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In this paper some properties of recurrent and Ricci-recurrent spaces of the
first and second order have been obtained. Recurrent and Ricci-recurrent
spaces of the nth order have been defined and studied. A geometrical inter-
pretation of the vector of recurrence and the necessary and sufficient condi-
tion for the existence of parallel vector field over a coordinate neighbourhood
of a point in a recurrent space have been obtained. It has been proved
that a Ricci-recurrent space is projectively recurrent if it is conformally
recurrent and is conformally recurrent if it is projectively recurrent. The
condition that a space which is both projectively recurrent and con-
formally recurrent may be Ricci-recurrent has been found. It has also been
proved that every recurrent space is conformally/projectively recurrent
but a conformally/projectively recurrent space is a recurrent space omly if
it is Ricci-recurrent. Necessary and sufficient conditions that (i) a Rie-
mannian space be 2-recurrent, (ii) & Riemannian space be n-Ricci-recurrent
and (iii) a n-Ricci-recurrent space be n-recurrent have also been obtained.

1. INTRODUCTION

A space for which the covariant derivative of the curvature tensor is
zero at all points is called a symmetric space. Thus
Risjp1 =0 .. .. L .. (L1
defines a symmetric space.
A space of constant curvature is characterized by

Rhijk = 2th[jgk],;~ .. .. . .o (1.2)
Transvecting (1.2) by g*,
Ry =K(l—nyg,. .. . .. .. (13)
From (1.1) and (1.2) it immediately follows that all spaces of constant
curvature are symmetric but the converse is not true, in general.
A ‘non-flat n-dimensional Riemannian space for which the curvature
tensor satisfies the relation of the form

By, 1= ABair, .. .. .. .o (14)
where A; is a non-zero vector and a comma followed by an index ! denotes
covariant differentiation with respect to «7, is called a recurrent or kappa-
space and is denoted by K,. Using Bianchi identity

3Buirin, n = Bugjn, 1+Buinj + Bayi, 5 = 0,
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we get from (1.4)
Ruadg =0 Y ¢ )

which is always true for a recurrent space.
An n-dimensional space which is either a K, or which satisfies both (1.1)

and (1.5) for some non-zero vector A, has been denoted by K : by Walker

(1950), who has shown that in some cases K, and K : can be treated alike.
A space of n dimensions for which the conformal curvature tensor satisfies

the relation of the form
Ciirt, m = InCim, (1.6)

for some non-zero vector A,, at all points will be called conformally recurrent.
Similarly, a space of n dimensions for which the projective tensor Wy

satisfies
Wiint, m = AnWijn, .. .. .. )

for some non-zero vector A,, will be called projectively recurrent.
A Riemannian space of more than two dimensions whose Ricci tensor
R; (5 0) satisfies ‘

Rij,l = AlRij, .o .. .o . (1.8)
for some non-zero vector A; is called a Ricci-recurrent space and has been
denoted by R, (Patterson 1952).

- Obviously every K, is an R, but the converse is not, in general, true.
Chaki (1956) has shown that every R, (r > 3) is a K, if it is conformal to a
flat space and that every R;is a Kg. Walker (1950) has shown that the vector
of recurrence A, is a gradient for K,-space, whereas for a K:-space, it is
not necessarily a gradient. However, it can be chosen to be a gradient sub-
ject to certain conditions. Chaki (1956) has shown that a necessary and
sufficient condition that A, be a gradient is that at every point of the R,

2 4 2
R, R, =R Rb+R R, =<0 .. .. .. (19

According to Lichnerowicz (1952), an n-dimensional Riemannian space is
said to be second order recurrent or briefly 2-recurrent if

Rijkl, mp = a,,,PR,-m, . ‘e . .A . (1.10)
for some non-zero tensor a,,, Using Bianchi identity
Ryt nm =0,
we get from (1.10)
R,‘j[kﬂm]p =0. .. .o . .o (1.11)

A non-flat second order recurrent space with a,,, 7 0 is said to be an essentially
2-recurrent or a Ky-space.
n-Spaces satisfying the equations
R,'jkj’ mp —_ 0
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and

Bijutmp = 0,
for a non-zero tensor a,, have many common properties with K -spaces
and, together with these, they form a class denoted by K. The class K;I

I
is similar to the class K : considered by Walker (1950).

Lichnerowicz (1952) has proved that any compact 2-recurrent space with
non-zero gcalar curvature (R 7 0) is either symmetric in the sense of Cartan or
recurrent. Roter (1964a) has shown that this result holds for K;I-spaces
without the assumption of compactness or R £ 0.

