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We report here the results of an extensive series of calculations to understand
quantitatively the approach to equilibrium of a neutron pulse in finite beryl-
lium assemblies. The theoretical results are compared with experiments
and the agreement is very good. The thermalization time has also been
caleulated and the possibility of its determination is discussed. The theo-
retical values are compared with the recent experimental values and the
agreement is satisfactory. Diffusion theory has throughout been used in
making the calculations.

1. INTRODUCTION

One of the most important subjects in the study of neutron thermaliz-
ation is the approach to equilibrium of a neutron burst in a moderating assem-
bly.¥ This corresponds to the so-called ‘Pulse Neutron Experiment’ in which
one introduces a burst of fast neutrons inside a finite moderator assembly
and one measures the time dependence of the (velocity-dependent) neutron
density. The pulsed neutron experiment gives detailed information about
the thermalization and diffusion of neutrons in the moderator; these results
are of great importance in the design of thermal reactors. The pulsed neutron
technique, as a tool for measuring neutron diffusion properties in materials,
was first introduced by Von Dardel (1954). Because of the simplicity of
these experiments, for the last 12 years, the technique has been employed
with increasing success for the study of the thermalization of neutrons in
moderators (for a review on the experimental results one can refer to the
paper by Beckurts (1962); for more recent developments see Proceedings of
the Symposium on Pulsed Neutron Research, Karlgruhe, Vols. I and II, 1965).
However, the theoretical understanding of the experimental results, in some
cases, did not turn out to be very simple, and it is only very recently that

* Part of the present work was supported by the Council of Scientific and Industrial
Research, India.

1 Water, heavy water, beryllium, beryllium oxide and graphite are the most commonly used
moderators for thermalization of neutrons, :
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some of the anomalies have begun to be resolved. These results are also of
interest from the point of view of solid state physics, since the slowing down
properties of solid moderators are governed, to a large extent, by the lattice
dynamies of the erystals and the diffusion properties by the lattice structure.

Following the burst of high energy neutrons, the neutron density N (z 1_;, t)
is accurately described by an equation of the form:

oN
E.‘.PN:O, .. .. .. .. (1)

- —> b d >
where N (r, v, t) dr dv represents the number of neutrons, at time ¢, in the

volume element dr with velocity lying between ; and ;—}—d; ; P is a linear
transport operator consisting of three terms describing collisions, streaming
and absorption (for details, see Appendix). If we look for solutions of the

type N (1‘, ?J) e~ we obtain the following eigenvalue equation
PN = )N. )

If the operator P has at least one discrete eigenvalue A, then N, (Z-{z) e~ Ao
describes the asymptotic (i.e. large time) behaviour of the neutron burst
decaying exponentially with time. (If P has more than one discrete eigen-
value, then A, represents the lowest eigenvalue). Corresponding to the

eigenvalue 2y, N, (;:—z:) is the eigenfunction of the operator P. N, (Z;)
and Ay are called the fundamental mode and the fundamental mode decay
constant respectively which govern the asymptotic decay of the pulse. The
very existence of this decay constant for small assemblies has been a topic of
discussion in the past few years. The existing theories predict that the
fundamental mode decay constant, dg, must be below the bound (VZ(v))min
which represents the minimum value of the collision rate; v is the neutron
velocity and Z(v) the corresponding total cross-section (see also Appendix).
Further, for bucklings* exceeding a certain critical buckling, i.e. for
sufficiently small assemblies, no diserete mode will exist (Nelkin 1963; Koppel
1963; Corngold 1964).

This concept of upper bound on the discrete value of A has created con-
siderable amount of confusion regarding the validity of the experimental
results in erystalline moderators like beryllium and graphite. As Corngold and
Michael (1964) have pointed out, the experimental values of the lowest decay
constant (for small assemblies) exceed this limit in many cases. The upper
bound is 2600 sec~! for graphite and 3800 sec~! for beryllium (these figures
are, however, based on very old measurements of the scattering cross-section

* The buckling, B2, of an assembly is determined from the geometrical size and increases
with decrease in dimensjons (see Eqn. 5 of the text). For an infinite medium, B% = 0,
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below the Bragg cut-off and may, therefore, be in error). In beryllium,
at room temperature, the experimentally reported values of A, observe no
bound, and also give no indication of the existence of any ecritical buckling
(Beckurts 1962; Corngold and Michael 1964). Recently Zhezherun ef al.
(1964) obtained clean exponential decays over up to four decades in beryllium
assemblies which correspond to Ay values up to 104 sec~! which greatly exceed
the critical limit.

On the other hand, in beryllium at low temperatures, Silver (1962)
observed that the measured decay constant continued to decrease with time,
indicating that no time equilibrium was established. Fullwood et al. (1964)
have also reported the time variation of the total neutron density at large
times to deviate from a single exponential (see also Goyal, Ghatak and
Kothari in press).

Using the diffusion theory approximation one of us (Kothari 1965)
explained why the theoretical limit (vX)y, on the discrete eigenvalue is not
observed in experiments. The fact that A, exceeds (vZ(2))my in crystalline
assemblies has been attributed to the ‘trapping effect’ (Jha 1960; de Saussure
1962). The trapping effect can be explained in the following qualitative way:
neutrons, whose energies lie within the first few Bragg peaks, have a very small
transport mean free path and also since the scattering is mainly elastic they
spend considerably more time within the assembly than other neutrons. In
small enough assemblies these ‘trapped neutrons’ govern the decay of the
entire pulse. To take proper account of the trapping effect, it has been
suggested (Kothari 1965) that instead of the complete transport equation,
one should consider the ‘bounded Boltzmann equation’ with a suitable cut-
off on the low energy side. Based on this equation, extensive calcula-
tions of the decay comstant in different beryllium assemblies at different
temperatures have been made and there the results are in good agreement with -
experiments and are reported elsewhere (Ghatak, Goyal and Kothari 1965;
Goyal and Kothari 1965).

