.nzri, e ce e e .. (6.11)

where 0 <r<a, 0 <y < <1 and

kg = Mo)e v ee e .. (612)

The magnitude of kg is greater than that of k, and they are of the same
sign. If k, is positive, then both ¥V, and V, are positive and the liquid flows
out of the space considered at the free section r = a. On a surface n = con-
stant in the liquid both ¥V, and V¥, increase with r; and on any section r =
constant in the liquid the component ¥, (defined by 6.8) attains its maximum
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when 5 = 1;2/\/ 3. In the former case, on any section r = constant in the
liquid the component ¥V, (defined by 6.2) has its maximum (k; > 0) when

/
p = {%(n§+nzm +17f)}1 g

7. AxrainLy SymMmETRIC FrLow (A) IN THE SPACE BOUNDED BY
Porous CoNCENTRIC HEMISPHERICAL WALLS AND THE
ComMON D1aMETRAL PLANE anND (B) ABOUT A
Porous SPHERE
Let us now assume

¢ = R sin®0, R V8 )

where R is a function of r only. Eqn. (2.9) then reduces to

Tz.—d?z——"QR:kT‘i. .o .. .o . (7

o
~

The solution of (7.2) gives
4
$= (A7'2+—1;+%) sin2 0, ce e (13)

where 4, B and k are arbitrary constants.
Hence from (2.2) the components of velocity of the flow are

2
Vy= (2A+2§+%—) cos @

(7.4)
B 2kr?\ . (

which correspond to a problem for which V, = 0 when 8 = =/2.

A. The solution (7.3) corresponds to the axially symmetric flow of a
viscous liquid in the hemispherical space bounded by the porous walls r = a,
r = b and § = #/2 with variable suction and injection along the walls, where
0<b<aand 0 <072 ‘

We now assume that the medium sucks in or ejects liquid with velocities
ki cos 8 and %y cos 8 at the walls r = a and 7 = b respectively. Hence the
boundary conditions are

Viy=Fkycosf, whenr=a
=kycosf, when r=15

V=0, when r=q and r=25%
(7.5)
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for all arbitrary values of 9 satisfying 0 < 6 < #/2; so that eqn. (7.4) gives
(a+b)(a3+b%) +a2b?

1' (a+b)(a3+ 6b%) + a2b?

_ 2k,a%b*(a+4-b)
(a+b)(a3+6b%) +a2b®

__ bky(a2+ab+0?)
(a+Db)(a3+46b%) -+ a2b?
(a+b)(6a3+b3) +a2b?

! @+ )(a®+66°) +a2b?

Substituting in (7.4), (7.3) and (2.10) we -get the velocity and pressure

distributions of the flow. In this case the plane boundary 6 = =/2 ejects
liquid with velocity

(7.6)

—(24—B|r3+2kr2/5)
which represents suction when k; > 0.

The flux of liquid across a hemispherical section r = constant is

2B kr2)

Q= 777'2(2A+ﬁ +’g (7.7)

where 0 < b<r<a,0<0<n/2 and 4, B, k are given by (7.6).

Clearly, the present case is the same as when the flow is within the spheri-
cal shell bounded by the porous spheres r = ¢ and r = b (b < a) in the absence
of any source or sink at the centre r = 0; for, the inflow and outflow
through the porous boundary of the inner sphere r = b are the same.

(i) Proceeding to the limit as b— 0 we see from (7.6) that B> 0,
and hence from the above results we obtain the flow of a viscous liquid with
axial symmetry in the hemispherical space bounded by the porous walls
r=a and 0 = /2, the injection velocity at r =a being k;cosf. The
components of velocity in this case are

Ve = k;(2—r2/a?) cos 0

Vg = —2k,(1—r2/a?) sin 0}’
where 0 < r < a and 0 < 0 <=x/2. In this particular case the plane boundary
0 = /2 sucks in with velocity 2k;(1—72/a?) whose magnitude is maximum at
the centre r = 0.

The solution (7.8) also represents the flow inside a porous sphere r = a,
which sucks in along the hemispherical part, where #/2 < 8 < =, and ejects
liquid along the other part, where 0 < 8 < /2, with velocity k; cos 6.

(ii) Again, considering the limit as @ — o we see from (7.6) that £ — 0,
and therefore eqn. (7.3) gives the flow of a viscous liquid with axial symmetry
along an infinite plane boundary (¢ = =/2) baving a hemispherical boundary

(7.8)
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r = b, where 0 < 0 < /2, the velocity of suction along the part r = b being
kg cos 8. The velocity distribution in this case is -

V, = ky (1426%/#3) cos ¢
3

. O X

Vp= — -3? (1—b6%/r3) sin 6

where 7 > b and 0 <6 <=/2. The plane boundary 6 = /2 sucks in with
velocity %2( 1—b3/¢3), and k, depends on the velocity at infinity.

This solution (7.9) also gives the flow past a porous sphere r = b, which
sucks in along the part, where 0 < 0 < #/2, and ejects along the other part,
where #/2 < § < =, with velocity k, cos 6.

(iii) Finally, proceeding to the limit as a— co in (i), or as b-» 0 in
(ii) and adjusting the constant arising due to the porosity of the boundary we
get the flow of a viscous liquid with axial symmetry along an infinite plane
boundary (8 = =/2) which sucks in with constant velocity 2k;, defined by

Vy=2k;cos 8

Vg = —2k, sin o}’
where 0 <0< #/2 and r is arbitrary. In this case, the resultant velocity
at every point of the liquid is normal to the plane boundary and it is
V: = 2k;, which agrees with the result given by Schlichting in his book
(Schlichting 1960: eqn. 13.6, p. 272) when the velocity at infinity parallel to
the plane is absent.

. (1.10)

B. The axially symmetric low of a viscous liquid about a porous sphere
r = a can also be determined from the solution (7.3) assuming the thickness of
the shell to be infinitesimal, i.e. assuming the flow across the porous boundary
r = a to be continuous. Thus if U be the velocity of the liquid at infinity in
the direction of z-increasing, and if the velocity of suction or injection along
r = a be k; cos 6, then the boundary conditions are
Vr=Ucosb ) oo T A 1)
Vo= —Usinf |

and
I,é)]r = a0 = I76]r = a0 = 0 } .. (7.12)
Villeaso =Vilr—apo =k cosd
for all arbitrary 6 lying between 0 and «, where k; is a constant depending on
U. The flows inside and outside the sphere r = a are therefore obtained as
follows: '
¥ = kyr?(1—12/2a?) sin2 4
Ve = k;(2—12/a®) cos 9 } (r<a) . .. (1.13)

Vg = —2k,(1—7%/a?) sin 0
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and
¢ = % (r2-+2a3/r) sin® 6

V, = %‘ (14-2a3/r3) cos 6 (r>a) .- .. (7.14)
Vo= — ’;—1 (1—a3/r3) sin 6

where from the condition at infinity we have
k, = 30U. R A L)

Since the inflow and outflow through the porous boundary r = @ are the same,
there exists no source or sink at the centre of the sphere. Further, since in
this case £ = 0 outside the sphere and k 7 0 inside it (cf. (7.3)), therefore
from (2.10) it is clear that the pressure p is not continuous across the boundary
r = a, and this phenomenon is responsible for the flow across the porous
boundary.

Complete discussions of the physical properties of the flows considered in
different articles have not been given as they follow directly from the func-
tions i and V. '
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