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Formal solutions of certain triple series equations, which can be regarded as
extensions of dual series equations involving Laguerre polynomials and
generalized Bateman K-functions, have been obtained. The main results of
the paper are that the solution of any one set of triple series equations can be
reduced to that of solving Fredholm integral equation of second kind.

1. INTRODUCTION
Certain mixed boundary value problems of mathematical physics lead to
triple series equations. A method of solving such problems has recently
been developed by the author (1967). A slight modification of the method
renders even other similar problems amenable to this type of treatment.
In this paper we shall discuss the solutions of the triple series equations
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defined as the series equations of the second kind. Here L:(x) is a Laguerre

polynomial and K::(x) is a generalized Bateman K-function (Srivastava
1966a). In the above equations the function f(z), g(x) and A{x) are pre-
scribed and they are to be solved for the unknown coefficients A,. These
triple series equations are extensions of the dual series equations considered
by the author in previous papers (Srivastava 1966a, b).

The main results of this paper are that the solution of each set of triple
series equations can be reduced to that of solving a set of Fredholm integral
equations. The analysis is purely formal and no attempt is made to justify
various limiting processes.

Seetions 5 and 6 are devoted to the problem of determining the coeffi-
cients A, for triple series equations involving series of Laguerre polynomials.
The last section deals with the problem for generalized Bateman K-functions
where only the main results are given. These results can be derived by the
method given in §§ 5 and 6.

2. SoME REsuLTs AND NOTATIONS

Here we list some results for ready reference. These results can be
easily derived from the more general results known (Erdelyi 1954; Srivastava
1966a), For a > —1, I> —1, we have
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where 8, is the Kronecker delta, the orthogonal property for Laguerre poly-
nomials and generalized Bateman K-functions. We also have
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We shall use the notations
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3. VarianTs oF ABEL’S INTEGRAL EqQUuaTIONS

We shall use the following two forms. They are: If f'(x) and f(z) are
continuous funotions in ¢ < z < b, then the integral equations

Jx) =f (x—1t)"¥g(t)dt, .. .. .. < (3.0
/ b
flz) = f E—z)-dgtydt .. .. . o (3.2)
have the solution
g = - uf (t—z)~¥f(x) de, . .. .. (3.3)
gty = — = f (z—t)~tf(x) dz, .. .. .. (34)

respectively.
4. Two Summarion REsuvrrs
As a preparation for the study of triple series equations involving series of
Laguerre polynomials or series of generalized Bateman K-functions, we estab-
lish two summation formulas. The results in quesivion are

min (u, x)
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These results are easily proved. We shall obtain (4.1) while (4.2) can be
proved in the same way. Substituting the value of Lff(u) from (2.3) in (4.1)

0

we have
1 “
= —y)~ty% -t .. .. .
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With the help of (2.1) and (2.4) it can be shown that
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where H(t) is Heaviside’s unit funotion. The relation (4.4) is easily proved.
Let

Lz, y)= > asliz),

n=0



ON SOME TRIPLE SERIES EQUATIONS 15

where the coefficients a, are given by

4]
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Substituting the value of L(z, y) from (4.4) in the equation (4.3) we obtain the
result.

5. THE SoLUTION OF THE TRIPLE SERIES EQUATIONS INVOLVING
. SERIES OF LAGUERRE POLYNOMIALS
The series equations of the first kind. Let us suppose that for a <z < b

Z{A,./r(n+a+;)}1;:(x)=ewn(x). Y
n=0

Using the orthogonal relation (2.1), the above equation along with (1.1),
we have
b
4 _ DoatatPr(a+)
e Tntat+l)
If in eqn. (1.2) we substitute for the coefficients A,, we get, on inter-
changing the order of summation and integration, the equation

n(wyu*L(w) du. .. .. (62

a

b
g(x) = f n(w)K(u, x)du, a<z<b. .. .. (5.3)
From (4.1) we get ’
b min (%, z) E(y) dy
71' = T b. .. 4
2%g(z) fa n(w) du fo =y =g P a<lr< (5.4)

