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In this paper we have discussed the stability of a collapsing conducting
cylindrical shell of incompressible ideally conducting fluid in the presence
of a magnetic field assuming the shell to be of finite thickness. Before any
disturbance is imposed on the system, we assume that the shell is moving
radially at & uniform speed. We have set the problem as an initial value
problem and have considered the stability of the system against the axial
disturbances. To avoid eumbersome analysis we have concentrated only
on the small wave numbers, and consequently expanded the amplitudes of
the perturbations in powers of the wave number. We have evaluated the
solution up to the first power of the wave number in both exploding and
imploding cases. In the exploding case we find there is overstability in
which the frequency of the growing oscillations is proportional to the rate of
collapse, the thickness of the shell and the initial magnetic field. In the
imploding case there is again instability in which the perturbation increases
logarithmically, the growth rate of the instability being proportional to the
rate of the collapse and the thickness of the shell. Thus we find that the
finite thickness of the shell, the rate of collapse and the initial trapped field
have a significant influence on the stability of the shell.

1. INTRODUCTION

In an attempt to produce large magnetic fields of the order of mega-
gauss, Linhart (1960), Fowler ef al. (1960) have discussed the stability of a
radially accelerated cylindrical surface of conducting material in the presence
of axial or azimuthal magnetic field either situated outside the shell or within
the shell. Recently, Harris (1962) has considered the same problem in the
presence of azimuthal magnetic field produced by an axial current carried by
the shell both for axial and azimuthal disturbances. He has also discussed
the problem when the magnetic field is axial and is situated either inside or
outside the shell. He evaluates the growth rates for the axial disturbance,
azimuthal disturbance and the combination of the two. He predicts the
instability for all values of -axial and the azimuthal wave numbers and
attributes it to the neglect of the finite thickness of the shell.

In the present paper we have considered a cylindrical shell of finite
thickness composed of incompressible and ideally conducting fluid in the
presence of axial and azimuthal magnetic field prevailing in the shell and in
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the vacua outside the shell. We have set the problem as an initial value
problem and have considered the stability of the system against the axial
disturbances. In the case of exploding shell, we find overstability for smali
values of the wave number, while in the case of imploding shell there is a
pure instability in which the disturbances grow logarithmically. We may
note that we have carried the calculations in the latter case till the inner
vacuum is extinet, for the linearized treatment may not be valid after this
stage.
2. INITIAL STATE
Let at time ¢ = 0, the inner and the outer dimensionless radii of the

cylinder be 1 and m; the state of the dimensionless magnetic field at this
instant is given by the following:

(0,;,H0), 0<r<l1
= 1
H= (0,;,111), l<r<m|. .. .. oo
1
(O,;,HO), r>m

We note that the postulated azimuthal magnetic field may be realized by a
strong axial current.

We shall assume that the fluid is ideally conducting and neglect the dis-
placement currents. Assuming that at the instant ¢ = 0 the entire system is
at rest, we can show that the electric field and current density are zero
everywhere, on both the surfaces of the shell we have an azimuthal surface
current given by

Tt = (0, Ho—Hy, 0) .. .. .. .. @
and the total pressure everywhere is given by
1

P=%(Hg+ﬁ). .. T ¢

Starting from this initial state, we impose a radial velocity v, on it and
calculate the physical and the dynamical state at any time ¢ > 0. We recall
that in the vacua we have simply to solve the electromagnetic equations,
while in the fluid we have to solve the equations of continuity and momentum
in conjunction with Maxwell’s equations. In order to evaluate the arbitrary
constants and functions in these solutions, we have to satisfy the usual electro-
magnetic conditions and the dynamical condition which we have taken in
the form of the equality of the total pressure on both sides of the surfaces.
We report below the solutions for this undisturbed unsteady problem on the
assumption that the radial velocity of a fluid element at any time ¢ is a

function of distance from the axis of the shell:
1B
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(@) Exploding case:

Conducting fluid : By < r < Ry,
where
R? =1+t and R: = m2+1;

- 1 — r
v=(§;,0,0), H—(O’;Z—._—.t’Hl)’

