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Here the motion of an infinitesimal mass, under the gravitational field of
two finite and unequal masses and moving in ellipses with the centre of masses
as the common centre, has been considered. The possibility of double
collision with the larger mass has been assumed. The equations of motion
are regularized first by the aid of a new set of canonical variables and next
the solution is found out by the method of small parameter. Lastly, the
convergency of the series representing the path has been studied.

1. INTRODUCTION

In this paper the knowledge of the works of Szebehely and Giacaglia
(1964), Duboshin (1964) and Krasinskii (1963) on the elliptic restricted prob-
lem of three bodies is assumed. The notations are the same as in my “paper
(Choudhry 1966). '

In the present work the trajectories with double collision with the larger
mass in the plane elliptic restricted problem of three bodies are considered.
These trajectories are of great importance for astronautics as such orbits are
possible in flights to the moon and return to the earth under terrestrial and
lunar attractions only. The mathematical problem reduces to the solution of a
system of differential equations for the plane restricted problem of three
bodies (Szebehely and Giacaglia 1964):

dz _dy 93U
df* " “df ~ ox .
ﬂ+2dj-?g, O O )
aft " df oy

where f is the true anomaly of the moon round the earth, x and y are the
synodic Cartesian rectangular coordinates of the third body in a non-
uniformly rotating system (mean motion being equal to unity) and

Ulz, y) = [fb{ (L—p)ri+pr;} +lrll—"+§‘;] / (14 cos f), )
ry= @—pPR+yy, 1y = (E—p+1)2+y2
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The boundary conditions may be written as
2(0) = (T) = —p; y(0) = y(T) = 0.

Since in the required solution, the R.H.S. of (1) reduces to infinity, we
shall regularize the solution by using Levi-Civita variables. In regularization
I have followed the same method as in Choudhry (1965) for the -circular
restricted problem of three bodies.

The solution of the boundary value problem (1) and (2) is sought in the
form of series in powers of the small parameter u. For g = 0, the solution of
the corresponding problem of two bodies depends on a single arbitrary para-
meter  (the longitude of the perihelion); however, the solution of the boundary
value problem is possible only for such values of w which satisfy certain equa-
tions. Having constructed the series formally satisfying (1) and (2), its
convergence can be studied by a method similar to one for the theory of
periodic solutions (Malkin 1956).

2. REGULARIZATION OF THE SOLUTION

To regularize the solution we reduce the eqns. (1) to canonical form. For
this we introduce the variables

¥y =T—p, Y= E—y
re=y, Ye=g+r—p
where differentiations with respect to f have been denoted by dots. Taking
H = (i +95+25+23) +910a—21y2—U,
the equations of motion (1) may be written as

& A= ¢t =1,2). .. . 3

We introduce further variables

x1+1xs = (p+i9)?, y1—iys = (P—1Q)/2(p+1q).
Then 4 daoy+ys dxy = P dp+@Q dg and so the transformation is canonical and
the reduced form of the eqns. (3) are

dp _oH  dg_ oH

df = 9P’ dif — 8Q .. .. e @
ap_ _oH dg_ _oH[’
if — " op’ df T g
where
AP e PAPP—qQ) o o qP+PQ

Jacobi’s integral may be written as
H+I+e2=0, .. .. .. .. (§
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[

Putting df = 4(p%+4¢?) dr, our eqns. (4) are transformed to
dp oH 4P oH

where

p'+rl—;] e sin fdf/(14e cos f)2.

dr =8P’ dr " 9p ©)
i o g oH( L
dr—3Q dr T g

where
71

T 4e sin f 2 2, l—p  pu
. JOW [%{(1 —#)71+#’2}+T+E] dfdry
= }(P24+ Q%) +2(p2+¢2)3+2(Pg—p)(p%+¢?) ’

H = 4(p2+q?)(H +c/2)+ f

1~
L+ -+

1
I+ecos f

© { E]
\/1—2 E— @)+ (p2+ 22§ 2
oA (Rt R

n=p4e, 1= V12—t P .
The eqns. (6) are the regularized form of differential equations (Szebehely

and Giacaglia 1964). For convenience we use z,, Xz, Zg, x, instead of p, q, P
and ) respectively, then the equations of motion are

dz .
= Kim wp v w fop) (G=1,2.84 .. .. (8

21(0) = 2,(0) = 25(0) = 2(0) =0, .. .. .. (9)
where 7 = o when f = 7. Also let e be of the order of u, that is e = egu.