We note that the integral in the above equation is

b min (%, x) x “ b x
f duf ¢by=f duf dy+f thtf dy
a 0 a 0 x 0

and inverting the order of integration we may write this as

x b a b
f dyf du+f dyf du,
a aj 0 a

the integrands understood. Hence we have

* Bly) dy [* niu)du _ _ ["Bw)dy [ ) du
f , =y y(“-y)*_'m?g(x) o @=9t ) (u—y)*’

a<z<b (5.5)
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From (3.4) we have
14 N(y)

Equation (56) is of the form
B ¥ E N

, y—a)
From (3.3) we have
1
E@)N@) = (; P di— 11, a<y<b,

where

_ify dz f”E(t)dt nw) o
T dy ), (y—a)} O(w-—t)*f (u—t)t
It is easy to show that

a f __ (a—t)t
dy ) Aly—=z)a—t} ~ (y—a)y—1)’

Hence
“OBHd [ )
I =
f J—atw=0 | w—tp ™
We write (5.6) in the form

1 dr

'n(u) = - d/ll,’
where

' N
= “(s-u)*

and the lagt integral in (5.8) in the form

Ydr  du

1
R=-Z Jdu w=t"

On integrating by parts, we get

1 ("N)ds _
=7r(a——t)*fa (s—a)yt f Ns )dsf (u— t)*(s ~y)t

(5.6)

(5.7)

(5.8)

after substituting the value of J and inverting the order of integration in the

last term. Hence

R =

b N(s) 8—a
nla—t) f ,6—a) { = El‘t} d.

We have used the result
f  2s—a)
==l ~ —dia—0)t
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Hence
I=%be(s)R(s, wds .. .. .. .. (69)
where
B9 = | . -6 =ap
Hence
E(y)N(y) = % :(Z’ _{(;C))}dx_ % f b N(@$)R(s, y)ds, a<y<b, (5.10)

where R(s, y) is a symmetric kernel. This is a Fredholm integral equation of
the second kind which determines the function N(y), n() is found from eqn.
(5.6) and the coefficients 4, are calculated from eqn. (5.2).

6. Tar TrirLe SErIES EQUATIONS OF THE SECOND KIND

We begin with the assumption
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These equations along with (1.6) and the orthogonality relation (2.1) give

_ T'ntoa+PHTn41)§ (* © e
Ao =Tk at { fol(“”fb ’"W)}uﬂn(u)du- . (63)

Substituting the value of the coefficients 4, from (6.3) in the eqns. (1.5), we
find on interchanging the order of summation and integration that

J(@) = {f l(u)+f m(u) } Ku, x)du, 0<x<a, .. (64)
0 b

h(a:)={f l(u)+fmm(u)}K(u,x)du, b<zx < 0. .. (6.5)
0 3

The relation (6.4) can be written as

mn s By)dy

maf(z) = f ) du f . gy

+ f () Eof, 2) du = T+ 1.
]

We deal with I, (0 <z < a) in the same way as in § 5 except that the
limits now are from 0 to a instead of from a to b. We find that

’E(y)dy."" U)o _1
JE—g ) g =l
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Hence

=gt = (y—x ta dy.[ y—a)t
Consider the second integral
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1 d (7 2%flx)

W="sa ), g™

is a known function since f(z) is prescribed. Again using (3.4) we get

o) = Fl‘“"".f e f (y—u)*(t—u)*

_ 1 (% m@)t—a)t
—F1(“)—;fb (‘a—_‘mdt, 0<u<a, .. (6.7)

where
1d (* F

Fiw) = = du L(y—u)t

Here we have used the result I

i “ dy _ (t—a)t
dy ) {y—w)t—u)} ~ (@a—u)i(t—u)’

We next consider the eqn. (6.5) which can be written as

B(y) dy
0 {u=—y)z—y)p Y

b<z L 0.
We deal with the last integral in the same way as in § 5 except that the limits
in the present .case are from b to o instead of from a to b. We find that

f" E(y)M(y) dy
, (@—y)t

min (4, %)

mx®h(x) = J Wu)K y(u, z) du+ f m(u) duf
0 b

== nx“h(x)—f Uu)Ky(u, x) du—f m(u)Kp(u, ) du = 2(x) (say)
0 b

(6.8)

