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In this paper & number of infinjte integrals and their related expansions,
involving Meijer’s (-function of two variables by using Mellin transforms,
have been obtained. In the first instance, an integral is evaluated with the
help of Mellin transform of one variable. Then double Mellin transform
due to Reed (1944) has been employed in evaluating the integrals involving
the product of two Meijer’s G-functions of two variables,

1. INTRODUCTION

Recently in 1965, Agarwal defined a G-function of two variables which
includes not only the Meijer’s G-function of one variable as a particular case,
but also most of the known functions of two variables. Thus the integrals
which we obtain are very general. These integrals incorporate as special
cases the results of Rathie (1965) which involve Appell’s function F, and its
various particular cases of interest.

The following notations will be used throughout the present paper.

The symbol (em, p) denotes the sequence of (p—m--1) parameters
., €p but when m = 1, we shall denote it by (ep) instead of by

€ms €Em41, - -

-1
(1, o). As ususl T[(a,); (bs)] denotes {'éll‘(a,)}{'lf_fll‘(b,)z . Also the

PRI

o a1
m

symbol A ,[m; «] denotes o “+Z—1 parameters, but when » = m

we shall denote it by A[m ; «] instead of by Anp[m; ).

We shall use the following results:
f zP_lGZI’;”l(az ztbn))) dz = P[(bm')+P: 1"'(“»')—P; 1 —(bm'+1, u)_'P; (an’+1, I)+P]apy
u
’ (1.1)
where
I4+u < 2(m'+n'), |arg a| < n[m'4n'—3({+u)]
and

— min Rb) < R(P)<1— max R(a).
I<i<m’ 1<jgn

The Meijer’s G-funotion of two variables due to Agarwal (1965) is defined
by the relation
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(ep) ‘|
x ,
My, ¥y, Vo, My, Mg (lyt) H (Yt’)

1 t0 100
G te:) 5, a2 ) (3) = @me f e f_m D(E+m)(é, n)aty" d¢ dn,
y ’
(8 (B) .. (L2
where
_ 1"(5n1)+£+"7; ]
Oletn) = P[(‘mH.P)“f""?: (Bg)+&+01’
(ﬁml)_f’ (le)-l-f, (B;”s) b/ Y ('}’;,’)-*-7);
‘/’(f! =TI , . >
1 _(ﬂml-ﬂ, q)+£’ 1_(yvl+1» t)—fs 1—(ﬁm2+1, q')+7], 1—(71,2_*_1’ t')""’]

O0<Cm;<g, 0K me <, 0Ky <L, 0< e <, 00y < p.
The integral (1.2) converges if
PHgts+t < 2(my+vi+ny), p+¢+Hs+H <2metvatmy),
|atg %] < nlm;+v;+n;—}(p+g+s+1)] and
{arg y| < m[me+vet+nm—Hp+g +s+8)].

It is desirable to mention that the modified form due to A. Verma which
has been taken here is slightly variant from that of Agarwal (1965), though in
essence the funotion is the same.

Agarwal (1965) studied the behaviour of (1.2) only for smaller values of
z and y; but the bebhaviour for larger values of z and y has not been studied
even though it has a meaning as ¢ — oo and y — 0.

2. Tae FirsT MAIN REesvLr
In this section the main result has been obtained first and later some
interesting expansions have been derived. We have
(ep)
w0 xz“ 4
zP—IGm',n'( wz (“l)) Q™ P Ve s Mg (e)s (7:')
o Lu (b)) P t:t), s 0q: 4] . (8s)

(B2 (B)

I b ~hu—i

dz

"
© —1'm(2r—-1)[ z a’+n’p]
=1 n1+ﬂ’7"'l» vy, Vg, My, Mg

X ZI e pinu, [t:t], s+nl, [q:q']

| Adf—n; (by)Fp—n), (&), Aln; 1—(bu41, u)—p]
™); (7))

(%), Aln; (a)+p] ’
(Bq); (Bq')

where 7 is a, positive integer.
6B

anptiv- l)e =N’ (2r — Dp

annn(u-l)e - innn’(2r— l)y
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The conditions of validity of (2.1) are:

PHa+8+t < 2my4vi4my), pHg 8+t < 2Amytvotny),
[arg 2| < #lm; +v1 41y — Y (p+g+8+1)],

larg y| < a[my+va+n;— Yp+q' +8+2)],

l+u < 2(m'+n'), |arg a] < afm’+n'—}(l4u)] and

— min R(bj) < B(p) <1— max R(ay).
I<j<m 1<j<n

Proof of (2.1):