> ([ H, 1) = Y
E“(O’ér“"2(r2—t))"’“(°’0’ (r2—t>2)’

Inner vacuum: r < Ry

Outer vacuum.: r> Ry

m24t 1\2
pmagnetit::%[( 7 ;&E) +“2(t)]~

Inner surface: r= Ry
-
J* = (0, Hy—Hj, 0).
Outer surface : r=R,

-
J* = (0, at)—H;, 0),
~ where

(4)

3
a(t)=(H§+ 1 2t 1 )

Tz Vi oA T e
ARZVE T mt ARV
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V4 = Alfvén velocity for the azimuthal field rendered dimensionless by
using the initial velocity of the inner surface of the plasma shell as
the typical velocity.

We note that during this phase of motion the surface current on the inner

boundary of the shell remains unchanged.

(b) Imploding case :
In the imploding case the solutions are obtained by putting —¢ for ¢ in the
above solutions.

3. PERTURBATION EQUATIONS

At any time ¢ we impose axial perturbations on the system and study its
growth in time. It is convenient to measure time from the initial state rather
than from the state when the disturbances are imposed. Denoting the
perturbations in the velocity, pressure magnetic field, electric field and the

current density by v, D, E H and J we have the following equations deter-
mining them in dimensionless form:

Plasma :

%t__;_(:;_ v);.;_(:, v)?: Vi[—grad P+ curl ?Ixﬁ+curl EX?IJ, (5)

—

%?—:curl(;xg)+curl(?x§), .. .. .. .. .. (B
div—:=0, O ¢ 0
div?I—O .. .. .. .. .. .. .. .. .. (8)
B —ox Heox A, e

Inner and outer vacua :

dvH=0, .. .. .. .. .. 10

cul H =0, .. .. .. .. .. (1
= aH

=% L .2

curl £ 5 .. (12)

div E = 0. R )

For considering the axial disturbances we shall put the perturbations as
% = fetkz where z is the axial coordinate rendered dimensionless with respect
to the initial inner radius of the plasma.
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The boundary conditions satisfied by the perturbations are the following:

alalen Bl =0 L ae
axl@lenxld] =7+ . . w
axlElenxlB=dalwdm) . L e
2l (2] = 4, ... .oam
Bl np] = T* X A A T* X I+ 7" B+ B, .8
e O e 15

a~—

where u stands for the velocity of a boundary and §* and J* denote the
perturbations in the surface charge density and the surface current density
respectively. Also a bar over a physical quantity denotes the mean of its
value just inside and just outside the surface. It may not be out of place to
mention that the equation of .a boundary after perturbation is

r = Ri, 0+Sri’ Oe“’z . . .o . (20)

where §; is the radial displacement of the boundary and R; , stands for the
inner radius R; for the equation of the inner surface of the shell and for R,
for the equation of the outer surface of the shell. Also from (20) it can be
seen that the disturbance in the unit normal at the surface of the shell is

ﬁ: (0,0, —-ilc‘Sre"‘z)
go that

A
j3
n =

(0, 0, —ikdr). .. .. .. .. @

4, SoLUTIONS OF THE PROBLEM IN THE EXPLODING CASE

The equations as they stand are extremely complicated and, therefore, we
have solved them for small wave number % corresponding to the large wave-
length disturbances which are of particular interest in such problems. Conse-
quently, we set

X=X+kX 402X+ ... . .. .. T
and evaluate only the first two terms in this expansion.

Without going into the details we record below the zeroth order pertur-
bation equations and their solutions.
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Plasma :
Zeroth order equations:
a’bro 1 avro a 1 . 2 aHzo Ho a ES Hoo a aﬁ
T St % (o) = V2|~ e 20 2 (o) B 2 o r"]’
(23)
0fgo , 1 gy , Bgo 2[Ar @ :
b3y o = V5|1 = (rH) |, @
O , 1 0y
"_é-t—‘ 270 ar —-0, .. ‘00 .. . . .. .. L (25)
9A
2310 =, (26)
aﬁgo o a (ﬁﬁo) 3 a -
o = " ar\ar ) 5 Hebro) 0
0, - 10 0
atzo == §~ a H?-O_Hl a (’r’Uro) . “ .. - “ . (28)
10, .,
;g’:(rvro)zo, . .o v .. . .. . . .. (29)
18,
;é;(rﬂ,.o)= . . .. . o .. .. .. .. (30)

We note that equations (26) and (30) are equivalent and thus we can omit
one of them.