In this paper we have numerically solved the transport equation (in the
diffusion approximation) and have explicitly obtained the velocity and time
dependent neutron spectra following a burst in beryllium assemblies of different
sizes. These calculations have been compared with the recent measurements
of Gaerttner et al. (1965). We find our theoretical caleulations to be in
excellent agreement with experiment.

From the calculations of the time dependent neutron spectra, we have
also calculated the approach to equilibrium of the mean energy and mean
velocity of neutrons inside the assembly. From the decay of average energy
and average velocity, the thermalization time 7y, which is a measure of the
time that the neutron burst takes for reaching close to equilibrium distri-
bution, has been deduced and the possibility of its determination is discussed.
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2. THEORY
The equation describing the transport of thermal neutrons in & homo-
geneous non-multiplying medium e¢an be written in the diffusion approxi-
mation* as

%" = D) V2N —[0Z4(0) + oSV 7, v, ¢

+ J oI - oNr o divaslr o) . . 3)

where the notation has been explained in the Appendix. For a burst of
neutrons at ¢ = 0, the source term is of the form S(;: v) . 8(t). TFollowing the

burst, if we make the buckling approximation (i.e. assume exp (z B -;) spatial
dependence) we get

aN ’ s ’ 4

= —[vZ (v} 402 4(v)+vD(v) B2]N (v, t)+J- v 20— )N, t)dv'. (4)
The term vD(v)B2N represents approximately the leakage of the neutrons
from the finite assembly. For a rectangular parallelepiped of sides a, b and ¢
the buckling B2 is given by the following expression:

B2=(§)2+(§)2+(§)2 B )

where a’, b’ and ¢’ include the extrapbla‘bion distancet (Davison and Sykes
1957), i.e.

@ =a+14208), .. .. .. .. @t

with similar expressions for 8" and ¢’. The expression of B2 for other geo-
metries can be found in Glasstone and Edlund (1952).

In a pulsed neutron experiment, following the burst (i.e. for ¢ > 0) if we
look for solutions of the type Ne ¥, ie. decaying exponentially in time, we
obtain the following eigenvalue equation:

PN = AN .. .. .. .. . (D
where

PN = (0Z,(v)+v2{v) +vD(v)B2) N(v) — f 20 - v)N{w)dv'. .. (8)
0

*In this paper we will study the approach to equilibrium in the diffusjon approximation
only. For the sake of completeness the exact transport equation and some general properties of
the transport operator are discussed in the Appendix.

t Extrapolation distance at a plane surface is 0-7104 Aty and is the distance at which the
neutron flux (inside the material) when extrapolated in vacuum will vanish.
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The above equation can be written in the form:
[a4-vZs(v) +vD(®)B2—A)N(v) = fv'Z‘s(v' ~> v)N(@') do’ .. (8a)

. 1 N
where 2;(v) is assumed to vary as - (which is true for almost all moderators)

and, therefore, a« = vZ,(v) is a constant, We can see that for an infinite
medium (B2 = 0), A = a i8 a solution with M(v) (Maxwellian distribution) as
the corresponding eigenfunction. This is a consequence of the detailed balance
condition.

For all the scattering models considered so far (Kothari and Duggal

1964) the total cross-section Z(v) varies as % in the low energy region and

vZ attains its minimum in the Jimit of zero neutron velocity. Further for
v—> 0, D(v)—> 0 and therefore (v +vDB?),;, = Lim (v¥). Now, we can
v—>0

immediately see from the above equation (8a) that by the requirement that
the fundamental mode N(v) (to which the neutron density approaches asymp-
totically) be everywhere positive (which is obvious) we obtain the following
upper bound for the fundamental mode decay constant:

AL (?)2+1)DB2)mm = (’UZ)mm

In fact if we merely require that the eigenfunction be not singular, then
this upper bound also applies to the higher oscillatory eigenfunctions. Thus
the discrete (or, rather, non-singular) modes of the operator P are bounded
by (vZ)min. Thus the time dependent neutron spectra, following the burst,
can be written as

N, t) = Z a;Nj(v)e_’\{:+ J a\N(w)e-X.d)

§ (v2)min

where the X is sum over the discrete modes and the integral represents the
contribution from the continuum. N;(v) and N,(v) are the discrete and
continuum eigenfunctions of the operator P, the latter. being singular in
nature.

Returning to eqn. (4) we mention that for neutrons with energies much
greater than kT (= 0025 e.v. for T' = 293° K, which represents the average
energy of lattice vibrations, or in the case of a liquid, the average energy of the
atoms) the moderator nuclei can be regarded as free and at rest and the
collisions can be assumed to be of ‘billiard-ball’ type. The scattering law in
this case is very simple and the calculation of the time dependent spectra is
not diffieult to obfain (see for example Koppel 1962). However, when the
neutron energy becomes comparable to thermal energy, the form of the
scattering kernel is usually complicated and explicit analytical calculations
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are difficult and one has to resort to numerical methods. In the present cal-
culations we have used numerical methods for solving eqn. (7) using multi-
group approach in which the thermal energy region (0 to 16 7', in the present
calculations with Ty = 293° K) is divided into a large number of groups (= 30
in the present case). The neutron density and the corresponding cross-sections
are assumed to be constant in each group. The representative velocity of
the sth group (¢ runs here from 0 to 29) is denoted by v; and the correspond-
ing velocity width of the group is denoted by dvs. For the sake of convenience
we have defined the veloeity in dimensionless units as

v=2 .. . . L

Vo

where 2, = J (2]:50), k is Boltzmann’s constant, m is neutron mass and

Ty =293°K (v = 2-2x 105 em./sec.). Thus

E
=" 6 1)}

The operator P now becomes a 30X 30 matrix and eqn. (7) becomes:
2,
vo(ViZat+ ViZes+ ViDiBY)N;—v, Z ViZ(Vi— V) dVN; = AN, (11)
i=0

