GREEN’S FUNCTION OF AN ELASTIC RING BOUNDED
BY SIMILAR PASCAL’S LIMACONS AND
CLAMPED ALONG EACH BOUNDARY

by R. S. DuBg, Ranchi College, Ranchi, Bihar
(Communicated by N. 8. Nagendra Nath, F.N.L.)

(Received November 9, 1966)

In this paper an expression is found for the transverse displacement due to
an isolated load in a thin elastic ring bounded by similar Pascal’s limagons
and clamped along each boundary. The displacement is found as an infinite
convergent series. The method for determining the coefficients occurring in
the Series is not direct since the number of unknown coefficients is greater
than the number of equations. The coefficients can be determined in terms
of one of the unknown coefficients and the value of this unknown coefficient
can be determined by applying a condition of convergence (Singh 1960). The
numerical evalustion has been done for a few simple cases. Expressions
for the reactions on the boundaries have been obtained.

1. INTRODUCTION

The plate (Fig. 1) is bounded by the limagons whose parametric equations
are

x = A(p cos ¢-+mp? cos 2¢), y = A(p gin ¢-+mp? sin 2¢) ;} 0

pP= Py, Ps.
A ¥
Qzo)
}’(z)
X
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The given region can be mapped conformally on the one lying between the

two concentric circles
p=b p=a, 1>b>a)

in the I-plane (Fig. 2) by the transformation (Mushkhelishvili 1953)
2 = A(L+ml?), { = peid, L ®

L 3

h
N

Fia. 2

where 4 is real and positive and 0 < m < £, giving

2 = p cos ¢4mp? cos 2¢,
%=psin¢+mpzsin2¢, R £
:T; = p24m2pt42mp3 cos 4.

A transverse force F is supposed applied at the point €(z,) and w denotes the
small transverse displacement of the plate at the point P(z). Taen w is a .
biharmonic function of the variables %, y and is (apart from a constant factor)
the sum of [z—zy |2 log |2—2,| and a function with no singularity at . The
boundary conditions require that the displacement and its normal derivative
must vanish on the clamped boundaries.

2. DISPLACEMENT
The problem of finding the displacement w has been broken up into
two parts:
(i) to determine the displacement w; caused by two forces, each equal

to F at the points (%, £¥o);
(i) to determine the displacement wy caused by a force F at (2o, Yo)

and an opposite force (—F) at the point (x4, —¥,)-
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Then Green’s function G and the actual displacement w at P(z, y) for a
transverse force F' applied at Q(z,, y,) are given by

F
= 8.0 % )

w = §(w+wy), G = }(G,+G,).

Wr

3. DETERMINATION OF (4

To determine G, we start with
G'1 = |2—2y|2 log |2~z |+ |2 —% |2 log |z—3, . .. .. (B

If I, = ce? is the image point corresponding to z; = xy+%y, and 1 >¢ >p,
we have

[2—202 log |z2—20| = Z Py cosng+ > Qqsin ng,
n:’O n:l (6)

|2—3012 log |z—%| = z P, cos np— z Q. sin né
n=0

n=1

where it can be shown that
Py = A2[{(p2+ c24 2m2p2e2+m2pt4+-m2c4) log Ac(14+mp)+pclU;+m2p2c2U,}
+ {2me? log Ac(1+mp)+ (mpc2—mp3)U;+mp2Us } cos A,
P, = A {mo(p2—c®) U, +mpctUs+2mp3 log Ac(1+mp) }
+ {PGU2— (p2+c2+m2p2c2+m2pt4m2ct) U, +m%2c2U,
—2pc log Ae(1+mp)} cos )
+ {mp2cU g —mp3U y—mc3U |, —2mpe? log Ae(1+mp) } cos 2A],
P, = Af[{mp02U3-—mc3U2—mP3U1——21np20 log Ac(1+mp)} cos A
+ {m2p22U +pcU 3~ (p2+ c2+m2pt+-m2ct + 2m2p2c?) Uy + peU,y
~2m2p22 log Ac(1+mp)} cos 22
+ {mp2cU y—mp8U 3 —me3U +mpc2U, } cos 3A],
Py = A {mpc2U 3 ~me3U —mp3U,,_  +mp2eUy_s} cos (n—1)A
+ {m2p2%2U o+ peU pyy — (p2+ ¢+ 2mp%c2+-m2pt4-mic) U,
+peU,_14+m2p220 ,_5} cos nA
+{mp2eU pys—me3U 5 +mpc2Up_; —mp3U 41} €08 (n+1)A]
forn>3 .. ()
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and

