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In this paper we have studied the temperature distribution in a viscous in-
compressible fluid flowing between two parallel flat¢plates. The temperature
of one of the plates is allowed to vary with time, while the other is kept at a
constant temperature. The rate of heat generation per unit volume per unit
time in the fluid has been taken as a function of time and the dissipation of
energy due to friction has also been considered. Using Laplace transform
technique it is found that the solution of the energy equation comes out in a
form which exhibits the contributions of boundary conditions, dissipation due
to frietion and the rate of heat generation to the temperature distribution.

1. INTRODUCTION

The steady flow of a viscous incompressible fluid between two parallel
flat plates caused by the motion of one of the plates, under constant pressure,
is quite well known as plane Couette flow. Pai (1956) gives the velocity
distribution and temperature distribution for this flow. However, he gives
the solution of energy equation without considering the rate of heat generation
per unit volume in the fluid (other than viscous dissipation). Recently,
Bhatnagar and Tikekar (1965) gave temperature distribution in a channel -
bounded by two co-axial cylinders. They assumed the rate of heat genera-
tion per unit volume as a function of the time but did not include the effects of
viscous dissipation.

In this paper, we have considered the distribution of temperature in a
viscous incompressible fluid flowing between two parallel plates. The flow is
caused by the motion of one of the plates. The moving plate is kept at a
constant temperature, while the temperature of the stationary plate is allowed
to vary with time. Effects of viscous dissipation have also been considered.
The rate of heat generation per unit volume in the fluid is also taken as time-
dependent. Using the Laplace transform technique the solution of the energy
equation is obtained. The solution comes out in a form which exhibits the
contribution of boundary conditions, dissipation due to friction and the
rate of heat generation per unit volume in the fluid to the temperature distri-
bution. Tables have been prepared to give the dimensionless temperature
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distribution for these effects for a particular case, i.e. for a periodic rate of heat
generation, and periodic variation of the temperature of the lower plate.

2. Frow DiISTRIBUTION AND ENERGY EQUATION

For the case of two-dimensional incompressible fluid flow with constant
properties, the system of equations for the velocity distribution in steady flow
along a xy-plane is

du , Ou _ 13p o2 82'14)
ué—a—;—f-v@-— —;gx"*'l/ (5;;‘—2"'@5 > .- .. (2'2)

1op 0%y 0%
where p is the density of the fluid and v is the coefficient of kinematic viscosity.

Now let us consider the flow between two parallel flat plates at a distance
2d apart, of which one is at rest and the other is moving with constant velocity

U. Tor this flow we have

u = u(x, y), v=0, 2= p,¥)
The eqns. (2.1), (2.2) and (2.3) reduce to

Ju

ox =0,

) o2u |

5%‘: = 1) (2.4)
9p

6y =0

J
For a plane Couette flow, a%;-—— 0, the solution of eqn. (2.4) under the

boundary conditions
u=0:y=—d; u=U:y=d

g(l-{-) R (X))

is

The energy equation is

oT  oT  9T| oQ , (92T @7
pC[at +v§?ﬂ +k(6xz+ay2)+”$ .. (26)

=

where
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0Q . . .
is the energy dissipation function; —5? is the rate of heat generation per unit

volume in the fluid; C and k are respectively the specific heat and the coeffi-
cient of heat conductivity of the fluid.

The velocity distribution is steady while the temperature distribution is
unsteady. The temperature distribution does not influence the flow field of
an incompressible fluid with constant properties. We have assumed a fluid
having these properties.

3. SorurioN oF EQUATIONS

If we assume that the temperature is independent of its axial position,

then %Z; == 0, eqn. (2.6) reduces to

_8Q T +#(au)2

g =gtbgately) - - . 6D

Introducing the non-dimensional quantities

tv -1,

T= 5, 6 =

v
T, ’ f("')=m

in (3.1), we have
a— 2
5= _3;_4/30(6—';) R G X))

. Uz .
where B is the non-dimensional constant g, ° the Prandtl number, 7
»

is the initial temperature of the fluid and both the plates, and f(r) is a function
of time only such that f(o) = 0.
Introducing the non-dimensional variable in (2.5) we have

o4
5 = L33

From (3.2) and (3.3), we have

020 98 g,
é;é—-g—a—‘r=-—é{—’BO’. .. .. . (3.4)

The upper plate is kept at constant temperature 7'; for all times. The
temperature of the lower plate is a prescribed time-dependent temperature
defined by the function 7 (14-g(r)) such that g(o) = 0. The boundary and
initial conditions are

