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In the decimal representation of numbers the ocourrences of particular digits
may be looked upon as independent random events; and hence entropy can be
defined for real numbers after Shannon. Such an introduction of the concept
of entropy for real numbers makes some notions like the definitions asso-
ciated with normalcy very sirnple and the proofs of some well-known proposi-
tions easy, straightforward and neat. Moreover, it provides some measure
of normaley which may yield some new interesting problems in the theory of
numbers,

1. INTRODUOCTION

The notion of entropy was first introduced by Clausius in thermodynamics
in 1865 (Zeise 1944). Boltzmann’s work (Boltzmann 1923) particularly his
discussions of the H-theorem and of the principle named after him demon-
strated the statistical significance of entropy. The fundamental role of entropy
in clagsical thermodynamics and also its statistical significance became evident
in subsequent developments due to Gibbs (1902), Planck (1887, 1927) and
others.

In a mathematical development of communication theory, Shannon
(1948) defined entropy in terms of the probability of events without restricting
the notion of events in any way. This generalization of the notion of entropy
stimulated a good deal of research among a large number of workers in various
fields of knowledge. The major part of this development is generally referred
to as Information Theory (Khinchin (1957)). In this paper, first we shall
look upon the decimal representation of a number between 0 and 1 in the scale
of r as a representation of a suitable random event, so that we can define entropy
for a number, after Shannon. After defining entropy, the usual methods of
Information Theory and also of statistical thermodynamics will be used
conveniently. Most of the known theorems connected with the decimal
representations of numbers will be deduced in this way. Also we shall try to
formulate in terms of this entropy, some .problems which have not been
formulated or discussed earlier in the literature (Hardy and Wright 1960;
Niven 1956).
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2. INTERPRETATION OF DECIMAL REPRESENTATIONS OF REAL
NUMBERS AS SamprLe PointTs oF A RaNpoMm EVENT

Let us consider a random event with r possible outcomes which are
indexed by numbers 0, 1, 2,..., r—1. Let us consider repeated trials and
let us assume that the trials are independent with respect to the event (Dutta
and Pal 1963). Then the outcomes of the trials, repeated for an arbitrary
number of times, will be represented by the digits of a decimal representation
of real numbers between 0 and 1 in the scale ». In the case of Bernoulli’s
trials evidently the outcomes will be represented by the decimals in binary
scale where 1 stands for success and 0 for failure. If the trials are repeated
finitely we shall get finite decimals; otherwise we shall get infinite decimals.
For convenience, a finite decimal representation of a number will be looked
upon as a representation in infinite decimals in which zero is repeated as an
infinite number of times. On the assumption of the principle of statistical
regularity (Cramer 1949; Dutta and Pal 1963) we can speak of the probability
of occurrence of each of the digits in the decimal representation.

3. ENTROPY OF A NUMBER

Now as the oceurrence of a particular digit may be looked upon as a
random event, we can speak of the probability of occurrence of ith digit as
/0, . Hence, after Shannon the entropy of a number z represented in the
r-ary decimal is -
fH(x) = -2 p log p, .. . .. .o (D
where _p, is the probability of occurrence of the sth digit in the decimal
representation of z in the scale of » and ¢ ranges from 0 to r—1 (Khinchin
1957). For convenience as usual we shall consider the terms in the expression
associated with the missing digits as zero.

Remark.—The total entropy of a number represented by finite decimal,
i.e. according to our convention of an infinity of zeros coming after the finite
places, is zero, since probability of occurrence of the digit 0 is 1 and for every
other of digit the probability of occurrence is zero. Similarly, the entropy of a
number with an infinite succession of any one particular digit is zero.

4. STANDARD NUMBERS

The probability distribution of the occurrence of digits in finite places in
the decimal representation of a real number z in an r-ary scale is given by

Pz, n) = m p} . . .. N ¢
Zn=n; - o .. I &)

n4 is the frequency of the actual occurrence of the ith digit and py is its prob-
ability in the decimal representation.

where
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Definition.—A real number z is said to be a standard number if its prob-
ability distribution of oeocurrence of digits in first » finite places (for suffi-
ciently large n) in the decimal representation of z is given by

P, ny=e"D @)

where (H(x) is expressed in terms of logarithms to the base e.