@1 = A?[{m2p262Us+ pel 5 — (p2+ 2+ m2p2c2+ m2pt+-m2et) Uy —2pc log Ae(1+mp) } sin A
+ {mp2elU 3 —mp3U , ~me3U, — 2mpe? log Ac(1+mp)} sin 2A],

Qs = A2[ {mpc2Uy—mc3U y~mp3U | — 2mp2c log Ae(14mp)} sin A
+ {m2p2c2U s+ peU s — (p2+ 2+ 2m2p202 + m2pt+ m2c4) Uy + pcU

—~2m2p2c2 log Ac(1+mp)} sin 22
+ {mp2cU y —~mp3Ug+mpc2U, —mc3U y} sin 3A],
n = AH{mp*cUp 1 —me3Un—mpUp_;+mp%cUy_o} sin (n—1)A
+{m2p2c2U o+ peU py 1~ (p2+ 2+ 2m2p2ct - m2pd+m2ct) Uyt peUyp -y
+m2p22U ,_,} 8in nA

+ {mp2cUyy0—mp3U g1 —med3U , +mpcU, 1} sin (n41)A]

forn >3, .. (8)
where
1 p n mc ”
0o = (&) e () |
If 1 > p > ¢, we have
Jz—20 2 log {z—2¢ | = Z Ry cos ndp+ z 8, sin nda,)
=0 n=1
9

‘ @ kel
|z—~Zo 2 log |2—2%y | = Z R, cos ngp— z 8, sin ne
n=20

n=1

where
Ry = A2[{m2p2%2V 3+ pcV'1 +(p? + 2+ 2m2p202 4-m2pé+ mct) log Ap(1+mp)}
+ {mp2cV 2 4-mp(c®—p2)V, +2me3 log Ap(1+mp) }cos A],
Ry = A {mpc2V 4 +me(p—c2) V4 2mp3 log Ap(1+mp)}
+ {m2p2e2V 3+ peV s — (p2+ 02+ m2p2c2 +-m2pt +-m2e4) V; —2pc log Ap(14+mp)} cos A
+ {mp2cVg—mp3V ,—mc3V, —2pc2m log Ap(L+mp)} cos 2)],
Ry = A[{mpc2V g~me3V ,—mp3V 1 —2mp2¢ log Ap(1+4mp)} cos A
+ {m2p22V 4+ pcV g (p2+ 2+ 2m2p2c2 +m2pt + M2 Vo4 pe ¥y
—2m2p%c? log Ap(1-+mp)} cos 2A
+ {mp2cV g —mp8V g —me3V o +mpc2V,} cos 3A],
Ry = AP{mpe2V yy1—meSV y—mpSV i +mp2cV n_s} cos (n—1)A
+{m2p22V 5 o+ pcV nyy—(p2+ 624 2m3p2c2 +m2pt 4-m2e8) Vb pc Vg
+m2p2eV,,_o} cos mA

+{mp2cV pp2—mp3Vpp1—me3V y+mped Vo, 1} cos (n41)A]
forn >3, .. (10)
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and
81 = A7 {m2pe2V ;4 poVy — (p2 4 c2 4 m2p2c? +m2pt+mich)V, —
—2pc log Ap(1+mp) } sin A
+{mp%eV s —mp3V ,—2mpo? log Ap(1+mp)—me3V,} sin 23],
8, = A2 {mpc2V 3 —~mo3V , —mp3 ¥V, — 2mpe log Ap(1+mp) } sin A
+ {m2p2c2 Va+peV 3—(p2+c2+2m2p22 4 m2pt 4 m2c4) Vot peV/;
—2m?2p%c? log M} sin 22
+{mp%V —mp3V 3 —me3V,+mpe2V,} sin 3],
Sy = Az[{mpc2V,,+1—mc3V,,~mp3V,,_1+mp2cV,,_2} sin (n—1)A
+{pcV,,+1+m2pzc2V,,+2—(pZ+c2+m2p4+2m2p202+m204) VatocVy_ 1
+m2p%c2V,, _,} sin nA

H{mpeV niy—mpdV 1 —mes Vutmpe2V ,} sin (n+1)A

forn>3, .. (11)
where
1{/c\" me \”
Vn—;z{(,:) +H=(c) |

It follows that

r

Z n €OS N Z A’ cos ng, on p = a,
e o =0 12)
Z B, cos ng, ZB cos n¢é, on p = b,
where B -
= 2(Pp)p=a, A, =2 (a_P.’_')
op/p=a
(13)

