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A multiple Fourier solution has been given for the analysis of a finite hollow
eylinder subjected to axisymmetric normal loads on the ends. The curved
surfaces are assumed to be free of external loads and the solution is presented
through Love function. Numerical work has been done with an Elliot 803
digital computer and the results are compared with those for a semi-infinite

hollow cylinder.

NOMENCLATURE

An, Bﬂ; Cn, Dn P
Pm: Qm, Rm, 'S'm‘
a, b == outer and inner radii of the hollow eylinder

I = length of the hollow cylinder

= constants, see eqn. (13)

m, n = integer variables
(kna) = roots of the transcendental equation (14)
¢ = outer radius of loaded area

Jo(kn?), J1(knr) = Bessel functions of I kind and of orders zZero and one
respectively

Yo(knr), Yi(knr) = Bessel functions of II kind and of orders zero and one
respectively

(r, 2) = radial and axial coordinates
Ta = —Ji(kna)/ Y1(kna) = —J1(kab)/ Y 1(knb)
Hoy(knr) = Jolknr)+TaY o(kur)
Hy(bnr) = J1(knr)+TaY 1(kar)

Iy(amr), Ii(amr) = modified Bessel functions of I kind and of orders zero
and one respectively

Kolamr), Ki(amr) = modified Bessel functions of II kind and of orders zero
and one respectively
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oz, 9y, Oy, Tr; = aXial, hoop, radial and shearing stress components

02 10 o2

. J— - ]

ve= 8r2+r ar+az2
Oy = mﬂ/l

g = total load, P/n(a2—b2)
g’ = total load, P/n(c2—b2)
B = Young’s modulus

i = Poisson’s ratio

¢ = Love function

e=rla

B=zla

INTRODUOTION

Filon (1902) had analysed the problem of finite solid cylinders subjected
to various types of boundary forces of practical significance. The solution
given by him is essentially one of a single Fourier type where all of
the boundary conditions of the problem are not satisfied. Pickett (1944)
demonstrated the applicability of multiple Fourier method to the analysis of
finite solid cylinders subjected to axisymmetric loads that satisfied all the
boundary conditions. Numerical results were presented by him and com-
pared with Filon’s results. Douglas and Trahair (1960) analysed the problem
of a hollow cylinder subjected to axisymmetric self-equilibrating normal end
loads. They used a single Fourier series and arrived, as a first approxi-
mation, at a solution which did not satisfy some of the boundary conditions.
Butb these boundary conditions which were not satisfied were allowed for later
by proper superposition in a second approximation. But this involved the
violation of those boundary conditions which had been observed already.
Hodgkins (1962) presented a numerical solution, based on the method of finite
differences for the end deformation problem of cylinders.

In this paper, a multiple Fourier solution has been presented for a finite
hollow cylinder subjected to axisymmetric normal end loads. The loading
considered is of self-equilibrating type as shown in Fig. 1(b). By adding a
uniform axial compression—TFig. 1(c)—to the axial stress, the stress distri-
bution in a hollow cylinder subjected to normal end loads as shown in
Fig. 1{a) can be obtained. Theoretical analysis is presented for the
problem in Fig. 1(b). Finally the numerical results are compared with those
for a semi-infinite hollow ecylinder subjected to the same end load
(Yogananda 1965; Sundara Raja Iyengar and Yogananda 1966). The
comparison throws light on the validity of St. Venant’s principle for such
problems.
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Analysis of the problem :
The boundary conditions of the problem in Fig. 1(b) are—

whenz =0, 7,,=0 .. .. . o (D)
%
, 2=0, o-zzfl(r) .. . . (2
., T=a, Tr,=0 .. - . )
27 r= a: Oy = O (4)
» = by Trz = 0 (5)
» r=b o=0 (6)
w 2=l Tp=0 7
v 2=l 0,=0 @)
qQ
',q gq L ',9
e = IF : “
i t_Li ' '
cy | =] +
li 1 : t 1
Q ~ q-q} =
Fra. 1(a). Compressive nor-  Fia. 1(b). Self-equilibrating Fic. 1(¢). Uniform com-
mal end loads on the finite normal end load on the finite pression on the finite
hollow cylinder. hollow cylinder. hollow eylinder.
Note: ¢ = 55 ¢ = il 3
' m(a?—b") n(c2—b%)
} i
_______________ 4
e w4

Fi1e. 1{d). Coordinate axes for the finite hollow cylinder.