Zeroth order solutions :

We have solved the equations (23) to (27) and the solutions obtained are
recorded below:

BVir(r2—2t)
Bgo = _ﬁw+;f1(fz—-t),

Fot) dt

Bpo = —Gamg— +rhr=0),
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Hi= g(rz—1),

A

1 2t (° reh(r2 —t)
- {<r2—t)2+<r2—t)3” Folt) b= =05

T 2rh(r2 —t)
- J. _(Tz*t)z ~dr.

Also from eqn. (9) we can obtain the components of the electric field as given
below:
BV EHr(r>—2t) H . ]
- 4 Ziege_pno Lt
By = [ e +-; S1(#2—1) rz—tf(rz Hl,

By = [217’ girz—t)+ Hlljom] ;

t
Fot)dt
f 2 Fot
Bp= — [Wq-gh(r-_twmi_%}, O ¢:19)

where Fy(t) and ¢,(t) are arbitrary constants of integration which are functions
of t and B is a pure constant. Also

flrz—1t), f1(r2—1), g(r2—{) and h{r*—1)

are the arbitrary functions of the argument.

Zeroth order solutions for the inner vacuum :

We have solved the eqns. (10) to (13) and have obtained the following set
of zeroth order solutions for the vacuum » << R;:

ﬁro =0, E’r0=0,
Hgy=0, Eg=0, .. . .. .. (32)
Hyo=0, Ey=/5)

where fu(f) is an arbitrary function of ¢.

Zeroth order solutions for the outer vacuum :

From the same set of equations we deduce the following set of solutions
for the outer vacuum r > Ry:

n t t

H70=éi.(_)7 Ef():ltsj—)’

2 . 33
Hgo =0, Egy =0, (33)
ﬁzo"‘-(], Ezo=O,

where ¢4(t) and f4(t) are arbitrary functions of ¢.



122 P. L. BHATNAGAR & P. XK. BHAT

Zeroth order boundary conditions :

Hr)i =0,

Hy)o =0,

E 20)0— Ezo ) =ﬂ[(ﬁao)¢—(ﬁeo) 1,

Ego)i—(Bgo)p = dio[ Hzg—H o) +ul (A 20)i—(H20)0)s
(Erodi— (Eyo)o = 0,

(
(
(
(

(By); = %[(Hzrl*ﬂzo){(ﬁzo)O“(ﬁzo)c}
— {(Bgo)i—(Bgo)o } (Hep+Hgo)
+{(Bz0)i+(A)o} (Heo—Hz)) .. . ZY)

where the suffixes ¢ and 0 stand for the value (34) of a physical parameter
inside and outside the shell respectively. It may be mentioned that while
writing (34) we have made use of the fact that the jump in the #-components
of the initial magnetic fields at the surfaces of the shell is zero.

After making use of the conditions (34) we deduce the following values of
the constants of integration and the arbitrary functions occurring in the
solutions of the equations of the system:

(8Ry)o = ‘(5R1)0=0'f3t ) =0; B=0; folt) =
do(t) = 0; h(r2—t) = fy(r2—t) = f(r2—1) = 0; Fo(f) =0 .. (35)
and $o(t) =0

where (g‘RO)o and (8’}3;)0 are the zeroth order displacements of the external
and the internal boundaries respectively. We shall now write down the
zeroth order solutions in the three regions of the system as follows:

Plasma :

:o =(0,0,0); B, = —Hg(r2—t) etz

;I;o = (0, 0, g(r2—¢)) ethz; Z’o = (0, él;g(ﬂ—t), 0) ez, .. (36)
Inner vacuum :

Ho (0,0, 0); Eo=(o,0,0). . .- .. 3D

Outer vacuum

Hy = (0.0,0); H, = (0,0, 0). e ... (38
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It may be noted that the solutions in the imploding case are same except
that ¢ is to be changed into —f. Later on, we shall see from (51) that
g(r2—t) = 0 so that all the zeroth order perturbations are zero as they
should be.