A space whose Ricci tensor Rj; (% 0) satisfies the relation

Rij, iw = iRy O | W 1)

for some non-zero tensor g, is called a 2-Ricci-recurrent space. Evidently
every Ki-space with R;; > 0 is 2-Ricci-recurrent. Roter (1964a) has obtained
the necessary and sufficient conditions for 2-Ricci-recurrent spaces to be
recurrent spaces.

2-Recurrent spaces with definite metrics have been studied by Lichnero-
wicz (1952) and by Roter (1964b). Roter has proved that when one of the
scalars a”a,, or a) is non-zero, then the curvature tensor of 2-recurrent
space with non-zero scalar curvature R can be expressed by R and the Ricei
tensor E;only. He has also given a necessary and sufficient condition for such
2-recurrent spaces to be recurrent.

An n-dimensional space for which the curvature tensor satisfies the

relation
Biija, nig. . 1, = Qi .1, Biija .. .. .. (1.13)

for some non-zero tensor of the nth order, Uty .. 1, will be called n-recurrent.

2. GEOMETRICAL INTERPRETATION OF THE VECTOR OF RECURRENCE
In a recurrent space, we have
Ruiie, m = AnBRiie.
Using Bianchi identity, we get
AmBrijz+ABritm+ M Brim; = 0.
Multiplying by g*g¢*, we get
RAp—RI)—RIN =0
or
R%—%R),,,:O . . .. . (2.)
(R,—1R8); =0
Therefore A, is-the eigenvector of Rf” , the corresponding eigenvalue being 1R.
We get the same result for a Ricci-recurrent space.
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3. Pararrer Vecror FreLp

It is known (Mishra 1965) that the necessary and sufficient conditions for
the existence of a parallel vector field A over a coordinate neighbourhood of a
point in & Riemannian space are

MR, =0, R & 3
XR. =0, .. . .. .. .. (3.9

i, my

,\le =0

ik, mymy,
(3.3)

’\kR:'jk, m ...y =0
For a recurrent space Ry, ,» = mBhi: for some vector pm.

Substituting in (3.2) we get

’\ky'"‘l‘Rlijk =0

which is identically satisfied by virtue of (3.1). Similarly, substituting in
(8.3) we find that this is also identically satisfied. Consequently, all the
other equations are identically satisfied. Hence we have the theorem that

The necessary and suffictent condition for the existence of a parallel vector

field over a cdordinate netghbourhood of a point in a recurrent space is
k -
MR, =0.
4. ProsrcTIVELY RECURRENT AND CONFORMALLY

RECURRENT SPACES

The conformal curvature tensor (Eisenhart 1949) is given by

2 2R
Oyjpy = Rijkl'l‘n"‘-—_z {g,.[kR”j—gj[le]i}+——-—————~—(n__1)(n__2) Gpgnt - @)

and the Weyl projective tensor is given by

‘ 2
Wijn = Rij~ Py | @iBs,) - .. .. (42)
Subtracting, we get

2R 2 2
Oiju—Wonr = n—1)(n—2) (0;09)— (n—D)(n—2) aals) = =5 @ B)

(4.3)
Differentiating covariantly with respect to =™, we get

2R ,, 2 2
Ciitt, m— Wit m = m=Nn—2) (9;09) — n=1)n—2) (9aBrj, m)— m=—2) (9500, m)-

(4.4)
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Multiplying (4.3) by A,, and subtracting from (4.4), we get
2 (
(O‘J'kl, m"’\moijkl)—'(wijkl, m“"t\mWijkl) = m (gj[kg,],.)(R, m—AnR)

1
— ————-——*————(n Dn=9) {(Rjk, m—Aijk)ga— (Rﬂ, m —""'Rﬂ)gik}

1
- n—"9 {(Rﬂ, m—/\mRil)gjk'—(Rik, m""’\mRik)gﬂ}. .. N . (45)

Hence it follows that

A Ricci-recurrent space is projectively recurrent if it is conformally recurrent
and 18 conformally recurrent if it is projectively recurrent.

A space which 18 both projectively recurrent and conformally recurrent is
Ricci-recurrent if

0
Am= —a—;;log RB.

Again, differentiating (4.1) covariantly with respect to 2™, we get
Coo - = R 2 2R ,, 46
it m = Bijus, mt o —5 {0y, =iy, m}"'(n_l)(nf- 2) i) (46)
For a recurrent space Ryju, m = A,R;y. Therefore (4.6) gives
Ciitt, m = AnCijnr-
Thus ,
[Bijr, m = AmBijr] == [Cijat, m = AmCijuil.

