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The thermo-elastic equations are solved involving non-dimensional parameters
and the results are obtained in integral forms. The graphs show that the
stresses are exponential in character and die out quickly.

1. INTRODUCTION

The problem of a cylindrical hole embedded in an otherwise infinite
medium can be regarded as of special significance to give the results approxi-
mately valid for a thick hollow cylinder of finite height. The problem of
the hollow cylinder in classical elasticity was first solved by Lamé (1852). He
calculated the stress system submitted to uniform pressure on the inner and
the outer surfaces.

In thermo-elasticity the problem of a circular hole within a cylinder was
first solved in the steady state by Lorenz (1907) with the surfaces free
from external load. Liu and Chang (1965) solved the dynamic problem of an
infinitely long hollow cylinder subjected to an internal axisymmetric blast and a
sudden change of temperature, using the method of treating the time-depen-
dent boundary conditions developed by Mindlin and Goodman (1950).

In the present paper a similar problem of a ¢ylindrical hole in a thick plate
of infinite radius is solved. We employ the dynamic theory of thermo-elasti-
city in which the heat conduction equation is taken independent of elastic field.
The plate is assumed to be unstressed and to be initially at temperature zero.
Then suddenly a uniform and constant temperature is applied on the inner
surface of the hole. The heat thus flows through the plate parallel to the
planes. The problem, therefore, reduces to one of a one-dimensional type
and we are to find the stresses thus developed in the system. The method of
solution is based on the simple theory of operators whereby much labour is
saved. The thermo-elastic equations are solved in terms of non-dimensional
variables and the expressions for the stresses and the displacement are ob-
tained in the integral forms. To show the nature of the radial stress, the
graphs are plotted for the integrand versus the variable of integration at diffe-
rent points in the plate and at various times. The area under these curves gives
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the stress obtained. The stress components thus obtained are exponential in
character having maximum value at some time and then dying out guickly.

A similar method for Cartesian system of coordinates was also developed
by the author (sn press) and attempts are being made to develop a theory for
spherical polar coordinates also.

2. GOVERNING EQUATIONS

The equation of motion in the cylindrical coordinate system (r, 0, 2),
when the displacement vector (ur, us, %) is uniaxial, is (Nowacki 1962)

Pu, low u 1w 0T
e or’

2.1

where
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A and p are the Lamé constants and ar is the co-

efficient of thermal expansion. The heat conduction equation, when the tem-
perature field is given as T' =T (r, 1), is (Nowacki 1962)

BT 1T 1397 _
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where k is the thermal diffusivity.
The components of stress in this case will be

0, 29

1
0, = /\(u, r+; u)+2y.u, r—(BA+2u)a, T, .. .. (23)
1 % :
Ogp = A(u, ,+;u) 4o to@t, @4
1
o, = /\(u, r+;u)—(3/\+2,u.)szT, L @d
Opg = 0py = 0p, = 0.

Introducing the non-dimensional variables, given as

T kt i
— = — = — .. ' 26
57 b2,0 Ty’ (2.6)

U

U= i b

where
b =§, the equns. (2.1) and (2.2) give
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Putting » = ¢ ,in (2.7) and integrating once with respect to p, we get
2
s aqS-H, .. .. o (2.9)

_— m———

where ¢ is the non-dimensional djspla,cemen£ potential. The relations (2.3) to
(2.5) also reduce to the forms

Ty o2 v 1094

O'PP = m“TO(A+2F) = 5’)5 r_‘;.; 5’; -, . (2.10)
- %0 _ v 0% 104
GM_mTo(/\-‘—z[L)—I—V.W_’-; ap 0, .. . (2.11)
and
R i Qqé] -
O‘fe = m = i_:v[ap?‘ +p ap 0, . .. (212)
where v is Poisson’s ratio.
3. METHOD OF SOLUTION
Eliminating 6 from eqns. (2.8) and (2.9), we get
02 190 oyf{oz2 1 9 0z
G sl g ami=o - @
~ The solution of this equation can be taken in the form
¢ =¢ +d, .. . .. .. (32
where ¢, is the solution of the equation
0z 19 o0 :
(3724.; ‘3;-5;5)¢1=0’ e .. (33)
and ¢, is that of
2 10 0
(W’*‘ﬁ?;_?;)%_o' O ¢ 0
Substituting (3.2) in (2.9) and using (3.3), we get
2 19 o
(W 55;_57_2),#2:0. e e .. (38)