The above eigenvalue equation written in a matrix form becomes

29
Z PyN,; = \N,, RS 1)
i=0
where
Pij = —-'UijES(Vj-—> V@) de+’00(Vi2¢+ Vl.l);BZ)sz . (13)

Zy = Zq¢+ Zst represents the total cross-section of the ith group. The
detailed balance condition (see Eqn. (A.3) in Appendix) can be used to
symmetrize the matrix by making a similarity transformation. The result

Qb =AY, e

- M(Vav]
Qy = Py [ﬂTymﬁj (15)

| , T,
M(Vy) =V, exp| — 7 | .. .. .. {16)

is the Maxwellian distribution and 7 is the temperature of the assembly.
Using detailed balance condition it can be immediately seen that @ is a sym-
metric operator. Thus

Qi = Q-
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Since Q is a symmetric matrix it can be diagonalized by the Jacobi method
(Kuo 1965). Let 4, (A5) be the ith element of the eigenfunetion corresponding
to the eigenvalue A; (Ag, A1, Az . . . are all in ascending order) then by virtue of
the fact that Q is a real symmetric operator (and hence all the eigenvalues are
real) 3, (As) will satisfy the following orthogonality relation:

Zzp‘(,\,)lp‘(ak) ~Owhenj£k .. .. .. (17a)
and by appropriate normalization
Z(/;i(aj)l/,i(x,) =1 .. .. am
The corresponding eigenfunctions of the operator P are given by
Ny = J’%V:)gb,(/\,)‘ O 0 1)

The above eigenfunctions form a complete set of functions and the time
dependent neutron density following a burst of neutrons at time ¢ = 0 can
be determined by
- —Ajt
N(Vi t) = zajNi()«j)e i 19)

J

where a; are constants to be determined from initial conditions. At ¢ =0,
let the neutron density be N(V;, 0) then

N(V,,0)=“za,N,(/\,). (20

J

Using eqns. (17), (18) and (20) we obtain

— 'N( Vi: O)Ni(/\k) de
”’Z HT)

(21)

Tt should be noted that when one employs numerical muligroup methods
to solve the eigenvalue equation, one always obtains a set of discrete eigen-
values. However, the true operator P usually has a set of discrete eigen-
values together with a continuum for A > (v2)m,. The representation of
the continuum by a finite set of discrete modes is not a bad approximation
especially when one is interested in the calculations of integral quantities.
Earlier caleulations (Ghatak and Honeck 1965) have shown for the case of
graphite and water that the values of the integral quantities like the total
neutron density ( = | N(V, £)dV), average energy, etc., do not change by more
than 0-1 per cent as one increases the number of thermal groups from 30 to 50.

Knowing the shape of the initial burst the coefficients a; are determined
from eqn. (21) and then using eqn. (19) the time and velocity dependent neu-
tron spectra can be calculated. Once N(v, t) is known one can calculate the
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time dependence of the average velocity (V(t)) and the average energy (#(t))
of neutrons together with the decay of the total number of neutrons. These
quantities are defined by

B fVN(V,t)dV

V)=l .. .. (22
fN(V,t)dV

~ fVZN(V,t)dV

Ety=*"—+ .. . .. .o (23)
fN(V,t)dV

and
N(t):JN(V,t)dV. .. e (29)

V(t) and E(t) defined by (22) and (23) are dimensionless quantities and to get
the actual values these are to be multiplied by v, and kT, respectively.

Combining eqns. (19) and (24), the total neutron density N(f) can be
written as

N(t):ZA;exp(—)\jt) B 53}
7

where -
A,=a,,ZN¢(/\,)dVi. (98

If the decay of the total neutron density N(t) at every iustant is fitted
with a single exponential then the decay constant A(f) (which we will call the
instantaneous decay constant) will vary with time and asymptotically
approach the fundamental mode decay constant A, (lowest eigenvalue). The
expression for A(t) will obviously be given by
=~ 3 vy = - 5 230

AQ) O d
> 4ghy exp (— )
J

= (27)
> 4y exp (=)

We have used the first term of the Placzek expansion in the Debye approxi-
mation (Placzek 1954, 1957; Kothari and Singwi 1959) as the scattering kernel
representing the inelastic cross-section for beryllium. The kernel is given by
the following equation
8T V2 8+ Va4
eV M oxp {(Vz——,}’ BY A _1}

V' > V)= (28)
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where 6, is the Debye temperature of the moderator which is taken to be
1000° K for beryllium,
§ is the bound coherent cross-section per atom,
s is the bound incoherent scattering cross-section per atom (S-+s = 7-54
barns),
M is the mass of the beryllium atom in units of neutron mass (= 8-937),
V and V' are the dimensionless variables defined earlier.

