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The Einstein-Maxwell field equations in presence of pressure and matter
have been considered in the non-null case with special role attached to the
complex conjugate null eigenvectors of the electromagnetic tensor field
kuy The method and technique used have been taken from previous papers
(Migra 1964; Hlavaty 1963b). It has been concluded that the eigenvalues
of B} cannot be complex. The quantities y, p, D and the complex conjugate
null eigenvectors have been expressed as algebraic concomitants of the
tensor B ,}‘.

1. INTRODUCTION

The operational space-time is a Reimannian V, characterized by a sym-

metric metric tensor k,, of signature +4- -+ —. The rank of the matrix
((hyy)) is 4, so that we can always construct the inverse tensor 1M such that
bk = 8, . B ¢ R}
Throughout this pag)efr we shall use A, (k*) to lower (raise) the indices.
Let Rw,,,\" and R,‘ = Row“ be the Christoffel-Riemann curvature tensor
and Ricei tensor respectively. Let k,) (= —£),,) be the electromagnetic tensor
field. The electromagnetic stress tensor FF" is given by
1«*‘}= kyak“’\—%kaﬁkﬁ"‘si . .. .. .. (1.2a)
Let us put
def
©)7, 2 = sA
(@ k)=
def ,
B A e-v 0,4
® Prr=""e2A p=1,23,... 3
def
©) 4E=-"F%= e ghP*
def 8
(d) k = Det | kP |
Then eqn. (1.2a) takes the form
A__ (@) A A
Fl= ku +K8“. - . . .. (1.2b)

Note. Greek indices range from I to IV and Latin indices range from 1 to 4, Usual summation
convention applies to the repeated indices except for z, ¥, z.
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We assume that the combined Einstein-Maxwell field equations are
given by (Hlavaty 1963b)

Ruh—gﬂsﬁ = pud—F M -p3,, S (l4a)
Ok =05 .. .. .. .. .. (1.4b)
V K = b, .. .. .. .. .. (140

Here V is the operator of covariant derivation with respect to k). Also

defa
R=RZ. O 1)

The time-like unit velocity vector w, is tangential to the orbit of the charged
invariant mass u.
wou® = —1, N )

p is the pressure* and ¢ is the charge-density.
The electromagnetic tensor field k,, is said to be of the

(@) first class if kK 5 0,
(b) second class if k=0, K £ 0,
(c) third class if k=0 = K, L F 0.
It has been shown by Hlavaty (1958) that for the signature 4+ + 4 —
of h,, we have only these three classes.
It has also been shown by Hlavaty (1958) that in the case the tensor
k., belongs to the first two classes, it has four linearly independent null eigen-

@ 1 2
vectors a,. These vectors are such that a,, a, are complex conjugate and

3 4
a,, ay are real. Since these vectors are linearly independent, their inverse set

a" exists such that

%

(;#(_z"—.:S;, .. .. . .. (1.7q)
i

: A

aad=38. .. .. .. . 1m

Hlavaty (1958) called the set @, a" a non-holonomic frame for the first
4 :
two classes of k,,. The non-holonomic components 7T/ " of an arbitrary

tensor T“" """ are defined by

e
i =T} ag .. . .. (L8)

* p must not be confused with the hydrodynamical pressure. According to Einstein (1950)
p is the energetic presentation of dynamical relationship inside the matter.
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Hlavaty (1958) showed that the non-holonomic components hi; of hy,,
can be assumed in the form

01 00
. 1 0 0 0
= (A%} =
0 010
Consequently, we have
1 2 8 4
h#)\ = 2a(“al\)+2a(“a,\), .. .. .. .. (1.10a)
Fir=D Z ‘;’2“3)" ce e ... (L10B)
x
where
—= —w = w=n=], . . .. (L.11a)
1 2 3 4
D= 4y/K—k>0. .. .. .. .. (1.11%)

Rainich (1925) and later Misner and Wheeler (1957) solved the following
problem confining themselves to the first two classes of k,). Given Ay, to
find a source free electromagnetic tensor field %,,, concomitant of h,, which
satisfies the following equations :

R#A—%Rh/‘l,\ = ——FF)\’ .. . .. (1.12a)
k=0, .. .. .. .. .. (Li2)
v Ef=0 . . . L (11