The converse is not, in general, true. For~C,~jk,, n = AnCijur yield=

1
Bijpt, m=dnBijp = — [ (Bip, m—AnBit)g;,— (Bit, m—AnBi1)g,, + (B, m—2AmBa)g,

1
— (B, m—ImBir)g ;] +m [gjkga_gjtgik][R» m—nfl].

The space is therefore recurrent if the R.H.S. is zero. Hence we have the
result that :

Every recurrent space is conformally recurrent but a conformally recurrent
space 13 not, in general, a recurrent space. A conformally recurrent space is a
recurrent space if it is Ricci-recurrent. Similarly, it can be shown that every
recurrent space is projectively recurrent, but a projectively recurrent space is not,
in general, a recurrent space. A projectively recurrent space is a recurrent
space if it 18 Ricci-recurrent.

5. 2-RECURRENT SPACE
For a non-flat Riemannian space which is 2-recurrent, we have
R),,'jk, Im = a;,,.R;..-jk, . .. " . (5.1)
where a;y is some non-zero tensor,
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From (5.1), we get
Buii, im— Brijh, i = 280m Baije- .. . ..o (5.2
Applying Ricei identity to the L.H.S. of (5.2), we get
qukR”m'i' th]kR,;m'i'thk ]lm+R"'JPR}um = 20 Ryij. .. (5.3)

If @y, is a symmetric tensor, then the condition that the Riemannian space be
2-recurrent is '

qukR:,m+thijﬁm+ RupR? im T Rhngk,,,, = 0.
The same condition has been obtained by Roter (1964a, b) but by using
Walker’s lemmas (1950), whereas we have obtained it in a simpler way.

We shall now consider the case when g, is non-symmetric. Condition
(5.3) can be written as

RysRY, + RhﬁkRﬁm—Rtmijiih+Rzmkafih == 20 pmRijh -

Using Bianchi identity, we get

RP['JklRum+ hp[]k i]lm lep[J‘Rkﬂh+lep[k i = 200 Bugije)
or
74 3 A
th[;quzm 'lep[kai]h+'lep[kR]1]k since Rypije = 0
or
th[;k ilim 2lep[1‘R]k]h
that is

RipiuRY, -+ RypiiR ,,,,,+thqu,,,, = 2(lepi-R;’kh+lePjRi,'h'*'-lekaZ'h)-
Thus we have the following theorem:

The necessary and sufficient condition that a Riemannian space be 2-recurrent
is
'th[JkRﬂlm_lemp[iR]k]h 0.
6. n-RECURRENT SracEs. CURVATURE TENSORS
The conformal tensor C,;, is given by

2 2R
Cim = R+ =5 {0yl Gy gy Uy -+ (81

Differentiating covariantly in succession with respect to z"1, 22, ...z™, we
get

2
C;’jkl, Pybp by = LVidHL bypy ... Pn+n_' 5 {y;[kR,y, iy - pn—hg}[le]i, Prpg. . p”}

2R1P152
+ —‘“(n_n(n_z){ e o e - (82)
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Multiplying (6.1) by Qp by tm and subtracting from (6.2), we get
Cijn, Pitg- - bn B0, . .p,,o,-jk, = LVijkl, popy - b Dyt . .p,,R;jk;

2
t oD —2) G (B oy - oa =00, 1)

1 :
~n 3 {(Bit, oy 2a=00y0, ... b5 Bt )0u— (Bt p12y ... 2a~Ups0,... 1R

F(Bi, pypy - o a1, . 05 B0 (Bit, 015, .. £, —Op,2, ... p,Rir)g, ). (6.3
If V, is n-Ricci-recurrent, then

Rij pipg...on = pp,... 0,8
Therefore (6.3) becomes

Ciitt, by .- w10y - . 0aCiit1 = Bisri, p.p .. 5, = p p, .. . pylish-

Conversely, if (6.3) is satisfied, then
1
= 5 {(Bit iy 02010, Bt )00— (Bt 1,0, .20 W10, .. 2 Bi)

F(Bit, 51y w000, .. 05 B) = (Bir, p1p, ... 0,— 2, . .. p,Bir) 9}

2
+Hoam—z) intat(B. 28y - 2a=0st,...0,B) = 0.
Transvecting by g%, we get
Rjs, P19y . a0 p, . .. iz = 0.