Proposition 1.—The set of numbers which are not standard is of measure
Zero.

Proow.—The occurrence of a particular digit may be looked upon as an
independent random event. Then, as a consequence of the central statistical
theorem of Glivenko-Cantelli (Loeve 1960), the probability distribution
converges in probability to the right-hand side of the relation (4) (Dutta
1966). Consequently, the set of numbers which are not standard are of
measure Zero,

5, MaxmoM EnNTROPY AND SmMPLY NorMAL NUMBER
From Information Theory it is known that for fixed 7, -H(x) is maximum
when the events are equally likely, i.e. when
Po = P == Py
r—1

1 .
Now since Z ,p; = 1, therefore p, = s where ¢ runs from 0 to r—1.
1=0

Definition.—In the decimal representation of a real number, a number is
said to be simply normal in the scale of » if the probability of occurrence of
Lo 1
each digit in the representation is o

Hence, from the above discussions we get the following proposition.
Proposition 2.—The entropy of a number is maximum if and only if it is a
simply normal number.

Note:
1 1
rHz) = ~Zp, log p, = —2; log ;

= log r
when

S

P, =

It can be easily seen that the probability of the occurrence of a particular
digit in the finite places in a decimal representation is,l—,and that it follows a
binomial distribution. Therefore the number of all whose digits in an r-ary
"decimal representation have the same probability ;wxll have the maximum
entropy.
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Proposition 3.—All simply normal numbers are standard numbers in the
scale 7.

Proor.—Let = be a simply normal number. Let us consider the first n
digits of the decimal representation of =

(o, m) =
+H(x) =log r
-
Pz, n) = rn = ¢~

Therefore z is a standard number. Hence the proposition.
Proposition 4.—Almost all standard numbers are simply normal numbers.
Proor.—Let ¢ be any standard number. Then we have

(Plx, n) = e,

Now H(x) is a function of p’s (.p, is the probability of occurrence of
ith digit in the first n places of the decimal representation of z). If we expand

+H(z) by Taylor's theorem about the values rP; ==, then we ﬁnd that
. higher ord
rH(x) = yHmax()+ za ‘apj (P‘ )(pf_ =)+ higher order terms,

where the values of the partial derivatives are calculated for the values of
p,’s equal to ;.
Again,

rHpox (%) = log 7.

Therefore we can write

- = 0% H 1 AR
Ple,n)y=C.rre U» 2 .9__'____ ( P~ ;) (Pj" . ) + higher order terms where

C is a normalizing factor.

Or
”z % H 1 1
f’i,P(x, n) = o. 6 Y a P, fpf (p ;)(P]‘- ;)+--.

Now r5,.P(x, n) is the total number of the different possibilities of the occur-
rence of the digits in the first n places of the standard numbers with p’s as

the probability of occurrence of ith digit. Let us denote r*.P(z, n) by

N,(po, Py oo Dy_y )
Now as n— o we get (Gelfond and Schilow 1960)

Ne(Pp---22,.,) = 05(?-—};0)
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where P, = (%, %, .. ;) »P = (Pyp---»P,_,) and 3 is the r-dimensional Dirac
3-function (Dirac 1943).

Now, if both sides are integrated for all values of p’s then the r.h.s.
is equal to C and the lLh.s. denotes the measure of all standard numbers.
Hence, C denotes the measure of all standard numbers

f 8(p—p,) Ap =0

R-d

as

where R denotes the entire range of integration over p and d is any arbitrary

small domain about ;0; 50, the measure of all standard numbers which are not
simply normal numbers is zero.

Proposition 5.—Almost all real numbers in the range 0 to 1 are simply
normal numbers,

ProoF.—From Proposition 1 we find that the set of all non-standard
numbers is of measure zero. Also from Proposition 4, we get that the measure
of all standard numbers which are not simply normal numbers is zero. Hence
the proposition.

Proposition 6.—Almost all real numbers are simply normal numbers.

Proor.—The entire set of real numbers is the union of enumerable sets of
unit intervals in each of which the set of numbers which are not simply normal
is of measure zero and so is the case of the set of all real numbers. Hence the
proposition.

