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Interaction of a beam of charged particles with a plasma has been studied,
taking into consideration the effect of beam temperature assuming progressive
wave solution. The frequency and amplitude of the first few harmonics
have been obtained for beam velocity v > v ) and v A < c. The spectrum of

radiation from a single charged particle moving in the progressive wave
field excited by the beam has also been derived and some numerical results
are given,

1. INTRODUCTION

When a neutral beam of charged particles moves through a plasma
medium, longitudinal waves are generated; if the phase velocity v, of the
longitudinal plasma waves is smaller than 9, the mean velocity of the beam,
there is transference of energy from the beam to the waves. This problem
has been discussed for v—vy < v, by Klimontovich and Silin (1961) and also
forv <& vg by Pashitskii (1963) for low density beams. In the latter case the
beam was taken as monoenergetic, but the method adopted may be extended
to investigate more general cases as we have done here. Besides, under the
influence of progressive longitudinal plasma waves, the motion of the individual
charged particles becomes oscillatory and so the beam loses energy in the form
of electromagnetic radiation. A similar situation is encountered sometimes in
particle accelerators also. In the latter section, oscillations induced in
plasma medium by an electron moving with harmonie velocity have been
studied and the radiated energy has been calculated.

2. PROGRESSIVE WAVE SOLUTION

For a beam of electrons with mean velocity ¥ and temperature 7 moving
through a cold plasma, the usual hydrodynamic equations are written in the
non-dimensional form (Pashitskii 1963):

ov, 31;0__?5_59
—a—;+ﬁo—é—g‘—a§, .. .. .. .. .. (]A)
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Bo v (Bybue) Gt oo 2 = T, (8

agﬂe.;. oagge+(1—a+nw)aa—”§° =0, .. .. .. (10

a”Ob (Bt %) ga (oc+n0b) =0 G} )
and the potential equation

aa% ——/9¢ aaq; = Nye+Ngp - .. .. .. .. (2)

The entire system of plasma-}-beam is assumed to be electrically neutral.
Thus if N. and Ny, denote the equilibrium electron density for the plasma and
the beam respectively, then '

N¢+ Ny, = const = N, .. . .. (3)

The dimensionless quantities in eqns. (1) and (2) are defined by the following
relations:

N wy v _ v ¥
T—wot, Z——lvh¢.z, 'vu—v_'¢, uo —7]¢’ lgo-———vd,
n ny [ ng IVb
noe=*“pi),nob=‘—z%, ¢0=—vz‘= B¢=?, o= w, 4)
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Since we investigate the case By <1, the vector potential A4, which is lower
than ¢ by an order of g; has been left out.

For progressive wave solutions f(, 7) = f({—=) = f(£) the set of eqns.
(1) are readily integrated:

(1 —v)2 = ¢, +2¢,
(1—-ﬁ0—u0)2—01n(u0+}90——])2 = cy+2¢, o - )
(L—a+mge)(1—vp) = o3
(2 +no0)(wo+B,—1) = ¢, J
We now attempt to solve for
= (%o +B,—1)2 = Up+g(§), Uy = (B,—1)? - (6)

by eliminating the other unknowns from (2) and (5). The resulting equation

being & rather complicated non-linear one, we introduce the following simpli-
fying assumptions:

Uy>1 .. .. .. .. .. (A)
g(f) ~ 0(e), e € 1. . . .. (B
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Using (2), (5) and (6) and expanding in powers of g/U, whenever con-
venient we now obtain the equation for g(¢) in the following form to which
Bogolinboff’s method of quasilinear approximation may be applied :

d%g g (dg)2 U [ cs

_2U[_ O
et rw=o\a) T 1+1_v0+w]’

which is next written in the form

9" = Gy+G 19+ (Geg?+Fog'?)+(Gag®+ Fogg'2) + . ... N
where primes denote differentiation,
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In view of the assumption (B) and the eqns. (8) we have
C3 Sy

NI & JU

We shall now show that (10) is actually satisfied by averaging eqns. (5)

over a whole period; as the average of perturbed quantities vanishes to
order ¢ we have

= 140(e2). R ¢ (1)

¢y 22 14-0(e?)

6o Up—0 In Ug+0(e?)

C; 2= 1 —a+0(e?)

€y = o+ 0(e?)
Except the second, (11) are identical with those givén by Pashitskii (1963).
Eqgns. (9) together with (11) now show that (10) is satisfied which justifies
the quasilinear approximation even for not too small values of «, ie. for
beams with density comparable to plasma density.

If the amplitude and frequency of the periodic solution of (7) are written

in the form

(1)

A = a0+ea2+52a2+ " e

‘/1 = Qé, Q i Qo+691+6292+ I
and
9(€) =g, teg, +eg,+ . ..

then we have by using (9) and (11)

ay = 0(€), 2y =1—a+4a/(Us—8), gy = ay cosy, .. .. .. (124)
2
a,=0, & =0, 4 = 2G0+ 2(Gz--gzz«’g) cos 2905 .. .. (I2B)
NN
2 2
a;=0, 2= (3G3+92F3)-— (G2+§S?2F2)(G2 921’2)— o, - Gob
a, 11 2 2
g, = — ——é[i(aa-—Fs)— 5 —Z(Gz—QOFQ)(Gz—ggon)] cos 3¢, .. (120)
822 o

3. EvALUATION OF THE FIELD

We shall now determine the electromagnetic field generated by the mo-
tion of a charged particle (prototype for the beam) under the influence of the
progressive plasma wave discussed in the previous section. For small ampli-
tude waves the velocity of the charged particle is approximately
5+ cos ¢,

G

T % D=(B)e2% .. .. .- (13
0

l\')[y—-ﬂ

U =
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so that the current density is given by

1(7.t) = 0,0, e(3+7 cos 6@)3(y)de—it—a sin ), .. (14)
where
@
a = —.
0

Due to interaction of the charged particle beam with the plasma the latter
becomes anisotropic (Makhankov 1964; Neufeld and Wright 1961). However,
if the density of the beam is sufficiently low, the plasma may be treated as
isotropic. Further, for a sufficiently high frequency of oscillation the ion
motion is also neglected. Under these conditions the plasma medium is

described by the dielectrie eonstant

0)2
0
€0=1—'(‘D-—2.