The above model is convenient for numerical calculations and also re-
produces fairly well the experimental values (Hughes and Schwartz 1958) of
the secattering cross-section at small neutron energies (i.e. below the Bragg
cut-off). Above the Bragg peak the major contribution to the total scattering
cross-seotion is by elastic scattering.* The kernel, however, gives poor
results for energies = 5k7. Fortunately, neutron flux at these energies is
small (the tails of the eigenfunctions decay exponentially like a Maxwellian)
compared to that at energies ~ kT and hence this kernel is expected to give
fairly good results in the present problem. The values of the fundamental
mode decay constant for various bucklings, calculated on the basis of the above
model, compare very well with the corresponding experimental values (Goyal
and Kothari 1965). Values of the transport cross-section for calculating the
diffusion coefficient were taken from the works of Bhandari (1957) and Goyal

1
(1965). The absorption cross-section was taken to be of v type (10-5 mb

at 2200 m/sec neutron velocity). Knowing the scattering kernel, the diffusion
coefficient and the absorption cross-section, the symmetric operator ¢ was
diagonalized for particular values of B2 using the Jacobi method (Kuo 1965).
The eigenvalues and the eigenfunctions of the operator P were determined.
A particular form of the initial burst was assumed and the coefficients a;
were determined from eqn. (21). The time and velocity dependent neutron
spectra were then calculated from eqn. (19) and from this the time
dependence of average quantities were determined using eqns. (22), (23) and
(24). In the multigroup approximation the integrals in these equations were
replaced by appropriate sums. If the operator P has at least one discrete
eigenvalue, Ay, then the neutron density at large times (so that the contri-
bution from higher modes have decayed out) will decay as exp (—Aqt). Thus
by measuring the variation of total neutron density N(f) at large times one
can obtain A;. For sufficiently small assemblies, as has been mentioned, no
discrete mode exists and, therefore, one cannot observe single exponential -

* By elastic scattering are implied those scattering processes, like Bragg reflections, in which
neutron energy remains unaltered. The scattering arising from Bragg reflections are coherent
and are discusged in detail by Kothari and Singwi (1959). It should be noted (cf. eqn. 4) that in
the diffusion approximation, the elastic scattering enters only through the diffusion coefficient
D). ’
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decays. For such assemblies the experimental results and their theoretical
verification will be discussed in see. 3.

If there are at least two resolvable discrete eigenvalues A, and A; of the
operator P then 1/(A;—A) is called the slowing down relaxation time or the
thermalization time. This is a measure of the time that the neutron burst
takes for reaching close to equilibrium distribution. Further, from the
average velocity V(t), if one subtracts the asymptotic value V(co) (this cor-
responds to the average neutron velocity of the fundamental mode), then at
long times, as can be immediately seen from equ. (22), 7(t)— V(o) will decay
as exp (Ap—A)t [= exp (—#/rw)]. Similarly, one can also obtain =y by
studying the variation in time of the average energy E(f). The experimental
determination of A; is, however, difficult because when an asymptotic mode
is established the energy difference E(t)—Z(o0) (or V(t)— V(o)) becomes too
small to be accurately measurable.

Before we present the results of our calculations we would like to
mention that recent calculations (Shapiro and Corngold 1965; Ghatak and
Honeck 1965) indicate that in an infinite (B2 = 0) water* assembly there
exists three discrete resolvable modes of the transport operator. However,
for a tightly bound crystalline moderator (like beryllium and graphite) there
exists only one discrete resolvable mode. In the former case the measurement
of 7 is possible, though difficult (Moller and Sjostrand 1964; Ghatak and
Honeck 1965). On the other hand, in erystalline moderators, a unique deter-
mination of 7y is not possible; the value of 7y that an experimentalist
determines is some sort of an average over the continuum modes. We have
calculated the valuest of

[—({% In (E(t)—E(w)))_l] and [— (g-t n (I_’(t)—V(oo)))_l]

as functions of time and we find that the effective =, obtained by either of
the expressions varies continuously with time. However, the variation at
large times, though continuous, is so slow that an experimentalist may very
well mistake the decay of E(t)—E(c) or V(t)—V(0) as being a single
exponential.

3. Resurnrs awp DIscUSSIONS

Case (i): B2 = 0.0 cm™2

We first consider the infinite medium case (B2 = 0). It should be pointed
out here that in this case, the diffusion theory eqn. (3) is the same as
the exact transport theory eqn. (A.l) (see Appendix) for a homogeneous

* The scattering of neutrons by water is represented by the Nelkin model (1960).
t The value of either of these expressions at any time will be referred to as the ‘effective i
thermalization time.
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infinite medium. Therefore the caloulations in the infinite medium case do
not involve the use of diffusion approximation as in the finite medium case
(B2 # 0).

TABLE 1

Values of buckling, temperature and density
of various beryllium assemblies used
in calculations

Buckling Temper- Density
cm-2 ature g/ems
0-0 300° K - 1-80
0-026 295° K 1.85
0-073 ' 303°K 1-70
0-075 305°K 1-86
0-124 305° K 1-84