In eqn. (2), f; () is a known function of r.
The Love function for an axisymmetric problem must satisfy

vevig = 0. R )
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The stresses are given by

0 3

0z =5 |@—p) Vi 5514
0 190
——— 2 -2

T 5% [’Lv r ar]¢ \

(10)

The self-equilibrating normal load on the end (z = 0) is expanded in Fourier-
Bessel series thus:
=D aaldobar) +Tu¥okar)l, .. .. .. (1D
n=1

where
a

2 f rf;(")[JO(knT) +TnY o(kpr)] dr
b
[a2H (kna) —b"Hy(knb) |

Ay = >
which finally reduces to

1—b%/a2
nC) +Tn Y 1(kn0)]| ———
2Aefa)T1en)+Tn Yo °)][(c2/a2>~(bz/a2)]q

(kna)[(b/a)zﬂg(knb) “Hg(kna)] (12

Oy =
The Love function for the problem is chosen in the following form (Yogananda
1965) :

1 .
¢ = z “'—3 [PmIo(ﬁm'r) + demrll(amr) +RmK0(a.mT) =+ ;S'motm'rKl(ocm’r)] SIN. g2

m=1"m
+> ’;1,; [A, sinh uz+Bp cosh knz+Cuknz sinh kyz-+Dykyz cosh kyz]
n=1"n

x [T olkn?) + T ¥ ol kur)], S 4 £
where (k4a) is a root of the transcendental equation

J (k@) + TpY1(kna) = 0 }

J1(knd) + T ¥ 1(knd) = O (14)
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Using equs. (13) and (10), we can derive the expressions for the stresses as

Z [P w202 — 1)@} o () + Quetmr Li(am?) + [ B —2(2 — W8] Ko(tmr)

o

1St B 1 ()} 008 oz Z {[1—2p)Dp— A,] cosh kyz

n=1
+[(1 —2p)Cp— B,] sinh kyz—Cpkyz cosh kyz—Dyk,z sinh kyz}
X {Jg(kn?) +TnY o(knr)},

[+ o]

=2, [P0 25 (1= Qo)+ o

g;‘—;”i’—)+<1—p>smxo<amr)}

X COS A2+ z {2u[C} sinh kyz-- Dy cosh kyz] [Jo(knr) +TnY o(knr)]
#=1

+[(An+Dy) cosh kpz+{By+Cyp) sinh kyz+Cplnz cosh kyz 4 Dypkyz sinh k2]
X [J1(Fen?) + 0 Y1 (kur)}/ (Far)},

@0

= Z {[(2I“"1)Qm"Pm]Io(°‘mr)+ [;Pf;, —Qmam"]-ll(“mr)'f'[(l—2P)Sm"’Rm]

X Ko(oamr)— [‘Eﬂ’*‘sm‘xm"‘][{l(“mr)} €OS R+ Z {{4.+0 +2p)Dy]
Kot &
x cosh knz+[By+ (142u)C,] sinh kpz+Cpkpz cosh kpz+Dykyz sinh kyz}

X [JotEnt) + Tu ¥ o bnr)] — Z [(An+Dy) cosh Eyz+(By+Ch) sinh kyz

+Cpknz cosh kyz4 Dykyz sinh k2] [J1(knr) +Ta Y 1(Ent)]/ (knt),

Tyz = Z {{Pm+2(1— w)@m 1 (emr) + Quom?Io(0mr) ~[Bm—2(1— )8 mIK 1 (2mr)

m=1

— St Ko(omr)} sin ap2 4 Z [(4,+2uDy) sinh kyz+(Bp+210,) cosh kpz

n=1
+ Cpkepz sinh kyz+ Dpknz cosh kp2} [J1(knt) + TrnY (k)] . .. (15)

Equating the shear stress on the ends (z = 0 and I) and the outer and inner
curved rims to zero, we get

B, +2pCy = 0, . .. .. . .. .. .. (16)

- ; —2_"‘ ) :l RS )]
On=- {(75;1)4' <knl+003h kul) Dy, .. .. . (
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11 (@) P +[2(1 — p) I (ama) + am@lo(am®) 1Qm — K (otma) Ry,