3. LmTing CASE FOR p =0

Let us consider the solution of the problem (8) and (9) for u = 0. The
equations for p = 0 have the form:

P—8(p2+q2)q = 12(p2+qz)2p—4cp}
§+8(p2+q?) p= 12(p?+¢2)2g—4cq

Substituting p = p sin 6, ¢ = p cos 6, the solutions for (10) can be written as

1 hY
= [ %1 sin 2an
P "/G(2+4) n 2anr

b

(10)

(11)
——— {4ar—(sin 4ans)/n}+ o
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Thus the solution of the boundary value problem for p = 0 depends only on
two arbitrary constants w and h. From (11), o = =k/2an (k being an integer).
Comparing (11). with the solution obtained in Choudhry (1964) we find that
¢ = 1/a where a is the semi-major axis.
4. PERTURBATIONS OF THE FIRST ORDER
For the perturbations of the first order let us consider the variational

equations:

85~ 8r 83— 16(p 3p-+4 3¢)(§+3pr) — (1212 —4c) 5p = 0 f 5

8+ 8r 85— 16(p 3p-+ 50)(—+3g)— (12r* —40) 5 = 0 2
which are obtained by substituting p-+8p and ¢--8¢ for p and ¢ in (10) and
taking the eqns. (10) into account. The obvious solutions for (12) are

2.
%, =g, 8p,=p, Op,=p+fg, Op =g oot 2amr4_pr— o

. 2. B
8¢, = —p, 8¢, =4, 8q, = q—fp, 8¢, = —p cot 2anr+7~b qr+n~f

sin 4ant

where f = 4dar—

We shall try to find out the general solution of the eqns. (8) and (9) in
the form of a series in powers of p,

= > allps R O £
and also assume that
o 1
C=CO+ZC;H", (;0=—a—=-—402 (k.~=1,2,...).

Let p = 0. Then

O) =P, x(20) =q, xg’) = x 2x(°)r x(o) = :&(20)+2x(1°)r. .o (14)
Functions x(‘) (¢ > 0) satisfy the system of linear differential equations:
dz(." d :
i Pﬂ §)+Ff"(m(1°” s e 6y, £, 0) b . (15)

aX (x(o) (0) x(O) 10), ¢or > O)

o = (0)
%a (16)
0%,
¢ aCO
(.7=1) 2: 3,4, a= 1, 2: 3, 4)
In particular,

S Fos — (0) —4 (0)
¢ = aco =0= b by = o ¢, = Ty
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and F](.” includes all other terms. For ¢ = 1, especially

0 .0 (0) (0)
7 0Xy(z,". x,”, + Cos 1)
i a#

n=0
must satisfy the boundary conditions as well:

2%(0) = 25(0) = 2¥(0) = 2{(0) = 0. e Loan
Knowing the solutions of the system in variation (12), we can find out all
the linearly independent solutions of the homogeneous system:

The functions m}i)

4
dyfdr = z_pjaya S O - )

=1

whose obvious solutions may be written as
Yy = 0P, Yo =8, }

. (19)
Y, = Op,—2r 8q,—2q dry, y,, = 0G,+2r 8p.+ 2p 8ry

The last two expressions are obtained by varying a: ) and mio) given by (14).