5. FmmsT ORDER EQUATIONS AND THEIR SOLUTIONS IN THE
THREE REGIONS OF THE SYSTEM

Plasma : The set of the first order equatmns after feeding the set of the

zeroth order solutions is

avn 1 aﬁ”"‘ﬁuar(l) =72 [_HlaHzl

follows:

2r dr 4 or
~ 26 2 () B0 2 - 2], o)
agfl 1 393—1+1/2r2v01 =Vt I-’r'—l %(rﬂg), N € 11)
agt“+2lr a—g:—1=iH1Vig(r2—t), .- . . . . .. (41)
ag”:—;—rg(rz—t), N 2]
agol=_—aa;(%a‘;1)—§;(ﬂgan), L @
-a_{g;_l——él—ré%—ﬂlgi(mﬂ), P € 25!
;—a%(rﬁ,l)=0, N 1)
%ai(r[{,l)+zg(rz-—t) =0. .. . e .o
We have solved the eqns. (39). to (46) and the solutions obtained are as
b =110,
fa=t=1 [ re—nar

’ { -—zf' rg(r2—t) dr}

"oy rdr,

L galri—=t) av; f

Yor = r r(r2—t)2
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where after integration we have to put ¢, = r2—t,

A,y = gy(r*—1t),
:
o [ Fyt)ds

2 +Tgl(rz_t)’

Ao =g

b= {iHViglri—1) Jt+gsr2—1),

1 Fyt)

, 1 2 !
Br= 410~ gz [P0 mrg ) g~ { et st [ R a
A

__ "g:(r%—1) " 2rgy(r2—t) dr
(rE—1) “f (r2—g)r
Also from eqn. (9) the components of the electric field are

Erl = —(Hlﬁal—Hoﬁzx),
1 - Y
By = (E,Hzri-Hxvn),
1 & n
E’z] == - (é— H51+Hgv,1\), .o .. .o (47)
\ r /

where F,(t) and ¢,;(¢) are arbitrary functions of integration and c¢ is a pure
constant. Also gy, go, g3 and g, are the arbitrary functions of the argument.

Flirst order solutions in the inner vacuum :

Solving the egns. (10)-(13) we obtain the following first order solutions
for the vacuum r < R;

ﬁrl = 0, Erl = 0,

I?91=0, By = __u/:z(t)’r’ . . .. (48)

Aoy = ig(t), Bz =fu),

where (t) and f,(¢) are arbitrary functions of ¢.

First order solutions in the oufer vacuwm :

Solving the same set of equations we have the following set of solutions
for the outer vacuum r > Ry :

grl=0: Erl-’:*-r—,
t -
Hgl =0, Eal =]_’l(_) , .. .. (49)

ﬁZI =0, Ezl =f7(t):
where f,(¢), f5(t) and f,(¢) are arbitrary functions of the argument.
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First order boundary conditions :
(ﬁrl )t‘ =0,
( rl)o =0,
(Ba)o— Bk = u[(Bg1)i—(Hg)o],
(Bor)i—(Bgr)o = wa[Hau—H )+l (B2 )i~ (Az1)o],
(By1)i—(Br1)o =0,

(Br1)s = % (87‘1),

(pr)i = H(Har+ Haol{(Her)o— (B )i}
— (Hge+ HooY{(Bg1 )i~ (Bg1)o}
+(Heo— Ho{(Ba )i+ (Baadof]. . (50)
We note that the above conditions (50) are simplified on account of the fact