+(1—p)2. K;(ana) —~0naKo(#nd)18m =0, .. - (18)
I3 () P+ [2(1 — p) L1 (0mb) + 2mbT o (tmb) 1@ — K 1 (etmb) B
+[2(1 — ) K (amb) —ambKo(amb)18m = 0, . - (19)

together with the transcendental eqn. (14).
The vanishing of the radial stresses on outer and inner curved rims yield two
equations which upon simplification using eqns. (16) to (19) lead to

[ag,+ay, f,(m) +aj, fo(m) | @u+{a), +a f,(m)+ag, f,(m) ]S

= > hm WAzt KymmDal . .. .. (@)
n=1
and
[aa+ais fom) + s fom) ] @+ [0 + 0 fyfm) + 0 f o (m) ]S,
= > [Welm, Myt Xofm, mDy], .. .. .. (1)
ne1
where
m I m
@y = '%‘:f) —To(oama)
gy = (2p—1) I o(ta) — @l (%)
Bgg = — "‘1;(;‘275‘@ ~Ko(ama)
a,';i = (1 —2’1‘)K0(“ma)_amaKl(dma)
and

o, H, (Bna)[1 —cos mz cosh kyc]
-W' , = emd m 0\ " n
R A Y

(cosh kpc—cos mar) —2p(cos mw cosh kc— 1)]

o2 Hykaa) [ &
— _g_m Ho\fn nC
Xy(m, n) = —4 2 (“?n'*'ki)z [sinh Enc
w L1(amb
a1 = __10_(53_) ~Io(amb)
‘7"4”2 = (2p—1)L(amb) — bl (cmb)
m K (omb
A LR

ay, = (1—2p)Ko(amb) —embK;(amb)

@y Hoykyh)
[+ kT

Wylm, n) = —4 [1—cos m cosh kye]
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and
2
% Ho(knb) [ kne
Xo(m, n) = —4 Z [a kzjz [smh To (cosh k,c—cos mn) —2u(cos mx cosh Ic,,c—l)].

Equating the axial stress on the z = 0 end to the prescribed value and
equating the axial stress to zero on the z = [ end, we get two equations which
upon simplification using Fourier-Bessel inverse transforms yield

an+[An—(1—2)D Z [0,0m, W)Qutgy0m W8] .. .. .. (22)
and

sinh %] Eul)®— 2y sinhfe,] <
[ . ]An—[( n’cnl siih knl : ]Dn - nZ1 (—1)"[g,(m, 2)@m+g,(m, %)),

Tl
(23)
where
n) = 2{ [fl(m) +2(2" P')]Ml(“m: kn) + ‘XmMz(“m, ky) +f3(m)M3(°(m: kn) }
gyfm, n) = [02H(leya)— b H(k,0)]
_ 2{[Sm) =22 —p) M5 (tm, k) Fom M 4 (0, Eon)+Fy(m) My (atm, B }
golm, m) = [@2H (ont) — b H o) ]
in which
M (o, o) = [amal;{ema)Hy (k,(,:2) ; ;1214;1 1(omb) H o (kb))
2
Msom, ) = [«mazz(,(mma)ﬂo(k(ng;:%b Toed)Hofkab)]
2 — o al, (o) Ho(kn@) + o2 5T 1 () Ho(knb) ]
(o, +E,)°
[ — oema K (0n@) Ho(kna) +0b K 3 (2b) Ho(knb)]
M3(Otm, k ) (0( +k2)
and
(e, 1) = [P EoBaD K o(on) 0 Kot Holln)
(x,+%)

+2[-—a aKl(uma)Ho(kna)-{-oc bE (ob)Ho(k b)]
(2 +5)’

Hence, eqns. (20), (21), (22) and (23) yield the required set of infinite equations
for an infinite number of unknowns.

(24)
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1 Il i 1 i |
125 4 .6 .7 1.2 2.0 =

F1e. 2. Non-dimensional axial stress on inner rim, ¢ = 0-125.

1 A 3 ] i

O s 3 35 2 20 A

F10. 8. Non-dimensional axial stress on layer, ¢ = 0-41667.