Substituting (1.2) for the G-function of two variables in the left-hand
side of (2.1) and changing the order of integration as the integrals involved are
absolutely convergent under the conditions mentioned, we get

(2nz)2 J- f D(E+n)d(é, n)xfy"f 2Pt nlEtn)—1gm, » (

j@@h

On using (1.1) in the above expression, we see that it equals

| I 1—(en)+E+7;
—_— , I
@mi)? f . f PR [@ml, D—E—n, (s,)+f+n]
(bw) +p+n(é+7), 1 —(an)—p—n(f+1);
r 6+t
[1—(b,,'+1, J—p=n{f+1), (@rs1.) +p+n(§+ﬂ)]ap Tyt dn

1—(en, :
(2m)2J f (&, ) [ —(en)+E+7; ]
i (€"1+ 1, P) f—"'l’ (88) +£+77

r [(bm')+p+n(f+n) ;

+n(é+9)
1_(bm'+1, u)—P_n(f""?)’ (al)+P+n(f+’7)]ap !

x I . {m cosec n[as+p-+n(é+n) ]}ty df dn.
] =

Using the exponential definition of cosec w[as-+p+n(£é+44)] and expand-
ing it, we get on term-by-term integration the required result with the help
of the multiplication formula for the Gamma function.

3. CERTAIN PARTICULAR CASES

By giving suitable values to the parameters in (2.1), we get the following
results. Many more results can be obtained from it, some may be even new.
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() Taking ny =1, v, =0, vp=0, my=1, my=1, p=2, 1 =0, =0,
s=0,q=2,¢ = 2 and then using Agarwal (1965), we obtain

fo zp+n(ﬁl+ﬁl)_102'u (

XF[4][].—€1+BI+B;, 1—€2+BI+B;; I—Bz-l-ﬁl, I—B;.*_B’l; xzn’ yz‘n]dz

(@) 1-'(1—€1+l91+ﬁi)5'3l3’y3'1 '
(b"')) I(1 "‘/92+51)P(1—ﬁ;+‘8;)r(€2-/81—B;)

3 b 2' ay+(p—#)u—0)
= (2wi)"’¢P(2,,)&(l—n)(2m'+2n'_u l( )]_1 17,2,

© l( —aw{(2r—1) 2'.' aj-&-n P
% Z_;e i=1 1+nm’, 0,0, 1,1
l 2+nu, [0: 0], ni, [2: 2]

=1

~

. Baf—n; (bm)+p—n], (€2), B{n; 1—(bmy1, u)—p]
annn(u-l)e-mnn (21-1)x
Aln; (a1)+p] ’
(62)3 (52)
where 7 is a positive integer.

The conditions of validity are the same as in the main result after proper
substitution.

This result is an extension of Rathie’s main result.
(ii) Taking n’ = 0, we obtain a very interesting case

a"n”(“' De- inn’(2r = 1)y

. (ep)
o« v . :
p—1™ 0 (31)\ yrq+ry, ve, mq mg ) (7e)
f ST (“z b)) Crr it la: 01| 1(s,) *

"l @)

z b 2 R

= “P(zﬂ)é(l —n)(2m’—u—1) (,n)]——- nytnm, vy, vg, My, g

pinu, [E:17], s+nl, [q:¢")

o=l A"[—”j (bn)Fp—n, (p)s A5 L=(bm 41, 4)—p]
. (y )
oc”nn(“‘l)y s), Aln, (a)4p] ,

(B): @)

where 7 is a positive integer.
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4. TaE SgcoNp Maix REesuLr

, (ep), Aln; 1—(a,)—p]
. Y n ;
(al))Gnl’ V1, Ve, My, My (Yt); (yt,)
u)/ “prnns :ds gl (3

" (B, (B))

dz

o
p—1,ym, 0
f z Gl,u (otz
0

% i
Z by~ T apt(p—)(u—)

)§(1—-n)(Zm’+2n'—u-l)(n)j=1 j=1

ny+rmn’, vy, ve, My, Mg

= xp(?/ﬂ'
praa, [E:47], s+nl, [g:q]

A= (bw)+P—n], (ep), Aln; 1—(Bm11, ) —P]
”); (7))
(Bs)s Aln; (@w41,0)+P]

(Ba)s (B

where » is a positive integer.