6. Normar NUMBERS

Definition (4).—A real number z is said to be normal in the scale of r if
x, rx, r2x, . . . are respectively simply normal in the scale r, r2, 73, . . . (Hardy
and Wright 1960; Niven 1956).

Definition (B)—If a real number z is simply normal in all the scales
r, r2, 3, . .. then it is normal in the scale 7.

Proposition 7 (S. 8. Pillai’s Theorem).—~—The two definitions (4) and (B)
are equivalent,

Proor.—
e (1) = rEH(rb 1)+ H (2) = il ().
So wx is simply normal in the scale of r¥ if r¥~x is so. Hence the
proposition. '
Note: The equivalence of the definitions (4) and (B) was first proved by
S. 8. Pillai (1940). Here we have proved Pillai’s theorem simply by using the
well-known theorem of entropy.
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Proposition 8.-—Almost all real numbers in the interval (0, 1) are normal
numbers to a given scale r.

Proor.—The set of normal numbers is the intersection of the sets of
simply normal numbers in the scale of r, 7%, ..., 7%, ...
Let us denote it by &, , and the set of simply normal numbers in the
scale ! by Sy, 4
Bv.= N Snd

i=1,2...

céN, r s lchSN: 7!

.where ¢ in the subscript to the left indicates the operation of comple-
mentation. As each of .Sy, is of measure zero, therefore .8y, , is of measure
zero, i.e. almost all numbers are normal.

Proposition 9.—Almost all real numbers are normal to a given scale r.
The proof is similar to that for Proposition 6.

7. ABSOLUTELY NORMAL NUMBERS

Definition.—A real number is said to be absolutely normal number if it is
a simply normal number to every scale r (Niven 1956).

Remark.—Obviously, all absolutely normal numbers are normal numbers,
but the converse appears to be an open question still.

Proposition 10.—Almost all real numbers are absolutely normal in the
interval (0, 1).

Proor.—Let &y be the set of absolutely normal numbers and Sy, , that of
normal numbers in the scale r.
Now

éN= N SN,r e CSN‘-: _L_JlCSN,r

oSy, being a union of enumerable aggregate of sets of measure zero, is of
meagure zero. So, Sy is of measure zero. So, almost all Teal numbers are
absolutely normal.

Proposition 11.—Almost all real numbers are absolutely normal.

The proof is similar to that for Proposition 6.

8. ENTROPY AND NorMarcY oF NUMBERS

In Information Theory, the base of logarithm in the definition of entropy
is arbitrary, In the mathematical theory of communication this is taken as 2
in the majority of problems. Now for the applications in number theory,
particularly in the theory of decimal representations of numbers in the socale
of r, we get the simplest expression for entropy if we take r, the scale of nota-
tion, as the base of logarithm. If we stick to this convention, the entropy of
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real numbers ranges from 0 to 1 and the property of simple normaley for
numbers is associated with that of having the value of entropy equal to one
for given r.

Thus, the properties normaley and of absolute normalcy are associated
with the invariance of this property of the value of the entropy being one
under the set of transformation of the scale of notations r in the set
{r*¥, k=1,2,...} and in the set {r',7 =1, 2, ...} respeotively.

Now, we defined above the entropy of a real number. We may think of
finding out the average entropy of the entire real number system. As
for a given r, the distribution of real number with respect to entropy is a
8-funetion, so the average value of entropy will be unity (with base r). As
the total measure of real number is infinite (of power ¢), so the total entropy
will also be infinite.

Now, in theory of numbers we have the notions of simple normaley and
its invariance, i.e. normalcy and absolute normaley, but we have no notion, like
degree of normaley, or a measure of normaley. In the information-theoretic
approach to theory of decimal representation of a number, we not merely
get some notions like the definitions of entropy, ete., and some propositions
like Propositions 6 and 8 greatly simplified but also we may introduce some
notions like the degree of normaley or, better, simple normaley by the value of
the entropy. Also defining neighbourhood about 1 and 0 suitably and con-
veniently as the coincidence interval of probability, we can define almost
simply normal numbers or almost non-normal numbers. Moreover, attempts
can be made to define other notions like rationality and irrationality, in terms
of entropy.

These problems will be the subject-matter of future investigations.
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