= 2Ra)p=y. B, =2 (@ﬂ)
p=1b]
The function @, can be expressed as
G, =G ~@, R 1)

where G; is a biharmonic function with no singularity in the region covered
by the plate and which satisfies

ﬂ

Z A, cos n¢, Z cos n¢d when p = a,
" (15)

¢ = ZB,,cosm/;, a_aGp”= ZB’:cosndywhenps-b.J
n=0 n=0
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It is clear that G'; is an even function of z and y. We can therefore assume

” re Y] ’ = ’ ¢ : x
G, = I {(JO+KO log p)+ Z (V. p"+ K p") cos M} +ZK log p

n=1

+ {(L0+Mo log p)+ Z (Lipp®+ M ,p~™) cos nqS}. .. .. (16)

n==1
s r2 z .
Substituting for yE and 1 from (3), we can write

G, = {mptJ1+p?J o+ (p2+m2p?) K, log p+ Lo+ M, log p}
+{mpsd 3+ p¥(md o+ J1) +pK 1+ (2mp® log p) Ko+ Kp log p+ M ,p71} cos ¢
+{mp8T g+ p*J 2+ K3+ p2K o+ Kmp? log p+ Myp~2} cos 24
+ Z {mpn 4Ty 1+ p" 2T+ pm (PN Ky 4 +mp~ (" K g+ Lyp? + Mnp~"} cos n

n=3
am

and

q
(P 751) = {4mptJ, +2p2J -+ (202 +4m2p*) log p+(p2+m?pt)) Ko+ Mo}

+ {5mpsJ 2+ 8p3tmd o+ J1) + pK1+2mp3(3 log p+ 1)Ko+ Kp (log p+1) M ;p~1} cos ¢
+ {6mpST g+ 4p4T 5 + 202K 5 +mKp? (2 log p+1)—2M5p~2} cos 2¢
+ Z {m(n+4)p* 8T p 1+ (0 +2)p" 2T, — (0 —2)p~ " DKy — (n—djmp~ 59K,
n>3
+nl,pt—nMgp~t} cos nd, .. (18)
where
Jy+mK, = Jo, md,+J,

n+l

=J1l+1 (n=0, 1,2,...),
K(; = Ko, mK;+L1 = K], m(K;+mK;)+L2 == Kg,
K +mK,,  =EKq,; (=23,..).
The equations to determine the unknown coefficients Jq, Kn, La, M, are

obtained by substituting (17), (18) in (15) and equating the coefficients of
cosng (n =0,1,2...). We have

madd  +a2J o+ Ko(a®+m2at) log a+ Lo+ M, log a = A,
dmatd 4202 o+ Ko{(2a2+ 4m?ad) log a+ (a% +m2at)}+ M, = ad,,
mb*J+b°J o+ Ko(b®+m2b%) log b+ Lo+ M, log b = By,
AmbAT | +2b°T o+ Ko (26°+4m®b*) log b+ (b*+m2b*)} 4 M, = bB;

(19)
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mabJ s+ ad(mJo+J )4 Ko(2ma? log a)+aK,+Ka log a+Mia™! = A;,
5mabJ ,+3a3(mJ o +J,) 4+ 2masK (3 log a+1)+aK,+aK(loga+1)—M,a~1 = aA'l,

mb°J 5 +b%(md g +J;) + Ko(2mb® log b)+bK,+ Kb log b+M:p~! = B;, (20)
5mb* T 5 +3b%(mJ o +J ;) + 2mb*K (3 log b+1)+bK;+bK(log b+1)—M:b™1 = bB;;
madJ g+ as] g4 Kg+a2Kz 4+ (ma? log a)K+4 Moa~2 = A,,
6mabJ,4-4a4d 5+ 2a2K o+ Kma2(2 log a+1)—2Mua 2 = aA;,
mb* T34+ by + K3+ b°K o+ (mb” log b)K + Mpb~2 = By, #h
6mb°J 5 44b"J 5+ 2b°K 3+ Kmb*(2 log b+1)—2Msb"2 = bB,;
and forn > 3 '
manta], +arteS, +a 0Ky +ma” 9K Lyan+Mya=n = A,
mn+4)an+4] 4+ (n+2)ar+2 ], —(n—2)a" @ DK,
—m(n—4)a~ P OK 4+ nlpa®—nMa " = aA;,
(22)

M AT 1+ 0" T b PR mb” YK R Lb M0 = B,

mn+ 4" T, 1+ (2 2Ty — (n =200 PK,
—mn—4)b" " UKy +nLgb® —nMub" = bB..

