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It is known that all the principal normal curvatures, say p, except one, say p,
of a conformally-flat space of class one are equal to one another. Since p = 0,
these spaces may be of two kinds: (¢) those for which 5 % 0 and () those
for which 5 = 0. In the present paper some properties of a space of kind (b)
are obtained. These properties relate to the curvature tensor of the space
and a vector tangential to the line of curvature corresponding to 7. It is
shown how these properties, and therefore the nature of the space, change as
the scalar curvature of the space changes from being non-constant to being
constant.

An n-dimensional conformally-flat Riemannian space of class one, de-
noted by O,ll, say, is characterized by the property that at least n—1 of its
principal normal curvatures are equal to one another. Denote this (n—1)
equal.values by pz 0 and the remajning one by 3. It was shown in a
previous paper (Sen 1966) that a conformally-flat Riemannian space Cp(n > 3)
is a O}, i.e. is of class one, if it satisfies the equations

RyRip—RpiR; P
(n_;j){(i;:_z)’;]; _;jpp} - 7% (D9ix9ni47)»
where R = —(n—1){(n—2)p%+2pp}. As usual 94> Bnsse, Ryy and R denote
the fundamental tensor, the curvature tensor, the Ricci tensor and the scalar
curvature respectively. '

In this paper we shall be concerned with those O,l, for which § = 0, i.e. those

Ryijp =

C} which satisfy the equations

n—1

Rpie = "R (BpsBaix—EBniRy), (R7#0). .. M

Evidently this kind of a C; cannot be a space of constant curvature. Put
10

= aslog R), e =M/igMh. @

When R is not a constant, e; is a unit vector in the direction of M. Even
when B becomes a constant, the unit vector e; exists as a limit. In fact, ¢
is tangential to the line of curvature corresponding to 7 (Sen 1964). The
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object of this paper is to prove the following theorem (comma denoting co-
variant derivative):

Theorem: A C’,ll which is characterized by the equations (1) has the follow-
ing properties in respect of its curvature tensor Eniz and the vectors A, e;
defined by (2):
(d) Rm‘jkkh = 0. B
(®) Bugjr = m—1jn=2) ((Inii5— TngPuic) F (Tnsaa 90085~ T8 F1y88n) |-

(©) Ruijg> 1 = 2Rujedi+ Rugphn+ Bryjedi+ Browdy+ Bnijide.
If, in particular, R is a constant

(@) Rpuijr, 1= 0, €, 5=0.

(e) Rnir is a product tensor.

Proof : Since the space is of class one, the second fundamental tensor,
say by, must satisfy Gauss-Codazzi equations. So

by, x—bir, = 0, where by = J - (;E_;z% Ry
Or, by (2), Ry k—Rux,j—(Byhe—Rud) =0. .. .. .. .. .. (3
Multiplying (3) by g%/ we get, by (2),
RX = 0.

Hence, by virtue of (1), we get the property («¢) of the theorem.
Again, since the space is a Uy, we get by (2)

Ry, p— B, j— Rl (92— 9uh) =0
Comparing this with (3) we find
(Rz'j'_ 7£T 9’;,)% (Ru. Rl gm).\; o @
‘Whence sz-— ——R~ 7 9= 8xid;, where S is a scalar.
By (2), we can write this as
Riyj=—= Ll (gU €ij)- . - AU )]

Substituting (5) in (1), we get the property (b) of the theorem,
Further, differentiating (5) covariantly we get

R
Ry, 1 = 2Ryhy— ) {eies). & - . .. (6

(n—
Applying (3) we find

R
Riphp — Rugdy = ——— {(eses), x—(ei€x), }-
n—1
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Denote the length of the vector A; by ¢ so that e; = )/¢. Then the above
equations can be written as

R
(—Ruphy— RBychy) —(—Rtj)\k—Rjk/\i) == {{eses), x—(esen), 1}

S T T

_5( _w,j) ( _Ams,]-) l]

) At g ) At Ak 5 3 /il

Therefore, equating coefficients of A;, A;, Az on both the sides, we can write

R s
R.. =— A S it 3
0= iy (o= 57)
which must be symmetric in 4, j. (A, ; is symmetric, since A; is a gradient
vector; so A; ¢, must also be symmetric in 4, j ). Accordingly we get

R
poeny | (e€))s &k = — (Ruphj+Ryzdy). .. .. )]

Therefore (6) becomes
Ri]', = QRij/\k +Rik)‘]';*'R]'kAi- .. .. .o (8)
Hence by virtue of (1) we get the property (c) of the theorem.
Now suppose that R is a constant. Then from the properties (c) and
(b) of the theorem, the properties (d) follow. Thus the space becomes a
C» admitting a non-null parallel vector field. Levine (1950) has shown that
such & spaee can be expressed as a product space KX K,_;, where Ky re-
presents an m-dimensional space of constant curvature. Hence the property
(e) of the theorem. This completes the proof of the theorem.
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