Later Hlavaty (1960a) devised a unified method which solves the Rainich
problem for all the three classes, as well as the inverse problem. Hlavaty
(19606, 1963b) also solved the same problems when the field equations are
given by (1.4), provided k) belongs to the first two classes. He gave necessary
and sufficient conditions for the solution of the problem and the actual con-
struction of all concomitants.* '

In an earlier paper (Misra 1964) special role has been played by vectors

fz,,, 2;1- The object of this paper is to study the equation (1.4a) with special

reference to the complex conjugate null vectors zlz,“ ;“. We shall adopt the
technique used earlier (Hlavaty 1963b; Mishra 1962; Misra 1964) and consider
only the non-null case.

Before we proceed to the next section we mention a theorem proved by
Hlavaty (1960b) in the non-null case and by Mishra (1962) in the null case.

Theorem : Necessary and sufficient condition that field equations be com-
patible with the continuity equation ‘
v (uu®) =0 S ¢ B &)

* For third class we refer to Mishra (1962).
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18 that
u*0gp = 0. - . .. .. (1.14)

2. BAsic PRELIMINARIES
If we substitute (1.106) in (1.4a) we get

R#’\—éR&z=yuﬂuk—DZ¢faﬂz>\+p8;\t. e

Before we come to the problem we shall prove some results in the form of
Lemmas in this and in the following section. Some of the results have corre-
spondence to the results obtained before (Hlavaty 19636 ; Watanabe 1963).

Lemma (2.1). Put

3 4
TuA = yu#uk—-2D(aﬂg>\+a}‘(1"), . .. .. (2.20)

1 2
fyyh = pu#uﬂ+2D(aya)\+aan). .. . .. (2.2b)

1 2
Then we have
R/}—asz = T#A, .. .. .. .. (2.3a)
» R}fash=T) .. .. .. .. (230
where

«=1R+p+D, .. .. .. .. (24a)
a=1iR+p—D. .. .. .. .. (24b)

Proof : Proof follows easily from (1.106), (1.11), (2.2) and (2.4).
Lemma (2.2). We have

ati=R+2, .. .. .. .. (251
x—& = 2D. co e .. .. (25b)
The proof follows from (2.4).
Lemma (2.3). We have
“=R+4_’p . . .. . (2.6)
Also
p=2a+®)—R. .. .. .. .. @7

Proof: The eqn. (2.6) has already been deduced by Hlavaty (19635).
The second eqn. (2.7) follows on eliminating p between (2.6) and (2.5a).

. A ~ 3 .
Denote by r and # the ranks of the matrices (7)) and ((7,) respectively.

It is obvious from (2.2) that both » and 7 are less than 4. Thus there exists a
vector vA such that in the case (2.2a),

T A = 0,
I
which in consequence of (2.3¢) gives

A A _ .
(B, —adyt =0 .. . .. .. (2:8a)
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or .
’\v"=ow}‘ .. e .. (2.8b)

showing that « is an eigenvalue of R, the corresponding eigenvector being
2A. In a similar manner we can show that & is also an eigenvalue of E, A
Denote by 'vJ\ the eigenvectors of B, and the correspondmg elgenvalues

by - Also denote by = and ¥ the eigenvalues of 7', A and T X respectively.

In the following lemma we shall derive relations among p, T and ¥ r.
X x

Lemma (2.4). p, 7 and ¥ are related by

® 4t

= p—& = 742D. R X )

The eigenvectors of ‘R[l- , T and f’,‘)‘ are the same.
Proof : 1t has been proved by Hlavaty (1963b) that the eigenvectors of
R,‘)‘ and T#A are the same. Corresponding proof for f’y’\ follows exactly on the
same lines.
Since v* are eigenvectors of Rp’\ we have
R“)"v”‘ = P,UA )

x rx

Also from (2.3b) we have

T = (B =)0 = (p=i)r = .

Hence

Fe=p—i. ce e (210)
x x

The remaining part follows in a similar manner with the help of (2.55).

Note (2.1). It is now obvious from the above that R#’\ has at least two real
eigenvalues, viz. « and &.
Lemma (2.5). Put

- def

def o o
T=1% T=%7". ¢ ¥ 8}

o

Then D = 0 implies T =T and « = &.
Proof : From (2.3) and (2.5b) we have

T *_T A --:wzsA (&— oc)Sz

Contracting this equation we get the results.