§=0 =1, >0
0=0, —=l<g<l, »r=0}. .. .. .. (35
0=g(r), n=—1, >0

3B
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We have to solve eqn. (3.4) under the boundary conditions (3.5).
Multiplying eqn. (3.4) by e™*" and then integrating the resulting equation
with respect to = in the limits 0 to o, we have

426,
ﬂg_gsaﬁ_gfs_,ea/s, .. .. .. (3.6)

where 85 and f; are the Laplace transforms of 6 and f respectively defined by

6, = f Br)e-"dr, f, = J fr)e-smdsr.
0 Q

The boundary conditions (3.5) reduce to
bs=0nm=1; 6;=9,n=—1, .. B & A

where g, is Laplace transform of g().

The solution of eqn. (3.6) is
VE vy Js B
93‘—‘- cie 17+62e 77+;S+§§. .. . . (3.8)

Evaluating the constants ¢; and c¢; from the boundary conditions (3.7), we
have

o, =17 [l_sinh {(1+9)V/os} _ sinh {(l—nh/«?é}]
P oV sinh (24/0s) sinh (24/0s)

4B ll—smh {(L+n)V/os} sinh {(1—17)\/&5}]
sinh (24/0s) sinh (24/0s)

s
+g [Sinh {(1-17)\/a-8}]
*{  sinh (24/0s) |’
The temperature 6 can be obtained by taking inverse the Laplace trans-
form of (3.9), defined by

(3.9)

1 r+i0
=5 Gemds. .. .. .. .. .. .. (310

t—tco

6

The temperature 6 can be expressed as a sum of the three terms

0 = 01+ 02+03,
where
pT+io _— —
1 1 sinh {(14+7)\/os} sinh {(1-7,)\/03}]
0, = —. -f. 11— == — Y T .
17 2m oo Crf8 [ sinh (2'\/08) sinh (24/08) e s, @10
aT+400 —
1 B [,_sinh {(1+m)Vos} sinh {(l—n)\/o_s}]
0y = — S |1—- — — X ST .
27 2mi | i [ sinh (21/0s) sinh (24/as) o ds 312)
at+ico —
_ 1 sinh {(l—n)\/os}] §
03 = ot 98[ sinh (2\/.&;) esT ds. . - . .. (3.138)

Vriw
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Now 6, is the component corresponding to the rate of heat generation in
the fluid (other than viscous dissipation), f; due to viscous dissipation and
85 due to boundary conditions.

4. PARTICULAR CASE
The function f(r) and g(r) are independent of each other, but they can be

related also. For a particular example let us assume them to be periodic
funetion of time such that

f(z) = g(z) = sin (1)

1
fi=9,=

T_F"S_Z'. (4.1)

Substituting the value of f, and g, in (3.11) and (3.13) respectively and
then evaluating the integrals, we obtain

s 1602 sin 74+ 40n2n2 cos T—don2n2e—n2n31/40
it £ 607 }

x {sin 27 cos TN ,

5 5 (4.2)

sm L z

1602 sin 74 4onZn? cos v —4onln2e~ninir/ic
nind 41602

xsm{ﬁga;m&. (4.3)
These integrals are evaluated with the help of convolution theorem.
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The temperature 8, is independent of plate temperature and of other
heat generation. It is given by

1680 < (—1)»+1 - onm
0y = n'g Zl( n?i {1—exp (—n?n?r/40)] sin —5003«727—7—7— RN . (44)

Numerical work has been done to tabulate 6,, 8, and 8, for Prandtl
numbers o =1 and 2 for =0, #/2, =, 37/2 and 2 in Tables I, II and
III respectively. In its course the temperature due to viscous dissipation
f2/Bo goes on constantly increasing with time and becomes steady after some

TasLE I

For 0,

/2 ki 3n/2 2 w2 ” 3m[2 27

—1-00  0-0000 0-0000 0-0000 0-0000 0-0000 0-0000 0-0000  0-0000
—0:75 0-0660 —0-0833 —0-0696 0-1872 0-0810 —0-1393 —0-1088 (-1366
—0-50 0-1211 —0-1410 —0-1276 0-3269 0-1480 —0-238¢ —0-1802 0-2335
—0:25 0-1572 —0-1674 —0-1656 0-4022 01911 —0-2868 —0-2333 0-2803
0-00 01696 —0-1637 —0-1787 04241 02059 —0-2993 —0-2515 0-2924
0-25 01572 —0-1674 —0-1656 0-4022 01911 —0-2868 —0-2333 0-2803
0-50 0-1211 —0-1410 —0-1276 0-3269 0-1480 —0-2384 —0-1802 0-2335
075 00660 —0-0833 —0-0696 0-1872 0-0810 —0-1393 —0-1088 0-1366
1-:00  0-0000 0-0000 0:0000 0-0000 0-0000 0-0000 0-0000  0-0000

Note : The value of 8, for 7 = 0 is zero for all values of .

