CERTAIN RECURRENCE RELATIONS FOR THE H-FUNCTION

by U. C. JaIN, Department of Mathematics, University of Udaipur,
Udaipur

(Communicated by R. 8. Varma, F.N.1.)
(Beceived July 6, 1966)

The aim of this note is to obtain some recurrence relations for the H-function.
Since the G-funetion is a special case of the H-function, the recurrence
relations for the G-funection follow as particular cases of our findings; also,
for some particular values of the parameters in the recurrence relations thus
obtained for the G-function, we get the results given by Meijer.

1. IsxTRODUCTION

The H-function introduced by Fox (1961, p. 408) will be represented and
defined in the following manner (Gupta and Jain in press):

Hm,n[ (al’ al): LY (ap’ “Z))]
p'a || (b1 B - (b By)

. J I?I’(b;—ﬁjf)}:ll’(l—aj+mj§)

dé .. .. (LD

| P=bBg) T T(aymasd)
m+1 n+1
where x is not equal to zero and an empty product is interpreted as
having the value unity; p, ¢, m, n are integers satisfying 1 <m < ¢; 0 < n < p;
aif{j=1,..., »); Bi(j=1,...,q)are positive numbers and a;(j =1, ... , p),
bj(j=1,..., q) are complex numbers such that no pole of I'(b,—Bué)(h = 1,
., m) coincides with any pole of I'l—ait )t =1,..., n), ie.

ozi(b;,+v) B = (a;—n-l)ﬂh .. - .. .o (1.2)

v,1=0,1,...;h=1,...,m;i=1,...,n). _
Further, the contour L runs from o—400 t0 ¢+100 such that the points

E={Optv)Bh=1,...,m;v=0,1,...3) . oo (L3)
which are the poles of I'(by—Bi€) lie to the right of L and the points
f=(@—q—D)jau=1...,%57=01...5 .. .. (14

which are the poles of I'(1—ay-+usé) lie to the left of L. Such a contour is

possible on account of (1.2).
In this note we have established some recurrence relations for the H-
function. Since the G-function is a special case of the H-function, the
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recurrence relations for the G-function follow as particular cases of the rela-
tions given in this note. The results are believed to be new.

2. RECUBRENCE RELATIONS

(1)
m, n (al-l:“l)s(a:d‘);-":(a s“)
(ba~be)Hy, ¢ [”” (Bim1, 1), (oL, ap), (Ber B <« » (B ﬁq)]
n (@1, 1), (@2, %3), « « - 5 (Bp, ¥p)
= (al_bl)H]:’q [x (bl—]': ;l)’l(b% :1)32(63’ Bg): 'z-)- :p(bq’ Bq):' \ (2‘1)
m, n (a’l’ OC]), (a’2s a2)1 s sy (ap> “11)
—(@1—b)Hy, [‘” (B, %), (Ba—1, @), (B, By)s - - - » (b /aq)],

where n > 1 and m > 2.
(if)
(a'l, al): (az’ 0(2), ey (a’p—ls “p-l), (ap, 0(1)]
(bli al): (b2: 0(1), (63, /83)’ cney (bqa ,Bq)

(@5, 01), (@gs %3)s -« - 5 (@p—1, 2p—1)y (%p—1, ocl)]
(bls 0(1), (bZ: 0‘1)’ (b3: 33)» LR (bq: Bq)

(al“'ls 0‘1): (az, “2)1 caey (ap—l: “:D—l), (a'm: ®xy )]
(bl—l’ O"l), (bZ—']-s 0(1), (bay 33): sey (bq» Bq)

(@11, ay), (@3, %)y ..+, (@p-1 ap-1)s (@p—1, “1)]
(bl—l’ d.]), (bz—l, “1)) (63’ /33)’ e (bQ’ 13q)

+ap—bi)ap =5y |2

m, n

+(l+bl+b2—-2ap)ﬂp, q [.’E

", 7 (al—l, oc1): (0;2, “2)’ feey (a’p—l: ap—l), ((lp~2, al)jl
FHp o |2 (b1, ay), (Ba—1, a2)s (Bys By)s -+ » (Bas By)
where m > 2 and 1 <n <p—1. (2.2
(i)

(ah “1)! (dz, MZ)’ se0y (ap—-lv ap—l)s (a'p’ °‘1)]

(bl: ®1)s (b27 a1} (b3: ﬁ3): cees (ba: ﬁq)