We have taken the density of beryllium to be 1-8 g/em3 and have neg-

lected the absorption. As is clear from eqn. 8(a), in the presence of %, type

absorption the whole eigenvalue structure gets shifted by a constant factor
a = vZ,; and the neutron density is given by N(v, t)e~* instead of by N(v, t),
where N(v, t) represents the neutron density in the absence of absorption.
Therefore the variation of quantities like E(f)—E() and V(f)—V(c0)
and the shape of transient spectra are not affected by negleoting the %type
absorption. As discussed previously, for B2=0, A =0 is a solution of
eqn. (7) with M(v)[= V2 exp (— V27T'y/T)] as the corresponding eigenfunction.
Therefore, whatever may be the energy spectrum of the initial burst, the
asymptotic spectrum will be a Maxwellian. In our calculations we have
assumed that the initial burst consists of neutrons whose energies correspond
to the highest velocity group (in the group structure used, this corresponds to
an energy of 16kT,). The velocity and time dependent spectra are plotted
in Fig. 1. The time dependence of the neutron density, after the burst of
neutrous at ¢ = 0, is plotted for various values of emergy in Fig. 2. Both
the Figs. 1 and 2 show explicitly the approach of the neutron distribution
to a Maxwellian. - .
In Fig. 3 we have plotted V(t)—V(w) and E(t)—E(w) as functions of
time (V(o0) and E(oo) are obtained by averaging over the fundamental mode
eigenfunction, a Maxwellian distribution in this case). The asymptotic
values of ¥V and £ (at 300° K) are 1-142 (in units of v,) and 1:5 kT (= 1-537
kT,) respectively. We would like to point out that within 150 . sec and 105
p sec respectively, E(t) and ¥(f) attain almost 90 per cent of the respective
asymptoﬁo values. It is also seen from the figure that at large times the
slope of In (V(¢)—¥()) or In (E(t)~E(co)) varies so slowly that the ocurves
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Tasie II

The velocity mesh and the corresponding values of (vZin) used in the calculations

% Vi Vint avi Ei(eV) (vZim)

0 0-025 005 0-05 0-000016 4260-52

1 0100 016 010 0:00025 4311-37

2 0-200 0-25 010 0-00101 4476-13

3 0:300 035 0-10 0-00228 4707-56

4 0-400 045 010 0:00405 5167-16

5 0-485 0:52 0-07 0:00594 5-641x 103

6 0-525 0-53 0-01 0-00696 5-933 x 103

7 0-540 0-55 0-02 0-00737 6-036 x 103

8 0600 0-65 0-10 0-00911 6-445 x 103

9 0-700 0-75 0-10 0:01240 7370 x 103
10 0-800 0-85 010 0-01619 1-019 x 104
11 0-900 0-95 0-10 0-02049 1-194 x 10¢
12 1-000 1-:05 0-10 0-02530 1-417 x 104
13 1-10 1-15 0-10 0-03061 1:699 x 104
14 1-20 1-25 0-10 0-03643 2:316 X 104
15 1-325 1-40 015 0-04441 2-878 X 104
16 1-475 1-55 015 0-05506 3-930x 104
17 1-625 170 015 0-06679 5-969 x 10¢
18 1-8 1-90 020 0-08198 8:539 x 104
19 2:0 210 0-20 0-10120 1-376 x 105
20 22 2-30 0-20 0-1224 2:040 x 105
21 2-4 2-50 0-20 01457 2707 x 105
22 26 2-70 0-20 0-1710 2:211 x 105
23 2-8 2-90 0-20 0-1984 4-560 x 105
24 30 3-10 0-20 0-2276 5:863 x 108
25 32 3:30 0-20 0-259 6-339 x 105
26 34 3-50 0-20 0-292 7-708 x 105
27 3-6 370 0-20 0-328 9-996 x 108
28 3-8 3-90 0:20 0-365 1-226 x 108
29 40 410 0-20 0-4048 1-401 x 108

Note: The values of (vZin) are at temperature 300° K.

almost appear as straight lines. We have plotted in Fig. 4 the effective
value of

,fh[=(_%1n (E(t)—-E(oo)))—l] and T${=("dg¢h‘ (V(t)"v(w»)#l]

as functions of waiting time. It is to be noted that the approach to the asymp-
totic value {(A;—2Xo)~! is very slow. We mention here that our caleulations
show that if a waiting time of 600 u sec is assumed, the ‘effective’ values of
s a8 obtained by the decay of average energy and average velocity are
approximately 157 u sec and 162 u sec respectively. The corresponding values
for a waiting time of 750 u sec are 165 u sec and 1685 u sec. Thus we see

4
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that the effective value of =y, obtained, not only depends on the waiting time
(that the experimentalist assumes for the spectrum to become asymptotic) but
also on the average quantity that is measured.

w0}

Y—Trrrry

10

N(V,.t)

10

Y 1111'1'

lo" I e lllllLL i A Lllllll I 1 U U T W

001 04 10 10.0
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F1a. 1. Neutron density N(v, t) as a function of ¥ for various values of ¢ in an
infinite non-absorbing beryllium assembly following & burst of fast neutrons at ¢ = 0.

The experimental value of =5 in beryllium has been reported by
Zhezherun (1965). He has made measurements in two beryllium cubes of sides
50 em and 60 om and finds the decay of (E(t)—E()) to be exponential in the

4B
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time intervals of 300 u sec and 1000 u sec. He obtains the value of 7y as
178425 1 sec for the cube of 60 cm side and 170430 g sec for the cube of 50
cm side. Extrapolating these results to the case of B2 = 0, he obtains the
value of thermalization time in an infinite assembly as 7y = 185£20 p sec.
Our calculated values compare favourably with this experimental result.