The Fourier transform of the electric field is now easily shown to be

=T dmiw 5 T (T
E(k, w) = A 4.1 (k, w,), .. .. .. .. .. (15)
where
L(E, o) = (K, o) = 0, L (eay
(> e % - _ . N _ =
Lk, w):W”ZmJn(kza).[v-{-k—z«é].S(kzv+nQ——w), .. (16B)
ey
Aij = ]C‘kj —€Q . EE‘ ) .- . .. . .. (17A)
2 2
A”= (k?—éq.%)<k2—60.%), . .. .. . (17B)
w? w?)
A=50.E2—.(k2——50.?§). U 1)

Using cylindrical polar coordinates we obtain the field components from the
above equations

wEq

— w© . _)k .I _k)’ .‘IC_ k_ _9
e

dw . et
B E—ey ot

Integration over k. and ¢ are easily performed; the integral over k; is

f“ KT \(kp . p)
o kb,

0O\ 2
bi:f’f,eo_<‘”‘_"g) >0, .. .. .. (9

. dkp,
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bi must be positive in order that there may be a non-evanescent field. In
the far field approximation the contribution to the outgoing wave is

T imla=b,.p)
e N

Z,-
so that we finally have
-y 1 < it € 412
E,,(r, t)= = nzw J do e .. 5" Fofo, p, 2), .. (20A)
where '
Fo(w, p, z)=J,,(“’"5”Q.a) expi[Z—w_ﬁnQ.z-—bn.p]. e

Similarly the other components are obtained.

— © . b3/2
Ez(l‘, t): —_ \/];_ Z fdw e £ e Fp(w, p,2), .. (20B)

2mp €0 w—nf '
g 1 00 jwt € w 1/2
Hur, t)=—— doe™ < ——— . b Fp(w, p,2), .. (20C
e \/2ﬂpn_z_wj e e ) o
B4=Hp=H,=0. O 711!

The integration over » in these equations may be done approximately
(for g sufficiently small so that J, is replaced by the first term in the expansion)
by the method of steepest descent for large value of ¢{—z/v (Jomes 1964;
Burshtein and Voskresenskii 1963). The nth term in the equation (20A) when
written explicitly in terms of w becomes

EY =B f " dwer e [—h—@—+—-—h(w) ]

Wty wwy

where

R = ipfe = $rgy, 7o = t—(2[3), y = t_"(/:/ﬁ), (22

fw) =$'—\/(w—w1)(w—-w2), U 73 -3

2248V 22— (1 —8%)w?

w; and w; being

1-p2 ’
B =’.c’., (22C)
w? | w2 w—nl 2] 1 w—nf? A"
e‘i1r/4 e ind =
B=\/2__.;_,.e"” s .. . . .. .. (22E)
mp
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Thus

E'g‘) = 2atBh{wy) exp iroY [%9 ’"'\/(“’0"“’1)(“’0'—“’2)]
—27iBh(ws,) exp 20 [(wy + wp) + (@)~ ws)V/ T2 Pl +droved

+wiBh(ws ) exp%-——[ wx+w2)+(w1—wz)\/l-)’2J+%"'07z1%erfc; (Tgy) 21%

ﬂyz(wl_wz)}uz h(ws,) eXP@[ {(@14 wg) — (@ —wp)V/ T—y2} +- ]

i
R e Gt g

ﬂyz(wl_wz)}l/z.[h(wsl) eXpi[-— §+% {(w1+w2)+(w1—w2)\/m}]

+iB ro(L—7

wsl+wo

-+

(23)

ws, +awg

M ws,) expi[%.{.’_z" {(w1+w2)—(w1—w2)\/1—)’2}] ]

witwp w;—wy
2 —LZ\/I—y?

Similarly the other two integrals may be obtained.

where ws, and ws, are

and 2y = (wa—ws,){ /(o) } %

4. RADIATION FROM THE CHARGED PARTICLE

The energy radiated by the electron across the surface of a eylinder (unit
length) whose axis is the line of motion of the charged point is equal to

dW:onpf Spdt, L. L. (24A)

Sp being the p-component of the Poynting vector. Using eqns. (20), we get
the radiation loss per unit frequency interval as 4

_82 < 2 w-—n—Q _ w? c2
W =G ZOJ"(T'“)'“’[W_Z;@]
=ZI,,. co e @B

5. REsuLts

For a charged particle belonging to the beam, § is given by (13) and (124A).
Since the amplitude of the progressive wave is not exactly determined, we
only show the nature of the radiation spectrum in Figs. 1 and 2. Because of
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(19), the spectrum extends from w; to w; given by (22C). We have taken
B,=2, 6=05,025 a=01,

B=03.
In the figures

e? d2 3 e? (d4 5
Bl=4——62(5) .wo and BZ=6—4;§‘5 'wO'
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