The solution of these equations is not direet, for there are five unknown
constants Jg, J1, Ky, Ly, M, in the set of four equations (19). The solution
of the actual set of equations at f}rst gives the constants L,, M,, K,, J; in
terms of the given constants 4y, 4, together with Jo,. The correct value of
Jo has then to be determined from a condition of convergence. It is clear
that if J, is known, all the constants are uniquely determined by the sets of
eqns. 19 to 22,

Equation (19) gives

m g(b4-—a4)—4a4 log 2%J1+{[(b2—a2)+m2(b4—-a4)]

—[(2a%+4m2a%) log a-t (a* +mta%)] log 2} = X,
4mJ (bt —a?) + {(2b% +4m2b?) log b— (222 4-4m2a?) log a4 (b2 + m2b4)

—(a2+m2at)} = ¥,
where

Xo= —Jy { (b2—a?)—2a2 log g}+Bo—Ao—aA; log 2,
Yo = —2Jo(bt—a?)+bB,—ad,.
Equations (20) and (21) give
Bmy(bé—a4) +2K log g =X,

b ab b
amdJ, (E -—-%)+K (a -%) =7,
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where

X, = —4(b2—a?)(mJy+J 1) —2mK{b2(4 log b+ 1) —a2(4 log a+1)}

1 4 1 ’
+'b- (bB1+Bl)— (_l (GA1+A1),

b3 ad b3 o8
Y, = —2(mJo+J1) (—~ - —b—) —2mK { (E log b— '3 log a) +(; - _b_) }
1 , 1 4
+ (6B, —B1)— 7 (ad,—41)
and
8mJ ga2b®(b —at) ~2K4(b®—a?) = X,,
b6 as 1_1\_y
4mJ3 42K, pa) =T

b2
where
X, = —6a2b%(b%—a2)J;—mK{b(4 log b+1)~—a(4 log a+1)}a??

+a2(bB,+2B,)—b*(ad,+24,),

bt at b2 a?\ 1 .y 1,

Eliminating L, and M, from (22), we have

4 ar b"
2m(n+-2)J 1 1a7™(b* —at) +2K 4 (—— — ———) = X,,

bn—z an—2

b’ﬂ+4 a"+4 (23)
4mJ,,+1( — 5 )—2(n—l) —Kp (0P —a2) = 7,
where
ﬂ
X, = —2(n+1)J zan"(b*—a2) —4mK, (b”'4 _4) +an(bB, +nBy,)
—b”(aA;+nA,.),
an o* (ALYt A | ,
” = 2(n-—2)mK (b” =i a”_4) —-2J”(-GT -_ —bT) +'d; (bB”-an)
1 .
- 51—1 (aAn—nA")'
Solving eqns. (23) and substituting for X ,, ¥ ,, we have
Jn+1 = [Jn+]]/mAn+l,} (24)
Kni1=[Kn1)| At
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where

an b \ ([ a» " 1 1
(Jas1l = 22("‘—2)”‘(17,,_4 a,“'*) (gﬁ - E,T—‘—z) -—4m(n-—l)(b2-—a2)(b2"_4 - ,;'2_15-_4)
b"+2 a”+2 an bn
—Jn{2( an b"' )(F_z e 2) +2(n2—1)( —(],2)2}

+ (5"% - aﬂz){%& (8B, —nB,,)~ = (aA --nAn)}

| I ,
+(n-—1)(b2_a2)%I;;(an+nB,,)-—Eli(aAn-i-nA,,)}, .. .. (244)

n+2 a+d "
[Kn+ﬂ=2a"b”(b2—a”).r,.§(n+2>(b “Z”) 2(n41 )(b wb:“)}

a® . " b’H-4 anti a® " 4 4
—2mKn{4(5Fz --(—1-;.—-_—4-!)( ) )+(n2 )(F1 — an_4)aﬂbn(b —a )}

prte n+4 , ,
+ 2( fl'bn ) {a"(an+nB,,)— br(ad,+ndy) }

an

—(n+2)anb™(b*—a*) % 51; (6B, —nBy)— 311—‘ (aA;L—nA,.) } , . (24B)

n n+4 P
Anyy = % 4( “_2 - 5352) (b -4 +4)-;-2(n+2)(n-1)( ——-a4)(b2—a2)}. (240)

bn a®
It follows from.eqns. 244 to 24C that for large values of n

2 1

2a
—imdn =5 md =t )8 ) K S g

. 2 2 an 2 ,
X (6B, —nBp)—(n—1)(b*—a )IFTZ(“AM*'”’A"),

on
—4K,,, = 2a2 % dm+ (n2—4)(b* —at) %;}K,.