The 30 discrete eigenvalues are tabulated in Table III. Except for
o (which is zero) the first few values J;, correspond to the value of -

(vzin»( = 0 ViZ (Vs Vi dvi)
iFj

10

0.0253ev
20009 ev

0-066ev

YT

0-0046 ev

0-1224ev

AL |

N(V,t)

0-00025¢ev

-
o‘
lll

0-227ev

T TTTT

' 1 ! I ] ! 1 L i 1
0 S0 100 150 200 250 300 350 400 450 500
1 { microseconds )

Fie. 2. Neutron density N(v, ¢) in an infinite non-absorbing beryllium assembly
as a function of time after a burst at ¢ = 0, for various values of E.

in the corresponding group. For example, for the first few groups the
values of (v3) are 4260-52, 4311-37, 4476-13, 4707-56 and 5167-16 gec!
(Table II) and the first corresponding eigenvalues are 4260-67, 431648, 4497-86,
4811-72 and 5274-24 seo™! respectively. Higher eigenvalues also lie close to
the value of (vZ,) in the corresponding group but the agreement becomes
gradually poorer. In fact for the true operator P, excepting Ao, all eigenvalues
lie above (vZ)mim and belong to the continuum. The values of the eigenvalues
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obtained by the discrete representation depend on the velocity mesh used
for caloulations. Excepting the fundamental mode (which is Maxwellian)
the higher eigenfunctions have sharp discontinuities (Ohanian and Daitch

TaBre III
Time etgenvalues for an infinite (B2 = 0) non-
absorbing beryllivm assembly

Sec-1 Sec-1
Ag = 00 Ay = 2-694 X 10%
Ay = 4260-67 Ayg = 3729 x 104
A, = 4316-48 Mg = 5230 % 104
g = 4497-86 A = 7-899 x 104
Ay = 4811-72 Ay = 1-131 x 108
As = 5274-24 © Agp = 1-688 X 105

A = 5-761x 103 dgy = 2-378 X 106
A; = 5954 % 108 Adop = 3019 % 106
Ag = 6-090 X 103 Apg = 3-547x 105
Ag = 6-788 X 103 Agg = 4:906 X 105
Ago = 8:005 x 103 dgs = 6-752 X 105
Ay = 1099 X108 Agg = 7-530x 106
Ao = 1:320x 108 Ay, = 9-804 X 106
Apg = 1-693 % 102 dyg = 1:331x 108
A= 1095104 Qg = 1-633 x 108

20— 05
©
-
;0 0.2 005 S
2
s z
=l
2 -~
£ ~
= 3
9 >
e 1
s I~
L o602} 0005 =
Ll A
"
Aad
1 ! ! 4 0-0005
00020 150 300 w0 600 750

¢ { microseconds )

F1a. 3, Time dependence of V(t)— V(o) and E(t) — E(co) for an infinite
non-absorbing beryllium assembly.
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1964; Ghatak and Honeck 1965).
course singular.
plotted in Fig. 5.

The true confinuum eigenfunctions are of
Eigenfunctions corresponding to a few eigenvalues have been

10°

(2 -2o )-‘

-
o

Cth ( microseconds )

10

1 1 1 i !
o] 150 300 450 600 750
t ( microseconds )

Fie, 4. The effective value of 7, (f) as a function of waiting time in an infinite non-
absorbing beryllium assembly.

— — -1
Note : Solid line represents Tfh ) [= (—g—t In (E'(t)—E(oo))) ] and the dashed

— — ~1
line represents Ttpl; (t)[= (—— g—tln (V(t)— V(oo))) ] . The asymptotic value (A;~Ag)-1 is
also shown.

Case (13): B2 # 0

We have made studies of the transient spectra for different values of BZ.
The values of the buckling B2, temperature and density (Table I) have been
chosen o enable us to make a quantitative comparison with the experimental
data (Gaerttner ef al. 1965; Fullwood et al. 1964). We would like to point out
that for sufficiently small media (large B2), diffusion theory is not expected to
give very reliable results but, since this theory has been extensively and suc-
cessfully used in interpreting experimental data, the comparison is instructive.
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Transient Spectra.—We have calculated transient spectra in beryllium
at B2 = 0-026, 0-075 and 0-124 em~2 and compared the caleulated values with
the experimental data of Gaerttner et al. (1965). The coefficients were
caleulated (eqn. 21) so as to reproduce the experimental spectra at some
initial time. For example, for B2 = 0-026 cm~2, the expansion coefficients
were calculated to reproduce the t = 308 u sec spectrum. The subsequent

Il | S T Y I 1

10.0

-8 1
o0

v;JE_/_k_TI':

F1e. 5. The eigenfunctions of operator P corresponding to an infinite beryllium assembly.
Note : Ny represents Maxwellian distribution.

spectra were calculated from eqn. (19). The time dependent spectra with
the fundamental mode eigenfunctions are plotted in Figs. 6, 7 and 8.
The normalization of curves at different times is arbitrary. Solid curves
represent the theoretically caleulated spectra. Experimental points are
shown by circles or crosses. It is seen that the comparison between
theory and experiment is very satisfactory. This shows that both diffusion
theory and the form of the scattering kernel are quite satisfactory for explain-
ing the approach to equilibrium of the neutron burst in beryllium, though
the predicted eigenvalue structure might be erroneous (see also Ghatak and
Honeck 1965; Goyal, Ghatak and Kothari in press). It is to be noted that at
B2 = 0124 cm™2 and 0075 cm™2 the fundamental mode eigenfunctions
show a peak at lowest group which is a consequence of diffusion theory (see
Grover et al. in press). The trapping of neutrons at energies corresponding to
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Fie. 6. Neutron density N(v, ) in & finite beryllium assembly (B? = 0-026
cm~2) as a function of V for various values of 2.

Note: The normalization at different times is arbitrary. Solid curves
represent the theoretical results and the experimental points are shown by circles
and crosees, The curve labelled co represents the theoretically caleulated funda-
mental mode eigenfunction.

Bragg-reflections can also be observed in the calculated and experimental
transient spectra in Figs. 7 and 8.