Let us now pass on to the solution for a:( ). For this we find out a par-
ticular solution of the differential equations (15) for - = 1. Using the method
of variation of the arbitrary constants, we look for the particular solutions

in the form:
4

1y __ 20
x, = Yy, .. - .. .. (20)
Differentiating on both sides,
dxil) 4 ) 4
dr = Z “iyk£+ L( %Y i
1=1 i=1
4 4 4
- Sanct Yo > nl
i=1 i=1 La=1
4
= z aiyki+ z pka[ Z a1you]
i=1 a=1 $=1
4 4 .
= z &y, .+ z P . . oL@
i=1 a=1
From (15) and (21),
dx(l) 4 0
= > P +FD (@, o, o), 2, co )+ 4,0,
=1

= Z“?/Ia+ Z Pro>

i=1 a=1
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whenece
4

Dy =Fl4od,. .. .. . . @)
f=1
Here

F(l) ____ [P+2q p2+q2)] o= 0= F(l)

—8r2 f 1 r2
F(31) = —16x3+ + M —18eyx;r2 cos f—S:cIJ~ e, sinf(;+ %) af,
T2 0 =
X d 1 72
Fm 16z +8x2+M —16e4x0r2 cos f—8a:2f 4e, sin f(;+%) df.
2 0
Let
2= —Ysis P = —Yai» 2= Y1i> P =Yz - o (23)

It is well known for the canonical system, the quantities zz¢ constitute the
matrix of solutions for the system of equations, conjugate to the system (18),
i.e. for equations

4
dZ;
D= pra e (2

The basic properties of the conjugate system are that the expression
4

Ay = z zpyxs does not depend on . Now from the definition Ay = —A4j.

k=1

Multiplying (22) by zxs and summing for %k from 1 to 4 we get

4
Z&,A,,:fj, R 67159
f=1

where

4
f= 2 E e )

k=1

Since the coefficients Ay do not depend on 7, for their calculation let = = 0.
Using the formulas (11), the matrix of the system (22) for 7 = 0 is obtained:

0 4/8 sin 0 4V 2a cos w
0 '\/ECOSw 0 —\/2—(_Léinw

/8 cos w 0 4/8 sin w 0

4/8 sin 0 1/8 cos @ 0




CLOSED PATHS WITH DOUBLE COLLISION 107

Forming the matrix || 45| we get

0 0 0 —4v/a ‘r

0 0 8 o |

Il Ayl = 0 g 0 0 |
4/ a 0 0 0

Thus we have the following &ystem of differential equations:

4V ady = 2B =2, FY, 8ay = &, FV 43,F Y, |

—8iy = (2, +fz) Iy + (2a = fo)) P

@ \ N ..
4V ai, = (xz cot 2a’nr+%§;1-,-__x2 %) Fél) b (26)

2. ) po
+ (—:1:1 cot 2anr+ﬁx2-r+x1 7—1) F,
Consequently,
4
) = > (tally,,
i=1
where o; are calculated by the formulas (26), aﬁ” are arbitrary constants.
Let us choose the constants so that the following boundary conditions:
20(0) = 2{7(0) = (o) = 2{'(e) = 0 c (2T
are satisfied.
If in (26) the limits of integration be taken from 0 to r, then for r = 0,
all &; = 0. Putting r = 0, we have

:v(ll)(O) = a(zl) 4/8 sin w+a,(41)\/% cos w =0

xf;)(O) = a‘;>\/§ cos w-—af)\/ﬁ sin w =0

whence ag) = af’ = 0. Putting » = o, we have

—as{o) sin (w-f-%,]z) —0(4(0')'\/% cos (w-{-g%) =0
. (28)
— (o) COs (w-{-g—n)-l-aq(o)'\/é—a sin (w-f-g) =0 J

and so az(e) = ay(c) = 0. Under this ag), a(;) remain undetermined.

Thus in order that the system of eqns. (15) for ¢ = 1 may have a solution
satisfying the conditions (17), the necessary and sufficient conditions are
o

Py(w, ) = f [xzzr;”—xlzrf’] dr

0

¢ 1
=lﬁfxlx2r(7—l)df=0 .. .. .. . .. (29)
0

Te
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Py(w, b, ) =J [(x1 +fx2)F§”+(fvz—le)Ff’] dr
/]

9 2(x —2r2
‘J 4r 4(.’17 ""171)+ ————T——- —cl] dr
7

2

o f
- [16e0r3 cos f+8rJ 4e, sin f (;+%2) df] dr=10. (30
0 0

Passing to the variables z, y, f and putting 2 = 0, we have

T o1
Joy(;g-l)df=0 e
aam 2 2222 o [Ty (L
01T+J0 [4"6 7o ,.2 ] df JO ( g 1>f af
| JLonr eg) o]
+ degr? cos f+8 ) sin 'l } df'| df = 0. .. (32)
o 0 r 2

From (31) we get w and, putting this value in (32), we get ¢, the correction
for Jacobi’s constant for p % 0.