TasLE 11
For 0,)Bo
o =1 g=2
i w2 o 3n/2 27 n/2 ™ 3n/2 27

—1-00 0-0000 0-0000 0-0000 0-0000 0:0000 0-0000 0-0000 0-0000
—0-75 0-2148 0-2188 (0-2188 0-2188 0-1904 0-2138 0-2182 0-2188
—0-50 03679 0-3753 03754 0-3755 03230 0-3680 0-3742 0-3754
—0-25 0-4580 04677 04678 (0-4679 0-3992 0-4580 0-4663 0-4676
0-00 04822 0-5008 (-5009 0-5010 04268 0-4904 0-4992 0-5008
0-25 0-4580 0:4677 04678 04679 0-3992 04580 0-4663 0-4676
0-50 0-3679 03753 0-3754 0-3755 0-3230 0-3680 0-3742 0-3754
075 02148 0-2188 0-2188 0-2188 0-1904 0-2138 0-2182 0-2188
100  0-0000 00000 0-0000 0-0000 ¢:0000 0-0000 0-0000 0-0000

Note: The value of % for 7 = 0 is zero for all values of 7.

B
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time. The temperature #; due to heat generation is periodic. The tempera-
ture 03 goes on decreasing or increasing with the increase in 7 according as

8, is positive or negative at 7= —1. The temperature 83 is also periodic.
Tasre IIT
For 6,
o =1 c=2
.
72 a 3m/2 2 (2 7 37/2 2n
7

—~1-00 1-0000 0-0000 —1-0000 0-0000 1-0000 0-0000 —1-0000 —0-0000
—0-75 08397 0-1161 —0-8378 —0-1161 08028 0-0955 —0-7751 —0-0928
—0-50 0-7063 0-1954 —0-6830 —0-1954 0-6145 01765 —0-5824 —0-1716
~025 0-5435 0-2237 —0-5399 —0-2237 0-4427 02430 —0-4006 —0-2365
0:00 0-4152 0-2121 —0-4107 —0-2121 0-2941 0-2993 —0-2485 —0-2924
025 0-2986 0-1786 —0-2945 —0-1786 0-1751 0-3306 —0-1328 —0-3241
0-50 0-1927 ¢-1316 --01291 —0-1316 0-0895 03003 —0-0572 —0-2954
075 00943 00711 —0-0924 —0-0710 0-0352 ¢-1831 —0-0073 —0-1814
1-00  0-0000 0-:0000 0-0000 0-0000 ©0-0000 0-0000 0-0000 0-0000

Note : The value of 03 for 7 = 0 is zero for all values of 7.

TaBLE IV

n(2 T 372 2m w2 L 3n[2 2n

—1-:00 1-0000 0-0000 —1-0000 0-0000 1-0000 0-0000 —1-0000 0-0000
—0-75 09486 —0-0274 —0-8636 0-1149 (-9219 0-0010 —0-8403 0-0876
—0-:50 09110 —0-0665 —0-7355 0-2066 08271 00117 —0-6878 0-1370
—025 07933 —0-0851 —0-6119 0-2721 0-7136 0-0478 —0-5407 0-1373
0-00 06812 —0-1120 —0-4892 0-3122 0-5854 0-0916 —0-4002 0-1002
025 0-5474 —0-1302 —0-3665 0-3172 04460 0-1354 —0-2729 0-0497
050 03874 —0-1203 —0-1816 0-2704 0-3021 0-1355 —0-1626 0-0132
075 02032 —0-0724 —0-1182 ¢0-1600 0-1543 0-0868 —90-0725 0-0000
1-:00  0-0000 0-0000 0-:0000 0-0000 0-0000 0-0000 0-0000  0-0000

Note : The value of 8 for r = 0 is zero for all values of 7.

For a particular example of a flowing fluid having = = 4-5 ft/sec,
T = 104° F and C = 0-998 Btu./lb °F the constant o approximately equals
to 0-2. Table IV gives the temperature @ (==0;+0,+0;) for this particular
value of fo. It has been presented graphically also (Fig. 1).
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