Hlavaty (1963b) has shown that the eigenvalue « is exactly of multi-
plicity m = 4—r. In a similar manner we can show that & is exactly of
multiplicity #i = 4—F¥. .

Again, it has been shown (Hlavaty 1963b) that a necessary and sufficient

condition for D = 0, p# 0is 7 = 1. Similarly we can show that
5B
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Lemma (2.6). For p3 0, D = 0 implies ¥ = 1 and conversely.
Lemma (2.7). r =1 implies ¥ = 1 and conversely.
Lemma (2.8). r=1 (=7¥) implies « = &. Otherwise o # .
The proofs are easy.
Our basic equations under consideration are

1 2
RMA—&S;“ = pu uA 42D (a,,(lz3+apa2/\), - .. (2.12a)
& =3R+p-D, 212
w*dap = 0. .. .. .. .. .. .. {2.12¢)
Agreement (2.1). We assume that (2.12a) admits at least one set of solutions
1 2
B, uy, D, p, a, a, .. .. .. (213)

expressed as algebraic concomitants of the known tensor R,,j\ *,

3. RANKS r AND 7
Our consideration of the problem is according to the following scheme :
r=1 r=2 r=238 r=3
7 % ;:2% ;=&2} %:3?
By Lemma (2.6) the first case is excluded as it amounts to the absence of

the electromagnetic field in the non-null case. In the following Lemma we
shall show that the requirement r = 2 = # is also not compatible when u £ 0.

7F=1

Lemma (3.1). When p £ 0 the requirement r = 2 = ¥ is incompatible.
Proof : From (2.2a) when p3 0 and r = 2, u, is a linear combination of

3 4

@u> a,. Similarly from (2.2b) with p £ 0, ¥ = 2, u, is a linear combination of
1 2 1 2 3 4

a, and a,. But the bivectors ayay and apay are totally perpendicular
(Hlavaty 1958, p. 16) which in this case yields w,u* = 0. This contradicts
the assumption that u, is a time-like unit vector. Hence the Lemma.

Lemma (3.2). The requirement r = 2 =F yields p =0, and conversely.

The proof follows from the fact that c'z,‘ arve linearly independent.
Thus we are left with the following (Mishra and Upadhyaya 1963) cases:
r=3 r=2, 3}
%=3L F=32§
In this paper we shall consider only the case r = 3 = 7. The remaining
cases will be considered in a separate paper.

* That the equation (2.12a) or (1.44) does not always have a solution has been shown in
Hilavaty (1963c). Hence the necessity of the agreement.
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4. r=3=F

When the requirement r = 3 = is imposed, the set of vectors wu,,

2
é# and q, are linearly independent. In that case we define a set of three
mutually perpendicular unit vectors as follows:

oh =0  ay =12, 14, 24, 13, 34!
=1 2y =11, 33 .. .. 4

{

=1 axy=44 J

1 2 .
We can express the vectors a,, a, and u, as a linear combination of these
vectors

1 1 3 4

a, = Av#+Bv,L+e\/A2+B2 Vy, .- .. .. (4.2a)

2 1 _3 et ’

a,= Av,+Bo,+¢ B2+ B, .. .. .. (42b)
1 8 4 »

Uy = 2V, F Y20y, e € = L1 .. .. (4.2¢)

Here the quantities 4, B are complex and a bar over a quantity denotes
its complex conjugate; x, y and z are real. These satisfy the following rela-
tions:

AA+BB—ee/ A2+ B/ A2+ B2 =1, .. .. (43a)
224y —22 = —1. .. .. .. .. .. (4.3b)

Lemma (4.1). The eigenvalues of R’L)‘~&82 are given by

A[/\3+)\2('{+§—:)+)\(1{:+§ :+-{2_T 7.__,7_1'2__7_:”2)

13
+(TT"'2+TT'2+27'7"1'"+7'7"2—7 7 )] =0, .. . (44)
\1 4 3 134

where 7’8 have been defined by (4.6) below.