(5')25)0 = (8/)30)0 = 0 got earlier. After applying the boundary conditions (50)
we get the following set of equations which enable us to determine the
arbitrary constants and functions in the solution:

gir2—~t)=0; f5t) =0; C=0, .. .. .. (6D
gi(r2—=1) = go(r2—1t) = g,(r2—t) = 0, .. T (2]
(o BB _ 2iHF(t) 53
¥'(t)+ B E (53)
R TR (54)
Fl( ) v d?/
R TR (65)
1, Pyt
iHop(t) = é,(t)~— v %Fl(t) In Ri+ 2}3;}
t
+| Ftydi+ ;w (56)
i A
1 P
0 = ¢y(t)— ?’i {Fl(t) In R0+5}2—3}
LM dir—Y 57
falt) = —F4(t). N £
Fy(t)
falt) =~ —5", (59)
f1) = «®)F ,(t)+a(t) Ry, .. N (- )|

where (§R;); = x and (SR;), = y.
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We shall take (53), (54), (55), (56) and (57) for determining the values of

$1(8), Fi(t), 2, y and y(t).
From (53) we have

t
—2Hof Fyt)dt .
. 1
0 =
—2HZ, . il
= 2 <6°>

t
where I, is an arbitrary constant of integration and Z, :f F () dt.

Similarly, from (53) to (54), we have

Z, L
Zl ls G
V=Rt E, (62)

where [, and I, are arbitrary constants of integration.
Substituting (60) to (62) in the result got by subtracting (57) from (56),
we have
427, a2 iz,
dte me4t\  dt
1+t )

(1+#)(m2+1) In (

2
arm2+2t+1) 2V, 2( i)] zZ,
+2[4(m2+t)2(1+t)2 arortVall = '1 (m2+t)
S
<172
=l b ZVAH‘JZ‘]. 1 (63)
amr0E — A(I+027 (1+7) (m2+t)
In
1+t
where
V:=HV?
and

o 2 2
i = m2—1 == RO_Ri'

Ezxzploding case :
In this case t can take any value > 0, hence we have solved (63) asym-
ptotically (Ince 1956; Tricomi 1960) when ¢ co and its general solution is
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as follows:
7, = Dy exp %§3+(°‘2)15— Q/\Elé "'Z/\EZZ T }
[ ol
+Dytt exp { g E3+(@at— 2%." 1% o }
x [1+@§,—n—?w—3%+0(§1_2)]
‘ [——()]

3
X f exXp {% +(eg) 1£+2§2 }

j(“2)3+4‘"3 1 l)]
[’3”511 oy }§+0(§2 ot

X
(my—my) €t [—2%12 § (aa)2 4 4eg |+ (0g) — (o)~ 27‘:% {(a2)§+4w3}]§‘+

m Ay Az
—&t exp { 3 £34(ag)y6— gz T ag T }
()] +4dws 1 (1 ¢
X [”*5%?1‘“ ‘ E+0(é§)] f oxP {”“53““2) gt }
2t dog
[BI+BI{—————}§+0( )] ¢
% ' my
(my—m) € + [Zim*z § ()i doy |+ (o) — ()~ g 1 (a2)§+4ws}] A+
(64)
where D; and D, are constants of integration. Also
_ m24l
Al == 2 3
_ BmA42m245
2 = 12 ]
27> 1
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2V2 13} ({m241
7 (1_”74)( 5 )>°’

2 1) (mé—2m241
e (- L))

my, 2z = :}:21/(1)%,

(a2)1, 2 = diwga: ?,

24
Igl = 2 ViHolh

and L= £2
From (64) we can write down the value of Fy(t) as follows:

Fit) = 38 [Dl eXP{ = B4 (ahé— 352 }
(‘12) F4wy | 1
{”‘J“ £+0(52)}
D M2 ¢3 _M
+1D; exp “"f+(<12)2f 252—...
(‘12) +4w3 1 )
{ et £+0(§2 }

(ap)i44ws 1 1 $R.Z,,
it oS5 o

o { sttt et S Lro(A) [ Br) |

where
W = Wronskian [Z; 1, Z;, o},

Z,y, = £t exp { LE3 g (ag) i~ 252 e }

1+
et §+0(§e)]

