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In the present note it is shown how Green’s theorem, which states that for

any arbitrary vector field Xina compact orientable manifold M ,J- )\? ;dv =10,
M

can be proved in an orientable affine manifold which is not necessarily com-
pact but satisfies the property (P), i.e. every open cover of M admits a finite
subcollection whose closures cover M. To prove the theorem, affine connec-
tion has been suitably restricted.

Green’s theorem, which states that for any arbitrary vector field A’ in a
compact orientable manifold M ,f z\f ; dv = 0, has been used extensively in
M

establishing various results in such manifolds (Bochner 1937; Yano and
Bochner 1953; Goldberg 1956). In the present note Green’s theorem is
shown to hold good in an orientable affine manifold which is not necessarily
compact but satisfies the property (P), i.e. every open cover of M admits a
finite subcollection whose closures cover M.

An affine manifold of dimension » is characterized by the existence of n

contravariant parallel vector fields h;a) (@ =1, 2, ..., n) which are analytic
functions of #* coordinates ; as h,, satisfy the equation

1

on.
) JOAY
i T =0

it follows that the connection coefficients Ajk are also analytic functions of
zt (Thomas 1934).

TreoreM: If M be an orientable manifold covered by rectangular co- .
ordinate neighbourhoods and satisfying the following two conditions:
I. It has the property (P).
II. To every neighbourhood Ap of point P there is associated a positive
integer Il; (not necessarily distinct) and a scalar f(l, )(1<hL<mn, ¢=1, 2,
..., m) such that for any arbitrary vector field M(x) and affine connection 4},
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one has A,k = 3 x’i [fli, 2)N4], then

M

Proof: Let A = {dp: P <M} denote the given cover of M. Since Ap is
a ‘rectangle’ meighbourhood of P we can obtain two open neighbourhoods
Up and Vp of P such that Upc Vo VpC Ap, then W = {Up: Pe M} is
an open cover of M and as M satisfies the property (P) we can choose a
subcollection {U,, U, ... Uy} such that {U,, a =1, 2..., N} cover M.

Moreover, U, c V, forevery a = 1, 2, . . ., N; therefore we can cover M by a
finite number of neighbourhoods V,, V,, ..., Vy whose closures are contained
in the rectangles 44, 4,, . .., 4y respectively.

Since M is a differentiable manifold we can find a non-negative function
$q defined over a neighbourhood W, c V,c W, c A, such that ¢, > 0in W,

and is zero outside W,. We denote the carrier of ¢4 by W4 ; clearly the collec-
tion {Wa} covers M. We further assume that the family & = {¢a:a=1... N}

N
forms a partition of unity, i.e. Z éa (P) =1 for every Pe M (Goldberg 1962;

a=1
Auslander and Mackenzie 1963).
We now put
(a) = ¢' /\t
N . N .
that Z /\:a) = ,\’ Z ¢a = A’.
a=1 a=1
N
Consequently z @),
N
and J)f.dv:J X, sdv= J)\' dv.
st Z (a), azl (a), 4

Taking the integral over the whole manifold, we have

N
f Xido= Z[ X, ;dv.
M M

a=1

Consider an 4, (@ =1, 2,..., N); since 4, is a ‘rectangle’ a <zt <b o
4,is a bounded set contamed ina coordlnate nelghbourhood 4, 1tself being &
coordinate neighbourhood,
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f ’\(4) jdv = f (a;‘;)-i'/l'k)\(q)) dxidz?. .. dz»
/\(q) . i delda? g
axi +a 1t f(l’l” x) A(q) X “ e

0 .
) ; *
f P R 1V 1) [Ty

(since )() vanishes on the boundary of 4 ). Again, ,\i vanishes over the

open set M ~ A, due to the choice of ¢,; therefore integral X, ; is zero over

(g), &
M~ 4,.
Hence
J N, i@ = J ,\;q),,.dv+f A, dv=0+0=0
M Aq M~4,
This is true for any ¢ =1, 2, .. .-, N; substituting in I, we get the result

f ’\fi dv=20
M
which proves the theorem.

It may be remarked that Green’s theorem for paracompact manifolds
has also been established (Nirmala Prakash, in press), but since every such
manifold can be metrized, the author felt interested in defining a manifold
which need only have an affine structure and still Green’s theorem would be
satisfied on it.
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