Subtracting it from (3.4), we have
92 9
(‘a‘ﬁ"ﬁ)"‘ﬁ —. e 39

The solution of eqn. (3.6) is
$, = f(p)+er fl0) — f er{ J e—fedf}df, e 3T
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where f,(p) and f,(p) are the functions of p only and are such that (3.7) satis-
fies (3.4). Substituting (3.7) in eqn. (3.4), we get

7 1 ’

fl(P)+;f1(P)=X(P)> .. .. .. .. (3.8)
and

. 1.

fg(p)+;f2(p)—f2(p)=o, .. .. .. (3.9

where X(p) is & known function of p and is given as

NG Y
0= (g 5= 7) [} [ervanfo-

Thus we have by solving (3.8) and (3.9)

f’(p) = A log p+4B+F(p), .. .. .. .. .. (3.10)
and

F,(p) = CIo(p)+DEKy(p), .. .. .. . .. (3.11)
where

F(p) = J%{ f PX(P)dP}dP-

The general solution of (3.3) can be taken in the form
¢, = f e~ [N(x)lo(xp)+M(x)Ko(ap)] da, 3 > 0, - (3.12)
3

where 3 is small. Since the solution does not exist at « = 0, the value at
« =10 is excluded from the general solution (3.12). Thus the complete
solution of the equation (3.1) is

b= f e~ SN (@) Io(ap) + M () K o(op) da+ A log p+B
1

+F(p)—fe"{fe""0dr}dr, . (313)

where the term e7f,(p) is merged in the value of ¢,. The constants 4 and
B and the funections M(«x) and N(x) can be determined from the boundary
conditions of the problem.
4. BounparRy CONDITIONS

The surface of the hole is assumed initially at zero temperature and then
suddenly heated and maintained at constant temperature 7, uniformly..
The surface is, otherwise, assumed to be free from external traction. The
boundary conditions are, therefore,

T=0,t<0,andr >R, .. .. - .. (41)
T=Tyr=R andt>0, .. .. .. (42)
T =0asr-> oo, forallt >0, .. .. .. (43)
a"=0atr=Rfora,llt>O, .. .. .. (&4

and all the stresses should be zero at infinity.
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In the form of non-dimensional variables, given as in (2.6), these boundary
conditions reduce to

§=0,7r<0, .. .. .. .. .. (4.5)
0=l,p=a(=§),'r>0, .. . .. (4.6)
0=0asp—> o0, foralls >0, .. .. .. 47

and
o =0atp=ua, . . .. .. (4.8)

where R is the radius of the cavity and « is the non-dimensional radius.

5. SoLUTION

For finite displacement and to satisfy the regularity conditions at in-
finity, we take N(a) as equal to zero in the equations (3.13). Hence ¢ becomes

¢=f e~ M(a)Ko(ap)da+ A 1ogp+B+F(p)—fef{fe—fodT}df. .. (.0)
)

The solution of the heat conduction equation (2.8) with the boundary
conditions (4.5) to (4.7) is given as (Carslaw and Jaegar 1947) -

0=_1+7—2TJ‘00 s Jo(xp)Yzo(xa) Jg(xa)Yo(a:p) dx . 62
o Ji(za)+ Y (xa) z

Substituting the value of 8 from (5.2) into (5.1) and simplifying, we get

b= f M(x)e~*"Ky(ap)da+ A log p+ B+T+ F(p)
8

2 e Jyep)Yo(wa)—Jo@a)Yolwp) 4
wf RT@ED T Jiaa)+ Y i(aa) oo 0

the integral from 0 to 82 can be neglected as the integrand — 0, as x — 0.
Substituting the value of § in X(p) and then in F(p), we have

F(p) = p2. N X))

Replacing 22 by « and substituting the value of the function F(p) from (5.4)
in (5.3), we get