5. FORMATION OF THE FORMAL SOLUTION

Under the conditions (31), (32) the solution of the eqns. (15) for ¢ = 1 satis-
fying the conditions (17) will depend upon two arbitrary constants a(ll), a(13)
which remain undetermined. These arbitrary constants are determined from
the conditions of solvability of the boundary value problem for equations of
the second approximation. The quantity ¢p is also determined with them.
The arbitrary constants appearing in the second approximation are determined
from the conditions of solvability of the boundary problem for equations of
the third approximation and so on. We use here transformations used in the
theory of the periodic solution (Malkin 1956).

Let us assume that we have determined all functions xj‘-” (i=1,2, 3, 4)
up to the kth order, which satisfy the eqns. (15) and the boundary conditions
(17); also let all the constants ¢ (i =1, 2,...k) be determined. Let us
enumerate the solutions of the equations in variation in such a way that

ox oz
In= é—j v Ype = a—}: .
(5)

Functions z;’ are of the form

0 _ g @ 70,
T = Y5ty Yyt
3B
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where 5:1(.") is a particular solution, satisfying the boundary conditions and
ﬁ’), a(z') are certain constants. The quantities a(l), a;) are taken to be de-

termined from the conditions of solvability of the boundary value problem of
the (k+1)th approximation. Functions FJ(-kH’ have the following form:

k+1) puey (1) (k)
z z (ax axﬂ)( yﬁj"'x Y4i);

i=lo;B8=1
2 oFt ¢,
+z z [( . )+ 1(6 )]yaj jk)_|_R(ﬁ+1)
j=1a=1

where the brackets signify that the derivatives are taken for the values of the

parameters b = 0, w = o*, p =0 and o*, ¢; satisfy (31), (32). Rikﬂ) is a
known function not depending on aj(.k) , €ze1. This may be written as
2 4
(k1) _ 02X,y \ v, k)
Foo = Z Z (Bzaaxﬁ) Yo Yp?;
i=1gq ﬁ =
2 4 (1)
oF, 0
o3 Sl
— = 0y 0 i
0
Let us denote the parameters w, h by h; and hy respectively, then ¥g; =~a%§
]

(j=1,2)and F‘kﬂ) has the form
» ¢ op 8(F +cé )]
k+1) S M 1787 4 8) 4 plhtD)
Z 2. [ah, oh 1% TR
j=1 oy =1

for k> 1, F ®+1 are linear relatlve to a , but for k = 1 it contains quadratic
terms as well, since the constants a ) are 1nvolved in ¥ and it is given as

4 2 ap
o= Peay alald
= i oky o
aps AFstord
+Z [ Px o Alstord) aah,] ) o+ R®.
j=1
Let us consider now the expression
g
Pff*”:J z (F‘ R ¢B+R(k+l))z dr (n=1,2), .. (33
0 B=1

where 2;;, 2, are the solutions of the conjugate systems, corresponding to
the solutions y,,, y,, of the system in variation. Similar to § 3 for & = 0, it
can be easily shown that PEY = 0 is the necessary and sufficient condition
for the solvability of our boundary value problem for the differential equations
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of the (k+1)th approximation. We note that z(ﬂl) (=1, 2, 3, 4) satisfy the
equations

dx (1)
Z pﬁax$)+F(“+cl¢ N 10
Differentiating both sides w.r.t. Ay,
(1) 4 (1) (1)
d Ozg. RN apﬂa 2 o(Fg +adp) :
Equations P(lk+ ) and P‘k“) 0 may be written as

o 4

(k+1

J Z Fs" )+ck+1¢ﬁ+R(k+1))zﬂn dr=0 (n=1,2),
0 B=1

gy o O(Fg +rdp)
(1) B 178
[Z Ghy Ya T | %

i.e.
o

4
(k) Z

vg B=1
4 4
Wga ,  AFg +erdp)
(k) (1) B B
J le [ Z Ohs 1 o
0 fm

=1
4 ap o
9¥Bo. B(F +01¢p)
Z ah3 x(l) '—B———*‘E‘ zﬂl dr = —Z’R(k+1)an dT

4
+ck+l Z |: ahs

o B=1La=1 4o

=4 ok,

(hs being taken equal to ¢;),
i.e.