—2(0'—a?)arns  3(at 1) L 0 +at) b,
_—
~aﬂ“2(aA;+nAn) —(n—2)(b*—a?) ‘;"_H (b6B,—nBy) .

Now putting
K,

aﬂ

J =", K

H
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we have
—amJ —-2mb”'2a""2{(n—-2)a’+ (n—l)(bz—az);K %J:
| I
—ﬁ(an—nB,,)—(n—-l)(bz n), .. (264)
—4K | =20 {4m+ (2= 4)(b'~at) S K
nt1 = O n e BE(
—2(b*—a2)b"an-3{2(n+1)—(n+2)(b*+a2) }J}
1 . 4 an—3 ]
— 5 (a4, +ndq)—(n+2)(b ——a4)zm(an—nB,,). .. (25B)

For the convergence of the series (17), it is necessary that J * ,—> 0 and
Kﬂ 41> 0 as n—>oo. The terms in (254) and (25B) which depend on Ay,
A", B, Bn tend to zero because of the convergence of the original series (12).
The coefficient of K: in eqn. 254 is of order n(ab)* and tends to zero, as does

the coefficient of J: in eqn. 25B. 1If these terms are left out

Ty = QMJ,,,K,,H:—-—zamK .. .. {(26)

Since 7 > 1 and a <1, it is the coefficient J,,, that may not tend to zero
unless J o has the correct value. This value of J is determined approximately
by taking J: = 0 for successively larger and larger. Calculating numerically

fora::i,b:%,c:%,m:%,)\:%andfl:1, it is seen that
J1 = 0 gives Jy = 2 (0-7989),
Js =0 gives Jo = 2 (0-7864),
Jg =0 gives Jy = 2 (0-7873),
Jy =0 gives Jy = 2 (0-7873),
Js = 0 gives Jo = 2 (0-7872).

These values give the successive approximations to the correct value of J,.

4. DETERMINATION OF @G,

To determine G5, we start with

Gy =|z—zg f log |2—2g| — |2—% |2 log |2—Z,]| . - .o (27)



32 R. 8. DUBE

Then
G, = ZC sinmﬁ—a‘gé= i()'sinmﬁ onp=a
9 & n ’ ap & a > p=a,
and - @ (28)
= MM _ -
G, = "Zl Dy, sin ng, P ”Zl D, sin ng, on p =,
where
0
On = 2@up=ns Cy=2(%2)
Dy =2(8a)p=s, D= 2(3—8—) :
P/P=0b
The function G, can be written as
Gy = G,—@,, B 1)

where G’; is a biharmonic function with no singularity in the plate and which
satisfies (28) when G’; is replaced by G;. We can assume

2 @ , , ) <] ]
= % z (G,p"+k,p7") sin n<f>+§1 k log p+ Z (lup™+mpp~7) sin mep (31)
n=1 n=1
giving
G, = {mp%,+p% +pk1+kp log p+myp~1} sin ¢
+ {mp%j,+p%, +ks+pthe+mhkp® log p+mop 2} sin 24

@K
Z {mpmt4j, | PPt p P Dy mp~ B0k, 4 lypt 4 map=t} sin ng,

(32)
and
2, . .
P—aT = {5mp%j,+3p%, +k1p+kp(log p+1)—myp~1} sin ¢
+ {6mpS, +4p%, +20%s -+ mpX2 log p+ L)k—2p~2my} sin 29
+ Z {mn+4pmty, | +(n+2)p"t2, —(n—2)p~ Bk,
—m(n—4)p~ P~ Vk, +nphly—np~"my,} sin ng, .. .. .. (33)

where ) )
Jytmik, =3,
Miytinpr =Jppr ®=1,2,3..0;
Ltk tmhy, = ky, ok +m2k, 1y = ky,
kEAmk,  =kya (0n=3,4,5..)
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The equations to determine the unknown coefficients are
ma5j2+a3j1+ka log a+ak;4+m,a=1 = Cj,
5mabj,+3a8j, +ka(log a+1)+aky~ma~! = aC;,

mb5j_+bj. +kb log b+bky+mb=1 = D ®4)
2 1 1 1 - 1,

5mb°j,+3b% +kb(log b+1)+bk—mb™! = bD};

malj,+atj,+ky+a%ks+matk log at+mga™2 = Cy,
6mass, +datj, +2a2ks+ma2k(2 log a+1)—2mya2 = oC),
(3 4 . 2 2 ~-2 (35)
mb%j,+b%j, + ks + b7k +mbk log b4+meb™ = D,