Thus a necessary and sufficient condition that a V, may be n-Ricci-recurrent
is
Oijit, pipy 0001ty . a0t = Biihl, 5,0y .. 5= 0p,p, . .. a1

The Weyl projective tensor is given by
2 .
Wijn = Biju— oy | (gi[rRk]].). .. .. .. (64)

Differentiating covariantly in succession with respect to zh, afs ., b , we

get
2
Wi o000 = Bitt ity 00— 527 @Bty 019,00 -+ (69)

Subtracting (6.4) multiplied by Qp ...t from (6.5), we get

Wik, ppg - - tw—0p by - 25 Wit = Bijit, p oy .. .05 =Cp 1, ... p, it

1 .
= o U Bk pify 05 - 2By (Bt 2,9, .. 00— Bty ... 0,0}

n
(6.5a)
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Since RB,; Prpge--tn = Opp, ... p,Bij> 1t follows from (6.5a) that

Wikt 0.0y 00—y .. 10 = Bije, 0.0, ... 5=, ... 0 Rijr. .. (6.6)
Conversely, if (6.6) holds, then (6.5a) gives
(Bit 01y - a1, .. b Bt )= (Bit, p1py ... 04=Gp.p5 ... Bt} = 0.
Multiplying by g%, we get
Rit, .0, ... 00— % p, . .. oy Bk = 0.
Thus a necessary and sufficient condition that a V, be n-Ricei-Tecurrent is

Wiis, p,0g - tw—Cp,05 - - -t Wikt = Rijtt, p.p, ... 0, —Bp 1, ... pBijir -
If
Wikt pypg . tw=@pyp5 - . . o Wit = 0
then
Rijnt, p,py ... ow™0p p, . .. pBoiis = 0.

Hence a necessary and sufficient condition that an n-Ricci-recurrent space be n-
recurrent s that its Weyl projective tensor satisfies the identity

Wi, Pipg- - Dpipg .- Wi =0."

7. n-SYMMETRIC SPACES

A Riemannian space of » dimensions whose curvature tensor satisfies the

relation

Rhijk, mimy ... tny =0

will be called n-symmetric.
For a recurrent space K,, we have

Buije, 1, = A B, .. . . o (1)

Differentiating covariantly with respect to z'2, we get
Riyiip, 13 = (Aiy, 1o+ Ay Xip ) Ry

Hence every Ky is 2-recurrent provided that

Ay, 15+ ApAi, # 0.
Differentiating (7.1) covariantly (n— 1) times, we get

Ruiin ity ot = (M by b F My, ot M F N, 1 gty F - AN 0 ) B
Hence every K, 18 n-recurrent if
(A1 1A, 12,_,;”_1/\;”-}- v AR L A ) FO.

If (/\zv F F ;"+Al1, Iy ln..l'\ln"'Ah, I dpoglaMyg_y e - ’\lll\lg’\h = 0, then the space 18
n-symmelric.
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8. CONFORMALLY SYMMETRIC SPACES

If the space is conformally symmetric (Chaki and Gupta 1963), then

ijk,, = ( contracting, we get ijk’ = 0.
But
&, =""31p, ,—n ! —gyR
it 0 = g | ik it gy (9B, = g4, ) | = 0.
Therefore

1
Rij =R, ; = =) [gin.k_gikR, j]-
Differentiating covariantly with respect to 2™, we get
1
Rij, sm—Big, jm = 3m=T) [gin, in—giR, jm]-

Since Ry xm = a3, R;; for some tensor ay,,, we get

1
GamBi—imBy = =T [gijaka "'gika'jm-R]
or

R R 1.
Qe [R;j— m g,'j] —-a,-,,,[R.-k— m ggk] = (. . (8.1)

Transvecting by g¥, we get

R(n—2) j R i
B [2<n—1)] —aim [Ri“ 1) 81'] =0

Transvecting again by g*”, we get
aj",Rj'" I; —a]-,,Rj'" = 0.

Therefore _ ‘
(R —3Rg"™)%im = 0

is a necessary condition that a 2-Ricci-recurrent space be conformally
symmetric.
For an Einstein space,
By="Tg,.
n
Therefore (8.1) gives
n—2

n-~—2 .
BimB [2<n—l)ng"']"R“""' [2<n—1)n 9"‘] =0

Rl timgii—aimgix] = 0.

or
Transvecting by g%, we get
R(n—1)a; = 0.

But both a; and R are nom-zero. Hence a conformally symmetric 2-Ricci-
recurrent space cannot be an Einstein space.
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