‘la(k)+ A12a(k) +A5641 = B(k)
(36)

AQ]_CL( )+Azna; +A230k+1 B(k)

- (1)
7 < < 9P o\ Fp +"l¢ﬂ)
Ba (1)
Anm —J —E 7 z, + F7 28 dr

_a=1

c 4 ax(l) 4 a {1)
0

=1 o=1

where

Integrating by parts and taking into account that zg, satisfy the conjugate
system of equations, we have

e o 4 ax(l) dz 4
B Bn
_J Z a_h.;n_ + Z Pyp Zﬂn dr

0 0 B=1 y=1

4 pgth 17 J 4 0z
IS 1 N Y (RS o P
= Z. Fhy BP| T (7m\ ;< g “Pn Z B Fhm
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Now by virtue of the fact that
21(0) = 2{(0) = 2{7(0) = & (¢) = 0 and 25,(0) = 0 = z,(o)

we have
025,(0) _ 92g,(0)
ohm  Ohn

. ) .
and so A"m = m( g)Zﬂn) .
B=

=0 (B=3,4;,mn=12)

On the other hand, we have

= Zwﬁ’m Z (Pgos + g +exdg)epn
=1

- 3D = 3 (5

p=1 9y=1

¢ 4
-9 M _ OPp(hy, hy)
0

and finally,
=1

Quantities 4;; and A4,; are easily calculated by the relation

A3 = f [-—-4 15 8x1 %] dr = f [—42,2y+4w135] dr = 0
0

oz ox
Asg =f [—4x1 ahl —dx, ahz] dr
0

=f [—-4x1(x1+fx2)—4x2(x2—fx1)] d7‘7= —-4[ rd‘l’ = —‘T.
0 0

Besides eqns. (36) we have one more equation given by
H+I+4c/2=0.

Ags H-+1I preserves the constant value, so we may put + = 0. We then get
(0 +230)] = 4(1—p),

a8 I = 0 when r = 0. So writing the terms with p* we have
#7(0),(0)+4.(0)x(0) = BY,

where Bk depends only on :c(') (0) (¢ < k). Substituting here the expression for

2", we find that
a7 9;1(0)31(0) 45, (0)%2(0) ]+, [1,(0)€1(0) +§,5(0)5(0) ] = BL-

Coefficients for a}” are equal to #;(0)22(0)—,(0)2:(0) = 0 and for a]" these are
equal to {#(0)}2+{#.(0)}2 = 8.
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Finally we have a system of three linear equations with three unknowns:

31’1 a® 9Py v
o % =B
0P; oP
of3 (k)+ ah2 ;k)-—TckH—B . .. .. (37
¥ = B

P
The determinant of this system is equal to ST%. If »* is a simple root of

the equation Pi(w, &) =0, this determinant is a non-zero quantity. Tt
remains to examine the case £ = 1, when Pf,z) == ( contains quadratic terms

in a( ). These terms are involved in P in the following manner:
a "m a P
z A0, Ay [ > a}f Yo
Jo \2B=1

It is easy to see that Ajmn = 0. For this we follow the same process as was
done for the coefficients Amn and we take into account the fact that yg,,
satisfy the variational equations whence

4
a N
Afmn = EE (ﬂzl yﬁmzﬁn)

The linear part of the equations for £ = 1 coincides with the linear part of
the eqns. (37) for £ > 1.

Thus the quantities “(1 ) a; ) 6441 satisfy the linear system of equations
whose homogeneous part does not depend on the number £ and the corre-
sponding determinant is not equal to zero.

In this way, using the above method, we obtained series satisfying the
eqns. (8) and boundary conditions (9), where the coefficients are determined
uniquely. If we now somehow prove the existence of the solution of the
problem (8), (9), then the convergence will follow.

a a

==,

0

= const.