2B
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where

_ * m(u)
) = | , g

From (3.4) we have

1d [ My
mw) = — = du , y—u)t

The eqn. (6.7) is an Abel integral equation and its solution is

"By M) = 7 f o de = Io— L= L

y—x
where
_1 ymv“h(x)
°Tdyl), =)
d [0 d
Il:fi‘z}f (y—x)*f W K, 2) du,

R

®dt d [’ dz
’l“f Hou) & f w—t¥ dyf {w—o@—0p

_ 1 (t) (b—t)* f
= (y—b)*fo dt @ _t)&du

First consider

19

. (6.10)

Introducing the value of the last mtegral in the above equation from (6.6)

we get
® “ B@b—t
— b\, = - el LAt/
(y—b)H, = Fy(y) fb m{u) du o G~ (w1
where

E(y)F(t)(b 0 i
F = | YD
Next consider

® "Btydt d f de
Iy = f m(u) du o (w—0} dy » Lly—z) (-t}

E(t)b—t)t
‘f m(u) d“f Yoy
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Hence we have

(L1 +12)(y —b)t = Fo(y) +f u) du a(u':tm
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where
© m)
y i1 :
b (u'_t)*
From eqn. (6.9) we have
“dJ du
h==

where

__J‘ M(s)
(8— u)*

We deal with the above integral as in § 5. This yields

1 M(s)(b—1)
R ‘(b—t)*f G—bie—n ="

The eqn. (6.10) can be written as

" hie) 1 Fyy)
Ey)M(y) = = )dz———gz——-_b)—*——f M@$)T(s, y)ds, b<y< o,
(6.11)

where
_ E@)b—1)

6.9 | » G0 {6 HF
is a symmetric kernel. In the above equation, the first two expressions on
the right-hand side are known functions. This is a Fredholm integral equa-
tion which determines M(y); and m(w) is obtained from eqn. (6.9). Then
eqn. (6.7) determines l(u) and the coefficients 4, are calculated from (6.3).

dt

7. 'TRIPLE SERIES EQUATIONS INVOLVING SERIES OF GENERALIZED
BATEMAN K-FUNCTIONS

For triple series equations of the first kind we begin with the assumption
that fora <a < b

z {Ag/ T4+ DIED (@) = emtz(@). .. .. (1)

The coefficients 4, are given by

4 _ Pt YT+ 14)
»= 22 (u—1)

where the function z(u) is determined from the integral equations

"z(u)K L) du, . .. (7.2)

2-le?, b
E\)Z) = 5 ;% (yf_i ()f) do— f Z@Ryls,y) ds, a<y<b, .. (13)
1d Z(u) du

] Bt (7.4)
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Here
Et)a—1)
Ry, ) = ;
18, ¥) fo (y—t(s—t){(y—a)(s—a)}}

is a symmetric kernel.

dt

In like manner, for triple series equations of the second kind we start
with the assumption that

b ( )’ 0 < < b
S {4y Tn+1+ K2 () = crais {p S
n=40 Q(x); b<x<w-

The coefficients 4, are determined from the equation

4, - p(n+;;|l.ﬁz7jb"gzl-)|-l+l) { f p(u)+j q(u)} e“Kzl(u) du. (7.6)

The functions p(u) and ¢(u) are determined from the integral equations

E.y)Qy) = 6,4)— = j , Q&Ty(s, y)ds, b<y<oo .. (1.7
_1d ® QW
q(u) = -  —up dy .. .. .. .. (7.8)
? g@)t—ayt
l/ll(’ll;)—— - j m:";)‘ dt, O u< a, .. (7.9)

where
1 d [Tz lehiz) 1 ‘-t {d [ zlerf(z) da
#0) = o d"“yj y—ap T Dy o Yt {ELW}&

_ 1 4 (° dy d | erx~lf(x)
) = =91 g “El(y)(y—u)*{~ G=ap @ }

are known functions since f(z) and h(z) are prescribed and

N b E,(#)(b—1)
T8 9y) = J; (5_t)(y_lt){(s—b)(y-b)}l

is a symmetric kernel.
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