Proof : Substituting the values of ;L#, Z# and u from (4.2) in the right-
hand side of (2.12a), we have

A =oh 11 38 44 . (13 31
R’L --aS“ = 717;#0/\+Zv,‘v/\+:v#vl+v- CRCZE SR

1 4 4 1 3 4 4 3
Sl EAZETEREY B RS R B .. (4.5a)
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where
= ux2+4DA A

= py®+4DBE

W o

= pet+4Dec’ \/ AT B | I B

7 = pwy+2D(AB+ AB) J
7= Mzz+2D(Ae’Jm—2+ge \/m)
7" = pyz+2D(Be' | 2+ B+ Be \/ A2+ B2)

L oe N
S
=2

If a set of mutually orthogonal unit vectors v, with their inverse v* (with

4
v, or v time-like) form a non-holonomic frame then
4
1 2 3 4
V= Vyy V=T, Up=70u, Up= —0,.
1 2 3 4
Equation (4.5a) is equivalent to

9

P 1 3 4 1 30 4 1
R# —_ ocB“ = 711)}‘1)}\-{—1'0#@)\ AR vugx—l-v”v\) 7" { vt — v oh
: 1

3 3 4 4 1 4
4 1
+-r”’(vpm — v#vk). .. .. .. .. .. (4.5b)
1 4
The eigenvalues of the right-hand side of (4.5b) are given by
T—A 0 7 7" ’
1
0 —A 0 0
A0 r=A v | =0

—1" 0 = —(/\-{-:) |

which on simplification yields (4.4).

Nole (4.1). It is obvious from (4.4) that we have only one root A = 0 unless
the expression in the last parenthesis vanishes. That the last
parenthesis does not vanish may be seen from eqn. (5.5).

Note (4.2). We have already seen that « and & are two real eigenvalues of

R[L'\. If the remaining two eigenvalues be B and y then the

eigenvalues of R“A——&Sf; are a—a, 0, B—&, y—&.
In the case r = 3 = ¥ the eigenvalues « and & are the single real eigen-
values. Consequently the following essentially different characteristios are

possible
[11 113 [11 (1)} [11 2). S U 9
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We have written the above characteristics with the understanding that
the eigenvalues correspond to the symbols in the square bracket in the order
a, &, B, v respectively. Consequently we have the following matrices for non-

holonomie components R;’ of R, corresponding to the above characteristics.

"
o .
R/ =1" B a, & B 4.8
) . ,3 s &y 17’7‘4-: .- (a)
. 4
a . . .
Rj:(i &/9 : «, & B, .. .. (4.8))
. B
o .
Ri=| %[ei ©a BE. .. .. (480)

We shall consider these characteristics one by one.

5. THE CHARACTERISTIC [11 11]
As already mentioned this characteristic corresponds to the matrix (4.8a).

Theorem (5.1): Necessary and sufficient conditions for the field equations to
admit a solution in the case of the characteristic [11 11] are

T > 1 - 8 )|
1 4 3
B+y <0, O B 1))
7>0, .. .. .. ... ..l
1
3 4 )
(yv“+zv“ Ou(B+y) =0. .. . .. (6.1d)
When these conditions are satisfied we have
p=r147—7, .. .. .. .. (5.2a)
i 4 3
2p = —(B+v), .. . .. .. (5.2b)
2D = 7. N %)
1

The vectors ‘;w af#, u, are given by equation (4.2) with A, x, efc., given by
equations (5.9) below. .. .. .. .. .. .. .. .. (8.3)

Proof : Since v, are the unit orthogonal eigenvectors of R,,A and a, &, B,

¥ the eigenvalues, eqn. (4.5a) may be written as

P 11 33 4
R, —aS“ = (@ — D)V A+ (B~A) A+ @ —Y)v 0 .. .. (54)
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Comparing this eqn. with (4.5¢) we have

oc—&=1;, .. .. .. . .. (5.5a)
Bt =1, . (5.5b)
A—Y =7, . (5.5¢)
4
7T=0=7"=7". .. . .. .. (5.5d)
When these equations are solved with (4.6) we get
7(1‘—7+4D)
gpaa =242 1 (5.6a)
T r—r474+2D’ Y
1 3 4
7'(7—7-{-41))
4pBB=2\** °J (5.6b)
T r—r4r42D° N
3 1 4
1'(7'+1'—4_D)
a1 8