6mb6j3+4b4j2+2b2k2+mb2k(2 log b+1)—2mzb™% = bD,;
and forn > 3
ma"*‘jnH+a"+2jn+a‘("‘2)k,,+1+ma'(""4)lc,,+l,,a"+m,,a‘ﬂ =Cy,

min+4)an 4, 4 (0420, — (023D ~m(n—d)a-r- 9k,

y
+nlpat —nmpa=n = aC ,

. o L _ (36)
mb"+4jn+1+b"+2 n+b o 2)]‘7114+1'{"7"'b o 4)kn+l,,b"+m,,b "= Dy, $

min+4p"4, (425" —(n—2)b"" Pk, —min—4)p” "V,
I n

+0lyb" —nmub ™ = bD),
From equations (34) and (35) we get
6mab(b*—at)j,+ 2kab log - = X,

A b a , J
il =5 )il =5) = .
X, = —dab(b’—a2)j, +a(bD;+Dy) —b(aC+C)),

, b @) . 1. 1, .
v;= —2(% - 5)it 5 0D =D)—  (0;~01),

(37)

where

and
8madh®(b> —as)j, —2ky(b*—as) = X,

B ad) . 1 1 , . .. (38)
i35 55) 25 - “) =T

X; = —6a3b3(b—a)j2—-m{4a2b2'(a log b—b log a)+a2b’(a—b) | k
+a3(bD),+2Dy) ~b*(aC,+2C5),

where

, Bt gl . rbz,a2 1. ..
¥, = =2 (= ) ism(G = e oni—20)

1 .
-_— z (acz'— 202)-
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Equations (36) are identical with (22) when the A’s and B’s of the latter
are replaced by C’s and D’s. Thus j; can be evaluated in the same way as J,
and jn,1, knp1 (n > 3) are given by equations of the form 24, 244 to 24C.

The value of j; calculated from j: =0fora=4§0b0=%c=% m=4%,
A =1, A =0 are given below:

je = 0 gives j; = 2 (0-02396),
Jjs =0 gives j; = 2 (0-02619),
Ja = 0 gives j; = 2 (0-02621),
Jp = 0 gives j; = 2 (0-02621).

The actual displacement w for a transverse force F acting at Q(xg, o) is
given by (4) and may now be expressed as

W= {]z—zol2 log [z—2o|-}G,+G;)}. .. . (39)

5. REACTIONS ON THE BOUNDARIES

1f C is any closed curve drawn in the interior of the plate and V(z, y)
denotes the function conjugate to the plane harmonic function v 2w, so that

ViwtiV =fz), (z= x+i3;)

then the resultant force N*, perpendicular to the plate, on the closed curve
C is given by

N* = —D[V), = iD[f(2)],, e .. (40)
where (U). denotes the change in the value of U by going once round C (Singh
1961). The resultant moments M, and M, of the forces acting on the curve
C are given by

M +iM, = D{[zf(z)],_.— f f) dz}. ...

To find the reaction on the inner boundary, we know that only the terms
containing 72 log p will contribute to the resultant force and that only the
terms containing z log p, y log p will contribute to the moment (Singh 1961).
Thus to find the resultant force N*, we can assume

F
W= — 2
= T 32.D Az’ log p

and obtain

Y
V’w_—rDAz log p+ 3x+y3—y log p

o S r{E e},

3B
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where B(X) stands for the real part of X. We can therefore write

_F K‘,{ 2 9 }
V—_ST—D:@ ¢—w5§10gp+y%10gp

and obtain
KF
N*¥*=_D[V], = ﬁﬁ . (42)
To find the resultant moment, we can put
F {K k
W= —m{leog p+Zylog p}
and therefore :
F {K @
Viw= - pld 5 8Pt 1°g”}
F K d .k d
Hence we may take
P K+ik d
fo) = — g5 —— g 108 ¢
and get from (41)
. k+iK
.Mz+1/My = - ﬂ—‘*F
Therefore
k K
M“:“ZZF’M”:HF' . .. .. (43)

The reactions on the outer boundary can now be easily obtained from
statical considerations.
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