Z],2=§}9XP{ 2 £3 4 (ap)gf — 252 }

[ o )
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and
Ry =B+ 2+0 (-1—)
£2 £3
Thus we can be able to find all arbitrary constants of integration.
Conclusions.—We see that the disturbances in the plasma pressure and the
plasma velocity grow with time. They manifest in the form of unbounded
oscillations with their amplitudes varying as time and frequencies propor-

tional to
Vi 1\

The perturbations in the plasma magnetic field die as they manifest in the
form of damped oscillations. The perturbations in the plasma electric field
are again harmonic¢ with unbounded amplitudes and having the same frequency
as the plasma pressure disturbances and plasma velocity disturbances.
Again we see that there are no perturbations in the outer vacuum magnetic
field up to the order of approximation we have worked out the problem.
The disturbances in the electric field in this vacuum again appear in the form
of unbounded oscillations with a frequency proportional to N. Similarly, it
can be seen that in the inner vacuum the magnetic field perturbations die
with time. There occurs the so-called Landau-damping in these pertur-
bations as their amplitudes are inversely proportional to time. The pertur-
bations in the electric field in this vacuum again appear in the form of un-
bounded oscillations of which the frequency is proportional to N. Thus we
gee that the instability which occurs in the system is in fact in the form of
over-stability. The frequency of such growing oscillations is proportional to
the thickness of the shell through a2 the initial magnetic field and the rate of

explosion through Vi and to the initial radii of the shell through .

6. CorrLapPsiNG CASE

In this case Ry will tend to zero when the inner vacuum of the shell is
extinet. This means that {— 1 and R(z,—> a®. We can show that here the
following equation determines Z, :

%_*_ az az,
dtz mg_t '._d—t—'
\ 2
of, 1 ) G2 m2—2t41)  2V? ] A
+2[VA(1 mi) Tame e = T A=08] Ty
I ( l—t)

=2[ s L +in,Hoh] 1
4m2—1)2  41—=2' (1—98) 1 [me—t\’
h‘(l—t)

(66)
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We shall effect the transformation

t=1—¢ whereé—>0 ast—>1,

in order to study how the disturbance behaves when the inner vacuum is

becoming extinct.
The transformed equation is

4?2, _ a 1 _42,
dé? {(m2——1)+-£}~£'ln (m2—1+§) d¢
3
2, 1), a22me+26—a2—2) 2__V§] Z,
+2[VA(1 m*) Hmi-1+eEE T ¢ 'mz_1+5)
1o (=14
v €
_2[ I __l?_+iViH0l1]' 1
me—14EE T ¢ ln(mz_1+§)‘
\ £

1 a®
v

Again put ¢ = (m?—1)

asymptotic methods.
This transformation reduced the eqn. (67) to the following form:

427, lz 1 ] iz,

v ’v+(u+1)1n(v+1) v

D
2 1\a, »+2 V@ z,
+2[VA(1_771) AT aes T 8 | (I+)

_ ‘)[ Iy __lz_ iViHoll] 1
T Tarr+1)2 40 3 In(1+v)°

Retaining the dominating terms only in the coefficients of (68) we have

&7, 2 d%, 1 % Iy

At 3 dv 22 Iny %W2lnv

and putting Z, = Z;——lz it reduces to

@z, 242, 1 7,
A v dv 22 Iny

This can be further reduced by putting v = ef1:
i Wi W
dff dé; 24

where
¢, — o© when v— 0.

=— 80 that v— o as ¢ —0, and we may apply the

(68)

(69)

(70)

(71)
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Equation (71) admits the following asymptotic solution:

7= 4 (Td—z“t)}_*[l*gh (ldz )‘%g - ( # )2+ ]

1—¢

1-t¢

f @ \~1 @\ 1 1 3 1 .
n(Z) TS
1t 1—¢ ’
where A’ and B’ are arbitrary constants.

Conclusions.—We see that the disturbances in the plasma pressure become
large as the shell collapses and at the same time the disturbances in the velocity
of the shell also grows. The growth rate of this instability is proportional to

- bS R
{ln (liz_t)} = N. The perturbation in the electric field inside the shell also
grows with the same rate.

In the vacua outside the shell, the perturbations in the electric field

grow as N as t—>1. Thus, we conclude that the collapsing shell is unstable
and the growth-rate is proportional to the thickness of the shell through a2
and to the rate of collapse through the dimensionless time &.
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