4Dec'r/ A2+ B2\ A2+ Bt = . (5.60)

r——)
1 3 4

These combined with (4.3¢) give an equation exclusively in D on solving
which we have

2D = 1. N (- % )
1
From (4.6a, b, ¢) and (4.3b) we get
4D—p=71—74+7 .. .. .. .. (5.8
1 4 3

which in consequence of (5.7) gives (5.2a¢). The relation (5.2b) is easily

obtained from (5.4a, b, ¢), (2.5a) and (2.7).
To obtain (5.3a, b, ¢) we solve (5.6) together with (5.7) and (4.6). We get
z=0, .. .. .. .. .. .. (5.9a)

T(T~—T
313 1

gt = (I_—-———“LZ—Z)(E*'Z)’ . (5.9)
z2=—z(z———*_2~——, .. .. .. (5.9¢c)
[+
4= 2171, . (5.9d)
B? = :—fgé_(—gi)z—) ) . (6.9¢)
(T4
113 4
B 'g(ff:) O (- X

= 4.42;(;+:) '
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On substituting these values in (4.2) we get é#, ;u, u,, explicitly.
From physical requirements

u>0, p>0, D>y

we have
T—747 >0, .. .. . .. (5.10a)
1 03 4
B4y <0, .. .. .. .. (5.10B)
7> 0. L (5.100)

1

These give the conditions (5.1a, b, ¢). The condition (5.1d) is obtained
from (5.9), (5.2) and (2.12¢).

Theorem (5.2): The eigenvalues of R“’\ for the characteristic [11 11] are
always real.

Proof : Assume that the eigenvalues of R,L’\ in the present case are com-
plex. Since « and & are real (Note (2.1)) the only possibility left is that g
and ¥ be complex conjugate. Then the right-hand side of eqn. (5.5b) is real
while the left-hand side is complex. This requires that the imaginary part of
the left-hand side must vanish. Similar argument holds for y in eqn. (5.5¢).

Note (5.2). The above theorem renders the consideration of complex eigen-
values in the papers of Watanabe (1963) and Hlavaty (1963a)
unnecessary.

Note (5.3). We could have obtained (5.7) directly from (5.5¢) and (2.5b).

Theorem (5.3): The characteristic [11 (11)] is not admissible when u £ 0.

Proof: A proof similar to the one given by Misra (1964, p. 1580) can be
given to prove the theorem.

We shall consider the remaining characteristic in the next section.

6. Tar CHARACTERISTIC {11 2]

In this section we shall denote by 8 the double eigenvalues of R“’\. of
course, B of this section is not the same as that of the previous section.

The matrix (4.8¢) describing the characteristic {11 2] has only three eigen-
vectors. Also the requirement

Ry = Ri¥hy; = Rfhyy = Ry R (N )
leads to the matrix

hyy 0 0 O\*

(b)) = () = Pz 00 (6.2)
Y Lo 0 0 '
0 0 hy O

* We have taken hyy = 0 though it is not necessary (Hlavaty 1963b; Misra 1964).



NON-NULL GEOMETRODYNAMICS 183

1 2
so that we can define two unit vectors vy, v, orthogonal to each other and two
3 4
null vectors v,, v, such that

v
v b =1, zy=11,22 34, 43,
=0, in all remaining values of zy. .. .. (6.3)

1 2
We see that v,, v, are both space-like vectors.

In order to determine the eigenvalues and other quantities we express
1 2
@u» a, and u, as linear combinations of these linearly independent vectors.

1 3 4

Uy = TV YU +20,, .. . .. (6.4a)
i 1 3 4
ay = Av,+ By, +Cv,, .. . .. (6.4b)
2 -1 _3 _4
ay = Av,+Bo,+Cv,. . .. .. (6.4c)

Here again a quantity with a bar denotes the complex conjugate of the
unbarred one. Of course, the z, 4. . . in (6.4) are different from the quantities
denoted by the same letters in eqn. (4.2).