(@3, ®q), (@3, tg)y v s (Gp—1, ap—]), (ap, “1)]
(b1+1’ d’l)s (bZ: G]), (st 33)’ DR (bq, Bq)

(011—1, “1): (a'2a 0(2), erey (a’p—l: ap—l), (a'P—l’ al)] (23)
(bls ai), (62—1, “1): (b?.: 53): e (bq: Bq)

(@,—1, o), (@2, %o)y + v+ s (Bp—1 “p-—l), (ap, al)]
(b1—1, ), (ba—1, @), (Bss Byg)s +++»> (Ba By)

*(0'1—"1: a3), (@g, ®g)s « -+ » (Bp-1, Xp1)s (@p—1, “1)]
(bl'—l’ °€1): (bZ"'l: “1)5 (b3: ﬁS)’ esey (bm ﬁq)

where m > 2 and 1 <n < p—1.

(by—ay+1)Hy ¢ [x

m, n
=H, q[‘”

+H§’;‘[x

+(ap-b1)(ap-—b2)H:,’;[x

+(b2—ap)ﬂ;fj'q"[x
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(iv)

(br—a)H, g [a:

(al’ Otl), (“25 0(2), veey (a'P"l’ “p—l); (ap: OCI)]

(bls Oc1): (62’ al)» (b3» 63)’ veaey (bq: ﬁq)

(@1, 1), (@g, %3), « . ., (@p-1, %p_1), (Ap—], 0‘1)}

=8, [a: (b1, 1), (b2, 1), (D3, Bg) -+ -5 (bgs B,)

+(b1—ap)(b1—a1)HZ':[x (@1, @1), (@, @), - . o, (@p-1, 2p-1), (@p, 0‘1)]

(bl"']-: Otl), (b2: d]), (b3: 53)1 fees (st Bq)

(al'—'la ‘7'1)3 (02, OLZ)’ seey (“p-—l: “27—1)’ (ap—'l; 0(1)
(by=1, 1), (Ba—1, 3, (b, By, - . -, (B B))

(al_l’ 0(—1): (a’23 0(2), see, (aﬂ—b ‘xp—l)’ (ap—‘?; 0(1)
(bl_'l: “])s (b2_1, 0(1), (637 ﬂ3)’ ) (bQ7 B”) ]

wherem >2and 1 <n < p—1.

+(1 +b2—ap)HZ',’q"[x

+Hﬁ’:[x

v)
m, n (ala U'l)! (a'i’ <x'2), ey (G‘P—l, ap—»l)’ (apa a-l)
(1+b1+b2-a1—ap)Hp'q [m (bl’ “1)9 (b2a “]); (63’ ﬂg)a v ey (bp, Bq) ]
= g™ n[ (@1, ), (@2, 2g), - -+, (Bpoy, %p-1), (@p, 1)
Y “ (b1+ 1: ‘xl): (b2’ al): (b3’ 63): L] (bm Bq)
m, 1 (alxal):(abo“.’),---’(a'—ra‘—),(05“)
+ (ba—ap)(by—a)H, , [m (b1, 1), (bg—1, ay), (b3,p,331), .p. .1, (bqu /9:)]
Hm,'n[ (al_ls al)! (a2: 12), .o (a'p—ly ‘xp—l), (ap'—l, “l)
T,- e © (bb "ll)a (62—1; (X.l), (bs’ ﬁ3)’ LI} (bq, ,Bq)

wherem > 2 and 1 <n < p—1.
Proofs : Since (Rainville 1963, p. 72)

a—1,b
2F1( ¢ ;—s:v)

7 a, b—1 b—a F(a,b )
= o'y c ; —sz)+Tsx2 i\, -8

we have

a—1, b'; —sx) dx

(@a=1)I'(a—1)I"(b) J‘“’

I'(c) () 2F1(

0 c

_(p=1HI'@)I'®b-1) (= e, b—-1
= e fo () 2F1( . 3z)dx

(b—a)(a)I'(b) @ N ab
+--——-1:;(-E—:FT)-—-—~' 8. fo xA+1f(x) 2F1 (c+1 ; 8.'13) dzx

provided that the integrals involved exist.