We will now consider the case of B2 = 0-073 em™2 (at 30°C, density 1-7
g/emd) in detail and compare our results with the experimental data of
Fullwood et al. (1964). The coefficients a; were determined from the assumption
that the spectrum is a 30° C Maxwellian at time ¢ = 159 p se0 (cf. Fig. 2 in
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T Y 1 77
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N(V,t)
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ll'l'1

T

Fia. 7. Neutron density N(v, ¢) in a finite beryllium assembly (B2 = 0-075 cm-2) as a
function of V for various values of ¢,

Note : The normalization at different times is arbitrary. Solid curves represent the
theoretical results and the experimental points are shown by circles and crosses. The curve
labelied oo represents the theoretically calculated fundamental mode eigenfunction.
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the paper of Fullwood ef al. 1964). Knowing ay, the entire time and velo-

city dependent neutron density can be calculated. The total neutron density
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msee

Ty

W psec
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YT T

rTTTYTYY

Y
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Fic. 8. Neutron density N(v, t) in a finite beryllium assembly (B2 = 0-124
em-2) as o function of V for various values of ¢.

Note: The normslization at different times is arbitrary. Solid curves
represent the theoretical results and the experimental points are shown by circles

and crossea, The curve labelled co represents the theoretically calculated funda-
mental mode eigenfunction.

80 obtained is plotted as the solid curve in Fig. 9. The theoretical calculations

are in good agreement with the experimental results. The observed deviation
from the exponential ourve is very well explained by the present calculations.



58 I. C. GOYAL, L. S. KOTHARI & A. K. GHATAK

In Fig. 10, we have plotted the instantaneous slope A(t)( = dN(t)) '

NG) dt

as a function of time. Though A(t) is continuously decreasing but some time
after the initial burst the variation is so slow that in an experiment one may
find, for a sufficiently large time interval, the decay of total neutron density as
almost exponential. The value of Ay thus measured may differ from one
experiment to another depending upon the time interval during which the

108 L ;
10° L .
4 i ‘\ ——Beryllium 7
10 |- 3
PR )
% 10° RN -
™ polyethylene—— 3
= :
3 time after burst LN
(msec 1072) e
i _ W
1 i 1 I 1 | 1 | ™

10 0 3 6 9 12

159 U S~

F16. 9. The variation of N(¢) as function of time.

Note: For beryllium (B%=0-073 cm-2, T = 30°C).
Bolid curve corresponds to the theoretical caleulations. Dots
represent the experimental values of Fullwood et al. (1964).
Dashed line is drawn to show deviation from exponential
behaviour, For polyethylene the crosses indicate experimental
results in the same environment.

data are analysed. We find that A(f) is within 7 per cent of 7400 sec™! in the
time region 1 millisecond to 2 milliseconds. This is to be compared with the
eigenvalue of the corresponding bounded Boltzmann equation (Kothari 1965)
which comes out to be 7405 sec™!. At large times, A(f) would approach the
value of (vZ(v)4-vD(v)B?) evaluated at the first group, but by then the
intensity would become too small to be measurable.
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Corresponding transient spectra calculations have also been made with
the bounded equation and the results start deviating from the ecurve in
Fig. 10 only after 1000 u sec. Thus the experimental results of Fullwood et al.
(1964) are also equally well explained by the bounded Boltzmann equation.
Fven at 2 m sec the difference between the two values of A(f) is of the order of
10-12 per cent. Only if the accuracy of measurement at these times is better
than this, will one be able to notice the effect of the low energy neutrons.

15
< 10t
(%
3
0
L}
o
)
Q
>
= sl
~<
1 [ t 1
0 05 1.0 15 2.0

Time -ms

. 1 d
F1a. 10. The variation of the instantaneons slope A(t)(E NG @ N (t))

as & function of time in a finite beryllium assembly (B2 = 0-073 cm—2),

It has been surmised by Corngold (1965) that in small crystalline assem-
blies, the occurrence of an almost exponential decay of total neutron density
within the experimental time region can be explained by the behaviour of
the amplitude A4, which is associated with the As between A and A-+dA.
A sharp peak in A, at A= Ap > Ay, produces upon integration an effect
rather like that of a pseudo discrete mode ~ exp (—Agt). To test this we
have caleulated A4; (eqn. 26) and plotted it as a function of the corresponding
A for different B2 in Figs. 11 and 12 (we have denoted it by 4, in the figures).
For B2 = 0-026 ecm~2 (Fig. 11) the value of A, corresponding to the lowest
eigenvalue is about 100 times larger than the values of 4, corresponding to
higher eigenvalues, showing that the lowest mode is a true discrete mode.
After sufficient time the higher modes will decay out and the total neutron
density (eqn. 25) will decay as a single exponential. For B2 = 0-124 cm™
(Fig. 12) A, for the lowest eigenvalue is very small and there are several
peaks at higher values of A. One cannot infer in any simple way from the
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X 1/100 8%= 0.026 em™
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Fia, 11. A) as a function of A in a finite beryllium assembly (B2 = 0-026 cm~-2),
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Fia. 12, 4) as a function of A in & finite beryllium assembly (B2 = 0-124 cm~-2),
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plot of A,, for large B2, what the observed value of A will be. To get A(f)
one has to use eqn. (27). It is obvious that initially A(f) will lie near the
high peaks in 4, but will continuously decrease with time because the relative
importance of 4, in the low X region will continue increasing.

CoxNcLUSIONS

We are thus led to the following conclusions :

(i) The experimentally determined transient spectra (Gaerttner et al.
1965) in beryllium assemblies ¢an be very well explained by the
solutions of the Boltzmann equation in the diffusion approxi-
mation using the scattering kernel given by eqn. (28).

(ii) Trapping of neutrons at energies corresponding to Bragg-reflections
is experimentally observed and well explained by theory.