Remark. It is obvious from (6.2), (6.3) that

1 2 3 4

Uy = Uy =V, V=19 Vy == Uy
15 ] s “ "
1 2 4 3

Lemma (6.1). The quantities x, 4 . . ., efc., satisfy the following relations :

14224242 =0, .. .. .. .. (6.5a)
A24+2BC = 0, . . . .. (6.5b)
A242BC =0, .. .. . .. (6.5¢)
AA4+BC+BC=1. .. .. .. .. (6.5d)

Proof : The proofs based on (1.9), (6.3) and (6.4) are easy.
When olcp, ;y and w, are substituted from (6.4) into (2.12a) we get

A - 11 33 4 14 41
Ry -—a.Slu = Iv,"vﬂ+Zv#vk+zv#vf\+r’(vﬂv/\+v,gﬂ)
31

13 34 4¢3
+«r”(v,‘v/\+v#'vf‘)+r(v,tv/\+v“v:\\), .. (6.6a)

7 h

where +’s are now given by

r= pr2+4DAA, .. .. . .. (6.7a)
7= py2+4DBBE, R (i ()
7= pz2+4DCC, e e (870
T = pyz+ 2D(BC+ BO), .. .. .. (6.9d)
v = pez+2D(AC+ A0), . . .. (6.7e)

v = pry+2D(AB+ AB). .. .. .. (6.7f)
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Theorem (6.1): In the case of the characteristic [11 2], i.e. when the non-
holonomic components R;’ are given by (4.8¢c), necessary and sufficient conditions
for the field equations to admit a solution are

>0, .. .. .. .. .. (6.8a)
1 :
B <O, .. .. .. .. .. (6.8b)
T > 27, . .- .. .. .. (6.8¢)
1

3 4
(yv#-}-zv#) o.B=0 .. .. .. .. (6.8d)

When these requirements are satisfied, we have

p =721, .. .. .. .. (6.9a)
1
2D =+, .. . .. .. .. (6.9b)
1
p=—4 . .. .. .. (6.9¢)
clz#, ;,“ U, are given by (6.4) with A, «, ..., etc., given by (6.13), (6.14)
below. .. .. .. .. (6.9d)

Proof : Since v, are the eigenvectors of R, we can also write (6.6a) as

//\~/\ ~(34 43) 33 RE
B/-&8; = (B—a)\v o2+, 0N) + o000 - (x— &), 0 .. (6.6b)

Comparing (6.6, b) we get

e—x =7, .. .. .. .. .. (6.10a)
1
l=n, .. .. .. .. .. (6.10D)
3
B—a=r, .. .. .. .. .. (6.10c)
T=0=+"=7. .. . .. .. (6.10d)
4

From (6.10) and (6.5a) we get
pdr+2r=4D. .. .. .. .. (61la)
1

Again (6.10), (6.5b, ¢, d) give
2D = 1. .. .. .. .. (6.12)
1

Hence from (6.11a) and (6.12) we get

p=7—27. .. .. - .. (6.11d)
1
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With the help of (6.5), (6.7) and (6.10) we have

z =0, .. . .. .. .. (6.13a)
727
_ 1
y _‘47_(7_7_) ’ . (6.13[))
1
T{T—T
z2=—( 1), (8130
727
1
=L (6.14a)
=54 . (6.
T
Bz= 421! . (6.14b)
41'(7-—7) ’
1
-
= 1
B2 = W‘T_(::r—j s . (6-146)
1
AzT(T—T)
. 1
C2 = R .. . .. .. (6.14d)
T
1
T{T—7
02 = ( 1) (6.14e)
4427 ’
1

When these values are substituted in (6.4) we get (6.4) explicitly. The
eqn. (6.9¢) is obtained with the help of (2.6), (2.7) and (6.10a, b)
Again, the physical requirements

p>0, p>0, D>0

lead to (6.8a, b). The eqn. (6.9¢) is obtained from (6.13a, b, ¢) and (2.12¢).
Note (6.1). We could have obtained (6.12) directly from (6.10¢) and (2.5b).

Note (6.2). The values of z, 4 . . ., etc., in (6.13), (6.14) should be taken with
the sign in such a way as to satisfy (6.5).

Thus we have seen that in the case r = 3 = F the quantities alw (12,“ Uy
p, D and p have been expressed as algebraic concomitants of the known
tensor R“’\.

We shall consider the remaining cases in another paper.
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