-2 @ £-0.5
- a
~
Bl -
o i 1 L 1
125 4 .6 75 1.2 zo A
Fie. 4. Non-dimensional axial stress on layer, e = 0-70833,
-2
o -1
~
M e
i 1 i
6o 125 2.0 ’8

Fi1c. 5. Non-dimensional axial stress on outer layer, € = 1:0.

Note: (1) Finite hollow eylinder solution; (2) Semi-infinite hollow cylinder solution.
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Non-dimensional axial stress diagrams

ABzo.128 B34 AB:=0.6
o.125 “\-(;25
0.41667 .2.70

W
l 07088 -03A

.0 1.23
F1a. 6. c¢fa = 6-34375.

€ ¢

- z (o} [e] - Z. Z_

o a; a — o ] & g
£ = =% e z o
w ] b ~

Fia. 8. clo = 0-5625.

128

w [*~0-41667

070833

10
Fia, 9. cfa = 0-625.

Note : (1) Finite hollow cylinder solution; (2} Semi-infinite hollow cylinder solution.
Numerieal values are stresses as per (1),
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Numerical work and discussion :

Detailed numerical work has been done withean Elliot 803 digital com-
puter using 16 terms in each of the series. In order to check the convergence
of the series, results of 12 terms’ solution have been compared with those of 16
terms. It was observed that the deviation was of the order of 6} per cent
which was assumed quite small. The properties of the finite hollow cylinder
considered were: a/b = 8, lfa = 4 and p = 0-15. Various load-bearing areas
are considered—c/a = 0-34375, 0-5, 0-5625 and 0-625.

os/q

Fia. 10. Non-dimensional hoop stress on inner rim, € = 0-125.

0:2r

0.4 [-

F1e. 11, Non-dimensional hoop stress on layer, € = 0.41667.

Final stresses are calculated for the problem shown in Fig. 1(a)—com-
pressive normal end loads—by adding a uniform axial compression to the
stress distribution obtained for the problem shown in Fig. 1(b).

It is known that long eylinders with end loads can be treated as two
separate semi-infinite hollow cylinders. It would be of interest to compare
the present finite hollow cylinder solution with the solution for a semi-infinite

3B
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hollow cylinder with the same end load. The numerical results for a semi-
infinite hollow cylinder with the same elastic properties and subjected to the
same normal load on the end are available in the literature on the subject
(Douglas and Trahair 1960; Yogananda 1965). A comparison of the results

-0.3}
~02¢t

-o"'

Ce /9

°© 125

O\ r

o2l

Fic. 12. Non-dimensional hoop stress on layer, e = 0-70833.

-2}

(v 4
\“o-' =

b

© 128

+04}

+0.2 L

Tie. 13. Non-dimensional hoop stress on outer rim, € = 1-0,

Note : (1) Finite hollow eylinder solution; (2) Semi-infinite hollow cylinder solution.

obtained in the present analysis with those for a semi-infinite hollow cylinder
(Figs. 2 to 17) leads us to the following conclusions:
(1) St. Vennat’s principle is valid and the zone extends to an axial dis-
tance of about one outer diameter of the hollow cylinder.
(2) Hollow cylinders longer than four times the outer radius can be
analysed as two separate semi-infinite hollow cylinders.
(3) The maximum deviation of the results of finite hollow cylinder solu-
tion from the semi-infinite hollow cylinder solution is about
8} per cent.
(4) The agreement of the two results is better on the outer curved rim
than on the inner curved rim.
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Non-dimensional hoop stress diagrams

£z0.425 A=0.4 B20-6 AB:0.75 B2 A=2.0
125 . n
41667 0-99 02
w
‘ J0833 -0.36 Ol
1.0 -Q.14 O1

Fi1e. 14. cfa = 0-34375.

125 .05 .45
0€)
. 0.01 24
w 41667
t 70833 0.0 19
1.0 0.0 A8
Fre. 15. cfa = 0-5.
128 04 26
W 41667 003 il
l 70833 001 .08
(.0 -0.0l -06
Fia. 18. clo = 0-5625.
125 02 .23
w 41667 -003 -09‘
l 70833 ol ® .07
1.0 -.0.08 06

Fia. 17. cja = 0-625.

Note : (1) Finite hollow cylinder solution; (2) Semi-infinite hollow cylinder solution. Numerical values are stresses as per (1)
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