(iii) The variation of total neufron densiby (Fullwood 1964) is in
agreement with the theoretical calculations. The variation of
N(t) in a small crystalline assembly is such that it is not a true
single exponential decay even at large times. However, the
variation in the slope of In N(f) is so slow that an experimentalist
may very well mistake the decay of N(t) as being a single ex-
ponential and may, therefore, obtain the decay constant for the
fundamental mode.

(iv) The experimentally observed values of the decay constants corre-
spond closely with the solution of the bounded Boltzmann
Equation.

(v) The variation of E(t)—E(co) with time in beryllium is not a single
exponential decay and, therefore, the value of thermalization
time depends upon the waiting time. The value of 7w also
depends on the average quantity (E(f) or V(t)) that is measured.
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APPENDIX

The transport of thermal neutrons in a homogeneous non-multiplying
medium is accurately described by the following linear transport equation
(Davison and Sykes 1957):

31«‘1(1;:—1} = . graa N7, 5, ) oo+ 203 7 5,1

+ f v2lo o v 7, dav+8( o 1), .. (A
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where N (r, v, t)dr dv represents the probable number of neutrons at time ¢ in

the volume element dr around the point r belonging to dv (i.e. travelling

with velocity between v and vt+dov ); S(r, v, t)dr dv represents the probable
number of neutrons belonging to dv emitted per unit time at time ¢ in the

volume element dr by the independent neutron sources; Z;(v) and Z,(v) are
the macroscopic soattering and absorption cross-section for neutrons of speed
v(Zs and Z, are essentially the inverse of mean free path for scattering and
absorption respectively); Z‘,(v’ - 'v) is the scattering kernel representing the

scattering of neutrons of velocity v’ to velocity v.

The kernel Es(v',_;)) satisfies the following two conditions:

(@) f 2o v )ar = ) LAY

This is called the neutron conservation condition. It should be noted that
the scattering kernel when integrated over all final velocities is a function
only of the neutron speed, not of the neutron velocity.

(i) v M(v') 250 — v) = oM (v)Z(v—> ') .. . .. (A3)

where M(v') = v'2exp (—mv'2/2kT) represeiits the Maxwellian distribution.
The above equation is called the detailed balance condition and comes from an
application of microscopic reversibility (Hurwitz et al. 1956).

Further, for all thermalization models considered so far, Zy(v) varies as 1-1)

for small velocities and vZs(v) attains its minimum value in the limit of zero
neutron velocity.

Equation (A.1l) is essentially the equation of continuity and gives an
acourate description for the transport of neutrons.

In the absence of any external sources eqn. (A.1) can be written as

NiPN=0, .. .. .. .. (A4
ot
where the linear operator P is defined by
PN =.grad N(r, o, t) +0(Z,+ Z) N (r, v, 1)
- f vE(o > o)N(r o t)ar. .. . @A)

If we look for solutions of the type Ne-¥, decaying expomentially in
time, we obtain the following eigenvalue equation

PN = AN. . . . .. (A.6)
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The approach to equilibrium can be described in terms of the complete
seb of eigenvalues of operator P as

N(ZZt)=ZanN,,(Z;)e‘M. ..

In general X' in the above equation is a sum over the discrete modes and
an integral over the continuum. N, and A, are the eigenfunctions and the
corresponding eigenvalues of the operator P.

If P has at least one eigenvalue in its discrete spectrum then the smallest

eigenvalue Ay and the associated positive eigenfunction X, o(r, v) will determine
the asymptotic behaviour of the neutron distribution as

NO(;: ;) exp (—Agf). . . .. (A8)

In recent years considerable work has been done on the existence of the
fundamental mode eigenvalue in bounded and unbounded media (Lehner and
Wing 1955; Jorgens 1958; Van Norton 1962; Corngold et al. 1962; Nelkin
1963; Corngold 1964; Albertoni and Montaginini 1965; Bednarz 1965 and
others). Albertoni and Montaginini have considered the integro-differential
transport equation in a finite homogeneous convex body of arbitrary shape

surrounded by a vacuum. Using the free gas kernel and :—) type absorption,

the eigenvalue spectrum of the transport equation can be shown to have the
following structure :

The half plane R e A > kg is ocoupied by a densely distributed spectrum*
(continuous spectrum), while the remaining half plane B e A < A, contains at
most a finite number of real eigenvalues A;. Further the number of discrete
eigenvalues can reduce to zero if the body is small enough (of the order of a
mean free path). Thus a sufficiently small moderating sample will not give
an exponential decay of the neutron density 4t long times. The existence of a
limiting value (9.25)mi, for discrete eigenvalues is closely tied to the behaviour
of ‘zero energy neutrons’. These neutrons may be thought of as requiring an
infinite time to traverse the finite sample of moderator.

Tur DIFFUSION APPROXIMATION

If we integrate eqn. (A.1) over all angles we obtain

aN(;: v, t) -

ot — div :;(;: v, t)—v(z; +2a)N(;: v, t)

+ I v (v > )N (Z v, t)dv’+8(_;: v, t), .. (A9)

* b = Lim (oZ(0)} = & + Lim (0o)) =& + (0F4) i,
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where
¥ v t) = fN(Z v 1)dd,

Zs(v > v) = f 28('_;’ »;)ds—i

and
e, t) = JZN(Z Py t)dﬁ

represent the ourrent density.
One of the very commonly used approximation is known as the diffusion
approximation in which the current J is given by

J = —oD(v) grad N L (A0)
where D(v), known as the diffusion coefficient, is given by

1 1
3H{Zs—Zn+2a}  3{Zut+Za}

where X, is the Py component of the scattering and Zi; is the transport cross-
section. Equations (A.9) and (A.10) lead to eqn. (3).

D(v) =

.. (A1