0

6. EXISTENCE OF THE SOLUTION OF THE PROBLEM (8), (9)

Let x5 = z4(r, ¥1, Y2, ¥3, Y4, €, 1) be the general solution of the system of

eqns. (8) such that

xj(o, Y1, Yo, 73, Ys C, ’l:) = ‘y,. .o . .. (38)
For the particular solution satisfying the boundary conditions (9) we put
=0, and get immediately ¥, = Y2 =0. For + = o, we get the following
system of equations:

xl(g: O’ O: '}’3, '}’4, c, ."') = O } . (39)

3'2(0': 0: 0: Y3, Y4, c’ F’) = 0

Also
H(‘yB: 74, c, P') = 0 ' ve LR L (40)
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which is obtained from H+c¢/2+1 = 0 when 7 = 0. For p = 0, there are
solutions depending on two arbitrary constants w and %, consequently, for
p=0

10, 0, 0, 7§, ¥, ¢, 0) = 25(a, €, 0, ¥, ¥, ¢, 0) = 0. .. (4D
By virtue of (39) and (41), we have
8x4(0) 0x4(c) .
=1 = 0 —_— 3, 4 . .. .o .. 4
5 lace 3 |uzo (J ) (42)
Here ¢y = 40%/n%2 (k =1, 2, ...). The eqn. (40) for u = 0 has the form
2 2
HOO +00)) =4 N )

We shall show now that for sufficiently smali values of u, under certain
restrictions, the eqns. (39), (40) determine v, ¥,, ¢ as functions of p. Let

BL= 73""7’;0): By = 74—?'(0): €1 = C—Cy.

Then the equations z;(¢) = z4(¢) = 0 can be written in the form

.’El(U; 0; O; Y3 Y4 €, I"‘) = (%+U1)Bl+(g$1+ UZ)BZ ( :1+U3) 1+( +U4)

(0, 0,0, 73, Vg, €, p) = (6z2+ Vl)B] (ax2+ VZ)Bg (ax2+ Vs) ( Z2+ 74)#

where U,, U,, Us, U,, Vy, Vg, Vi, V4 are analytic functions of By By €
reducing to zero for p =g, = B, = ¢; = 0 and the derivatives have been
calculated for p = 0, ¢ = ¢,. Let us divide the eqns. (40) by u and let p

tend to zero. Putting v = lim % and taking into account (42), we find that
I

axl(a 0z;(o)

o\ v )=, | v Fp | =0
= (44)
0 0
By(+?, ¥, ) = z2(0) — ) xa2(0) -0
=0 " m=0
We combine with these equations the equation
2
Dy = {7(30)} + {'yff)} = 8.
. . .o 0(Dy, Dy, D
If y(ao), yio), v satisfy these equations and if W¢O, then the eqns.
3 ? 4 3

(39), (40) determine 73, ¥, ¢ as functions of u for small . Thus the existence
of the solution can be proved. Proceeding as in Krasinskii (1963), we find

that
V2 V2

D) = — 1 Ty sin a+T"(cos a+T sin a)l; 4

V2

D, = \/ Tv cos oc+————(-—sm oa+T cos o)l +

sin a
V'8
cos o

VG

I,=0, .. (45)

I, =0, .. (46)
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where

I = f [2,F) —2,F]dr,
0

I= f [0+ 2o P+ (2p—fr) P dr.
0

After a simple manipulation it is seen that

I = I[vQ(w, k), YO(w, b)] = Py(w, k) = Q,

I—vT = I YPw, k), YO(w, B)]=+T = Py(w, b, v) = 0.
Using (45) and (46),

0Py, Dy, D) = oDy, Do, D3) O(Py, Py, P3) O(w, k, v)

Y, vO,v) APy, Py, D) B(w, hyv) 30, Y0, )
=i |52, 0

which follows from §4. Hence the conditions (31) and (32), which are the
necessary and sufficient conditions for the formation of the formal series, are
found to be the necessary and sufficient conditions for the existence of the
solution of our problem as well.

Since the series representing the solution of the problem is determined
uniquely, the convergence of these series becomes obvious.
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