]
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Now if we take

(a'l! a’l), ey (“px dp)]
(01 By} - - - (Bas By)

in (2.7) and evaluate the integrals involved therein with the help of the follow-
ing result (Gupta and Jain in press):

® (a-l: al)s eaey (ap, dp)] (61, Cs )
mnl, o .
JO @A Hp,q [zx (515 B)s - -+ 5 (Bas B) oFi| ;5 —ew)da

_ P(d) .S‘A'IHM-FZ, n+1[i (""/\! O')s (a’la <z'1) (alh “p) (d —A— 1 U) ]
- .F(Cl) . F(Cg) P+2, 042 | g0 (GI—A_la 0') (62_)\-—1 U (bli B ) s (b!I’ ng)

fl@) = [

valid for

o> 0, R(A+1+amm—~

)>0(h_1 ..,m), jargs| < w
Pa

—-minci)<()(j=l,...,n; 1=1,2)
J

=i‘(a, Z(a,)+2(/3j Z (8;) > 0 and largz| < fpm,
1

n+1 m+1

R(A+1+omax a,-;—l

we get the recurrence relation (2.1) after some slight changes in the para-
meters and arguments.

The remaining recurrence relations can be proved in a similar manner if
we start with (Erdelyi 1953, p. 103, equs. 30, 34, 39, 33) respectively instead of
(2.6).

3. Pamticurar CAsEs

The following recurrence relations for the G-function (Erdelyi 1953,
p. 207) are obtained if we take all the o’s and the f’s to be equal to unity in
the recurrence relations (2.1) to (2.5) respectively.

)

a;—1,a; ...,ay
b;—1,b,~1, bs, ..., bq]
Qs By ..., Oy
by—1, by, by, ...,bq]
ai, Bg, ..., Ap
by, by—1,0bg, ..., bq]

(br— bz)Gz.’: [x

= (al—bl)a’;';‘[w (3.1)

—(al*bz)G:': [a:
where m > 2and n > 1.
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(i)
m, n
(ap—a1)Gy, ¢ I:‘”
", n
= Gp, q [x

+(ap—by)(ap—b,)Gyp ¢ [z

Ays Aoy « v o 5 Bpeas ap]
by, by, bg, ..., by

Ay, @y « ooy Bp_y, ap—l]
by, by, ba, ..., by

(1'1—1, A3, ooy Bpois ap]
by~1, by—1, b3, ..., by
ay—1, aq, ..., Qp_y, ap—l]

m, N
+(14b1+by—2a5)Gy, 4 [x b—1,by—1,bs ..., 5

+aze

al—l, Qgy o -y Gpay, ap—-2]
by—1, bp—1, b, ..., by
where m > 2 and 1 <n < p—1.

(iii)

(bl—-a1+l)Gﬁ’:[:c

AY
ayg, Qg, « - -, Gp_1, a’p]
by, by, b3, ..., by

-"-'Gm’n ay, 228 ---,ap-l: ap]
=0 |®lp 41, by, b, .., by
—1, a; ...,a_l,ap—l
o ay » B2, D
T T p b1, by ... by

+(ap—by)(ap —bz)G:’: [35

a,l—l, A2y, - ooy Bp.1y aP]
bl—l, bz—l, b3, ey bq

) ,n a’l—l’ @25 - - -5 Ap—1; ap—l}
+(bz'“6tp)G’; q [xl bl'—l, bg—l, b3, ey bq

»

where m > 2 and 1 <n <p—1.

(iv)

(b, ”GL)G::[“’

m,n
=Gy, q|%

+ (b1 —ap)(by -GI)GZ,,:[‘”

ay, @z, .« ., Tp—1, ap]
by, by, bs, ..., by

ay, Goy « - ., Ap_1, ap—l]
by, by, by, ..., by

By, B3, « v 5 Op—is ap]
b;—1, by, b, ..., bg

a;—1, as, ..., Gp-1, ap—l]

, R
+(14+by—ap)6y g ["’ by—1, by—1,b;, ..., b,
al"'l, Aoy 5 Op1> ap—-2]

s R
+G,;:,q [x bl_l; bg-—-l, b3, ey bq
where m > 2 and 1 <n <p—1.
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v)
. moa| |G, Qo .., Gpoy, Gp )
(4by+by—a=ap)p. [x By, by, by - byg ]

doy ..., Q. a.
_ Gmn[ l @y, X3, » Ap-1, p]
20| % p 41, by, by, ..., b,

3.5
@y, Qg, .., Ap_1, ap] ( ( )

by, by—1, by, . ..., by
al’—'l, ag, Pe ey ap_l, ap_'l:l
by, by—1, by, ..., b,

+(b2—ap)(b2——a])6¥:’:[x
+6,4 [x
where m > 2and 1 < n <p—1.

On putting a, = by in (3.3) and (3.5), we arrive at a recurrence relation
given by Meijer (Erdelyi 1953, p. 209).
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