Proof : In proving this result, we proceed as in (2.1) and get the required
result by using the multiplication formula for the Gamma function and later
(1.2).

The result is interesting in the sense that it does not consist of an infinite
series of the G-functions of two variables as in (2.1).

However, if we replace z, ¥y and p by zn®®’, yn»n', p+nn' respectively
and replace (ep 1, pix) DY 1—-((l,r1)z____,;p_-f_-7_ﬂ

a"n"(“-"‘"”')m
) (4.1)

annn(u—l-{-n')y

fork=1, 2,..., nn' in (2.1) and

equate the left-hand sides of (2.1) and (4.1), we get the sum of an infinite series
of G-functions of two variables as a G-function of two variables, viz.

=) Ay[—n; (by)+p—n], (GP)’ Aln; 1= (bt ) —P]

Gn1+nm'9 V1, Vo, ny, Mo (yt); (‘yf)
panu, [£:4), s+nl, [g: ¢ ), Aln; (@1, )+P]

annn(u-l+n')y (ﬁ ) (B,)
¢/’ \"g

”
—i‘n(2r—1)[ P aj+n’p]
ji=1 ny+nm’, vy, va, My, My

@
.9
= (2mi) Zl e panut+nn’, [t:47, s+nl, [g:q]
¥ =

Agl=7n; Gw)+P—nl, (), Aln; 1=@ms1, ) —pl, Aln; 1—(ap)—F]
™) (v',)

(0, Aln; (@)-+0]

ICATICR)

where 7 is a positive integer.

annn(u—l+ we ~imnn’(2r - 1)
X
atnpnis- l+n’)e —inann'(2r-1)

e (42)
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5. Tar Tamp Man REsuLT

In this section we obtain a double integral analogue of (2.1) in the form
(5.1) by using the double Mellin transform,

. | (%) ’
uP—lvA—-IGnl’ Vpr Vg Ty My (611) 3 (G ‘;)
2’ [tl : t;], &, [q s q’] (ds’)
ovYo 171 ﬁv ,
(b)) 5 (0'c)
1
(ep)
= e)s (V'y)
Ye); (Yo
s V1, V2, My, Mg
XGP’ [t . t’], 8, [q: ql] (88) J du d'l)
yv
(Ba)s (B')

= (277i)n’apﬁA z e—in(Zr——l) (] fl a’+n’(p+A))

r=1

(ep), (ds)
—imn(2r-1) Y iy
Gn, v1+m’1, v2+m,;, ml+v;, m3+v'2 e o (7;): (bql) HE V4 t’): (b Gl) l
’ ’ b
XG, e, [t+a1:t"+q ], s+p", [a+ta: qr+t1] (-, (85), (ap) &
(Ba)s (e1,)5 (B'y) (66

(5.1)
valid under the conditions:

PHg+s+i <2(mi+vitn), p+q 8+ < 2(metvetn),

larg z| < a[my+vi+n—3(p+g+e+1)], |arg y| < n[metrvetn—i(p+q +8+t)],
P +g,+8 +4 < 2m +v ), p'+q,+8+E < 2m,+v,+n),

larg «| < = [m,+v,+n'—}(p' +q,45 +11)],

|arg Bl < #[mytuptn’—4(0' +4 4o +1,)).

R(p+)) <1— max R(a), — min R()< R(P)< max R(c) and
1<ji<n 1<j<m, 1<i<y,

— min R(b;.) < R()\) < max R(c;).
1<j<m, 1<ji<y,
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Proof: Taking the left side of (5.1) and changing the order of integration,
as justified, we get

(2r}i)2 f f (&, N)BE+m)afy? f f apHE—1p+1—1
—io ¥ —jo odo

(@)
., R R U . ’,
X Gn” Vp Py M My (%) G 4)
7’ [t1 : tl]’ &, [ql ; q1] (ds’)
v .,
(bgy); (b 7,)
Now, by solving the inner double integral involving Meijer’s G-function

of two variables with the help of the theory of double Mellin transform

(Reed 1944) and then using I'(z)I'(1—z) == = cosec =z, the required result is
obtained.

Many more results can be obtained as particular cases, e.g. for n' =0 in
(5.1) we get one of its very interesting special cases. We can get more general
results by taking the variables in the G-funotions as »* and v and using the
multiplication formula for Gamma function, n being a positive integer.

du dv dé dy.
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