= f M(z)e~Ko(ap)da+4 log p+ B+ 3p2+ 7T
3

_ gJ‘ﬂ e—oT JO(P\/“)YO a’\/a) JO a\/oc Yo p‘\/a) (5 5)
5 202(x+1) Jz(a'\/a +Y (a\/a) da. . )
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Differentiating eqn. (5.5) with respect to p, we get

g:f aMe—afK(;(up)dH%Hp
)
2 e JpVA)Yo(ay/a)=To(ay/a) Y (p1/2)
- = - — d .
f p 2a2(oc+1)\/a JieV/ «) 4+ Y(ay/«) % (5.60)
and
02 °° ” 4
5‘.;‘_;5 =), MK opda— 4y
2 [ ew  J(pVa)Yo(oV a)~Jo(ay/a)Y (py/ )
_= 3 5 5 _ 5 _ de. .. (5.6b)
5 2(x+1) Jo(a\/oc)-{— Yo(a\/a)
Now substituting from (5.6a, b) and (5.2) in eqn. (2.10), we have
Tpp = j oc.Me“"; (ozp)+ K (ap)}doc—-é(l-}- ) ll_iv
8
2 [* eor '
=3[ s | VAT D= slaV YoV 2 L

X {J{)(p\/?-?)Yo(ax/i)—Jo(w\/o_c)Y(;(p\/&)} + @+ D{To(PV ) Y o(ar/«)

_J"(“‘/;‘)Y"(P‘/&)}]Jﬁ(a\/&)iayg(a\/&)' . .. . .. (67D

Using the boundary conditions (4.8), we have

© ” 1 4 1 ’
0 = fs e—ur [_M'ac {“Ko(“a)"‘f__,, ‘= KO(“?‘)}
_g 1 2 1—-2 1 do—l 1—2 1+2_4
w 20(x4-1)  ma2a " 1—v 'Jg(a»\/&)+yg(a\/;) LI Y )
Thus we have

and
M) = 2 1 1—2v 1
(o T wat Bat]) T—v  JHay/a)+ T (av/a)
x 1 O 1)

” v 1

”‘KO(MH'E . -&Ko(aa)

cpp=§fwz@_§(1_‘;_:);l"2”, N 8 (1)

l—v

Hence we have
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where

1 1 2
e-—a‘r 2 1—2p akO(aP)"'"‘ z

2« (G+1) e l—v ko( ) 1 1
a ].—-V

sl ‘/ % {To(aV/a) Y (o) ~J1(sv/3) To(ay/2)

— . ky(ap)

—a2{Jo(pV @)Y o(av/a)—Jo(av/a) Yo pr/a) }

(5.11)

1
J I ave)+ Yi(av/e)

Substituting the values of M(x) and 4 in eqn. (5.6a), we get the displacement
as

95 G L
Ulp, T} = 3 202(a+1) | ~ mat 1=y 1-2v 1

i “Ko(m)+ —K1( )

2J”°° e [ 2 1-2 K, (ax)
8

+ 4 alJ(pV @)Y (e a) =T o(ar/2) Y 1(py/2) } ] J2(a\)&)(il:c¥2(av;)

—le(ae—pz). SO (s 1)

From eqns. (2.4) and (2.5), substituting the values from (5.2), (5.6a, b), (5.8)
and (5.9), we have .

© 1 1-2v
2 -t [ 2 1-2, T Koler)— p 1—-—v Ky (ap)
%44 = '

Zo(at-1) [”“2' 1=y «Ko(an) 4 .+~

b

A2V VD) o3 oy D) (/)

—e ( L= 2u) {Jo(P\/“)Yo a\/m —J “\/“)YO(P\/“ }

da 1—-2v a?
X e T —-2(1_v).(1—;);), (5.13)
and
o = 2v © e 2 1= oK g(ap)
£ 21—y) 82ac2(ac+1) wa?’ 1—v aKo(m)_'_} 1 2VK1( a)
- - - - do
_az{JO(P\/m)Yo(a‘\/a)'—JO(a\/a)YO(P\/a)}]Jg<av;)+yg(ava)' (5'14’)
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Fic. 1. Showing oy, for p = 2.0 and for various .
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Fi1e. 2. Showing oy, for 7= 0-1 and for various p.
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6, NUMERICAL CAICULATIONS

The graphs are drawn for the funection Z for p = 2, r = 0, 0-1, 0-2, 0-5, 1
and 2 in Fig. 1 and in Fig. 2 for p =2, 3, 4 and 7 = 0-1. The value of
Poisson’s ratio v is taken equal to 1/4 in all calculstions. From the graphs
we find that the area enclosed by the curve in Fig. 1 decreases with time and
tends to zero as T becomes large.
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