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An equality connecting M (o, fP}, (s} and Ay(o) for functions of zero order
has been obtained in Theorem 1 by imposing & condition on the coefficients
an. In the 2nd theorem an inequality for M(c, f?) and u(¢) has been
established for functions of finite order. Both the results include as par-
ticular cases the results obtained by Kamthan.

§1. IxTRODUCTION: Let

[+

f5) = an oxp (sha), (s = i),

n=1

represent an entire Dirichlet function where

V<A< A < ... <lp=> 00, R B )
B (=M =2, h>0,d< oo (Y
Pirey- h
and
Im 2 =D< 0. .. .o .. .. .. (13
n—rﬂo’\n '

Let M(o), (o) and A, stand as usual. In this paper we are interested to
establish certain inequalities involving M(o), #(s) and A,,. Both of the
results, which we state and prove below, generalize the theorems proved by
Kamthan (1964). Our first theorem deals with a class of entire Dirichlet
function of order (R) zero and the second one relates to the general order
(B)p, 0 <p < oo,

§2. THEOREM 1: If M(o, f?) represents the maximum modulus of the
pth derivative of f(s) and relations (1.1), (1.2)

log | 22=1|  jog | 22
and ¢2 R Gq An+1 (2.1)
An"f\n-l /\n+1"'An ’

* On leave from Sundergarh Science College, Orissa.

VOL. 34, A, No. 3.



DASH: ENTIRE FUNCTIONS REPRESENTED BY DIRICHLET SERIES 139

where ¢ > 1 hold good, then

Mo 1)
o—© IL(U')/\p -

v(o)
Proor: Let ‘

Up—1
log an

Xn:m. . .. .- .« (2.2)

So from (2.1) we now get
¢2X,. < Xpy1, forall wand any ¢ > 1.

Let the maximum of | f?(s) | occur at Rl(s) = o, then

N-1

M(G’fp) < z Aﬁ[a”]eahn_l_/\%{“]vleﬂﬁlv_l_ z Aﬂ[anletﬁtn‘

n=1 N+1

Put o = ¢Xy, then ¢xy lies in between Xy and Xy, and so

N-1 w©
M(gxn, 7) < . N [an] exp ($txha)+ . ¥ [an] exp (SXwda)+Nuldtn)
na=1 N-+1

=21+ Zp+ A3 ($Xn),  (say).
Now

2y < A% |an-y| exp ($xnAv-1)+A} |ay_o] exp ($XnAn-2)+ - . . to (N—1) terms

ay-1
ay

aN -3
an

exp [$Xn(Av_1—ANn)]+

= A{(,#(«ﬁxzv)[ exp [$Xn(Av-2An)]

+ ...to (N~-1) terms].
From (1.2) and (2.2) by simple calculations we obtain
Zy < Ayp(dxw)lexp {(1—¢)Lxn} +exp {2(1~—¢)Lxy}+ . .. to (N—1) terms],
where L = h—e,
< A(dxn)[a+aZ+ . .. to o],
where a = exp {(1—¢)Lxn} < 1,
ie. Z1 < AP p(dxy) i%& N O X.

Now

a
Zy =20, H{gxy) |2

aN

exp {(Av.+1—AN)PXN}

¥ gbl0) | “22 oxp (O =M - B0 0.
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Therefore by (1.2) and (2.2) we have
Ey < Ny, #(gx) exp {($—4")Lxw}
X, (X exp {($—¢7)2Lxn}+ . . . to 0
< MPXN NG, 10+ Ner 0%+ - - - to 0],
Again by (1.2), where M = d--¢, we get

22 < [L((ﬁxN)[(.M-I-AN)pa:+(2.M+AN)?(1:2+ ...to G)]
Now the series

(M 42y Pa+(2M +Ax) a2+ ... to ©

»
{pOI,_,Mrl\g"'(a+2’a2+3’a3+ ... to oo)}
=0

r
< Z 20y MM (25) + ()24 (270)3+ . . . to 00)}
r=0
r
2ra
=> (”C,, MO 2ra)‘
r=90
Hence we have
z Mr 2"(1
By < A p(Xn) Z rg, A T L 29
So
» p 2 Mr 2raq
Mgy, %) < rxn)| 1+t D (s R
. “
Therefore
m Ml 1) (2.5)
-y I"(o)/\v(a)
Again
Mo, f) > X2 |an| exp (chn).
‘When
Xn <o< Xn+1
plo) = |a'n| exp (oﬂﬁ), Aoy = An-.
Therefore
Mo, f*) > X))
Hence
("’f) N X

= F(G)A,,(o)
From (2.5) and (2.6) we obtain the result.
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§ 3. THEOREM 2: Let

@

f6)= > anexp (sha), (s=o+i),

n=1

represent a Dirichlet entire function of order (R)p, (0 <p << ) where
conditions (1.1), (1.2) for lower limit only, and (1.3) are satisfied. Then for all
g>0pand e >0

Mo, f¥) < plo) exp [{(p+1)p+e}e].

Proor:
Now
Mo, f) < z Xlan]exp (odn) .. .. .. (3.1
n=1
is true for all o
and [@s] e3P (0ds) < M (o),
ie. |@n] << exp {exp ((pF+e1)o)—ar,} .. .. .. (3.2)

for all o > o, €1 > 0, and all ‘n’.

Hence the above inequality (3.2) must be satisfied for the minimum value of
the R.H.S. corresponding to ¢. Simple calculations show that the minimum
value occurs when

[

1 A
= 1 n ) .. . .. (33
pte 8 (P+51 5:3)
Write (3.1) as

N w©
Mo, ff) < z Nlag| exp (aAn)+ z Alay] exp (odn) = Z1+Zs, (say),
n=1 N+1

where N is at our choice to be determined later.
By (3.2) and (3.3) we get

An
neg enli)

/

Nr1
@ Anl(P+€1)
=>x {e(,,+€, exp ((p+el)a>} tra
N+1 An
(Since (pte1) exp ((pter)o) _ )
An ’
® An/(P+e€1)
. X +
ie. e < z X {e(p+€]) eA;) (e El)a}

N+1
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So choose
Av = (p+e€1) exp {(ptey)o+k}, k> 2. - .. (34)
Then ’
Zy < D {2 exp [(1=bal(pten)]} -
: N1
Hence

M(o, f¥) < Nop(o)N+ Z {Aﬁ exp [(l—k))_\n/(p+e1)]} :
N+1

As log A,

35— 0, we may write
n

X < exp [Mnfk(p+ey)] foralln > N.
Therefore

» Py N 1 An
Mo, %) < Nu(ol+ glexp [(,—c+1—k)P +€’].

But the series

Z exp[(%+1—k) i"q)] -0 asn—o0.

N+1 p

So
M(o, f7) < Nu(of4o(1).
Again by relations (1.3) and (3.4) we get
M(o, £%) < p(o)(D+ex)(p+e1)?* exp {(p+er)o+k}(p+1)+0(1)
= p(o) exp {(p+1)(p+€1)a}O(1)+o(1).
Hence the theorem.
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