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A general transformation involving gemeralized basic bilateral hypergeo-
metric functions on the base q and ¢t is deduced by considering Slater type of
contour integral which in turn is used to obtain transformations of products of
basic bilateral hypergeometric series on bases ¢ and g, It is shown that
the method of procedure is quite general and can be used with advantage for
obtaining transformations of any number of series on the base ¢ and any
number of series on the base gi. The paper is concluded by obtaining
equivalence relations between infinite products on bases ¢ and g¢#.

§ 1. Introduction and Notations.—The transformations of products of basic
bilateral hypergeometric series of different bases (¢ and ¢) were considered
by the authors in a previous paper (communicated). In this paper transforma-
tions between products of two or more basic bilateral hypergeometric series
of bases q and p (= ¢?) are deduced. These transformations are quite general
and incorporate the results of the previous paper and those of a paper due to
Denis (4n press), as special cases. Several theorems on equivalent products
have also been deduced. Incidently, these generalize certain known results
of Slater (1953, 1954).
The basic bilateral hypergeometric series of base is defined as

¢(x) IE(“M); 2 ¢(x) M ; Z x(dM
whin | (B LB ) m]

Ifww-““mk 2] <1, ]el <1

where (xy y) denotes (N—M--1) parameters of the type oy, aprys, - - -, ay.
But when M = 1, we shall write simply (ay) instead of (& y).
Also

[2%; m] = (l—a®)(1—a%+1) . . . (1—2%+#-1); [2*; 0] = L.
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Lastly, we denote by
J: [x(“r), xlog) xﬂ] _z [(Gr): (2r); 17”]
iy x(ﬁ‘), «(%s) ’ (B,): (bs)
or
P-1 [l—x‘*l"‘“y, T2ty 1 g™t Uy L pmtuy l_xaR-i_uy] (1)

1—aPat™ 1 _gfetwy g Aetw g _phtuy g pbstw

u=0.

the products

roaf [1—al® w1 —glep+ ]
[1—2(P) T ][1—4(%) +uy]],

w=0

but when y == 1 and there is no chance of an ambiguity we denote the product

) P [(%): (a’R); . . . T

simply by /I, B, (¢ ) and when the index P will be infinite it will also be
s]? \"S

dropped.

§2. In the first instance we shall prove that

H (bar), 1—(car), 1 —x—a, 24 ; 1 2—(kyn)+mn;
[ (@s), 1—(anr) ] P[l—(cN)+n]

> [gl); Al 17" 4] [—[2—(’0N)+n]*]
T H .
",Zw ) A7) © == (o) 4

< [l e[ —ptm 1]
X,Zm (g% ; /][ —pM =" ] !

ay—(cur), 1—ay 4+ (Bu), 2—2—a—ay, z4+a+a;—1 ;] { = [1+a1—<k~)+n;]
?

1—ay+(an), a1 —(asr)’, 2—ay, @y —1 ay—(en)+n

on]

" ~ [ql_a‘ﬂcM);r][p(kN)—a‘_";r]q“’_'_np[-—-[1+al—(kzv)+n]*;]

N T P T —[a:—(en)+n]*

< [gt T at e fJ[—pW m " ] g
o[t et Om) s ][t ot on) = 4]

X }+idem (@1 ag, ..., ay) =0, (2.1)
where
P =g, a = Zlcy)—Z(ay)+ 4 Z(kn)—Z(cy)—~N], M > N, Re (x) > 0,
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and a,—(ay)’ stands for the sequence of parameters ar—a;, Ar—0Qg, . ..,
Gr—@r_y, r—Qyyy, . . . , Gr—ay from which (ay—ay) is dropped, and the presence
of the term —(a)* (in a product or in the hypergeometric series) of base g
indicates the presence of a factog of the type [—g¢*].

To prove this result, consider the contour integral ¥

1 P
IP,R=27ifH(S)d5
where the integral is taken round the rectangular contour A4(—2aijt), B(2xi/t),

2
(2R+—ﬂ) (2R—— 27) where P < R in the s-plane and

P P 1—(GM)_87 (bM)+89 1—$—¢1+8, rtoa—s ;] 2 2_(kN)+n—8;
)= Hq[ lam)+s, 1 —(ay)—s [ 1—(cN)+n-8]

where ¢ is real, 0 <g¢g<1 and g=-¢7% ¢ >0, and » is an integer. The
restriction that ¢ is real, introduced to shorten the proof, can be waived off
by analytic continuation over the circle {¢g| < 1.

© -1
Now ¢ots = e¢~(@*9t and has a period 2aift and hence{ I [ga+ﬂ+8]}
#=0
has poles at the points s = —a—n-+2Kmi/t, one set in every strip of width
© -1
2xft in the s-plane. Simﬂarly,{ 7 [p“*”"]} has poles at the points § =
#n=0

—a—n-+4Knift, one set in every strip of width 4x/t.

In the contour ABCD the line AB is indented, if necessary, to ensure
that all the points in the sequence s= 1—(ay)+r+2Knifl, s = 1—(cy)
+r+4Kaift for r =0, 1, 2,..., P—1 lie to the right of AR and those of
the sequence s = (ay)—r+4Kaift, r =0, 1, 2,..., P—1 lie to the left of
it. The product has then a number of poles within the contour ABCD at
the points s = 1—(ay)+r+2Knift, two sets (corresponding to two suitably
chosen values of K)and s = 1—(cy)+n-+r-+4Knift one set (corresponding to a
suitably chosen value of K).

Then by the periodicity of the integrand

P P
O(s)ds+| IH(s)ds=0,

BC DA
hence

mifi P 2nft
In, R_Mf s)ds = -_J' {H(2R+zr) H(2R~zr)}

- 2ift

* For a similar treatment, see Slater (1952a).
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In conclusion we may remark that the transformations between basic

bilateral hypergeometric series on the bases ¢ and g% (M being an integer)-
could also be developed by modifying the contour suitably and following
exactly the procedure described in the above sections. But even in the
simplest cases of transformations between basic bilateral hypergeometric
series on the bases ¢ and gt the results become so cumbersome that they cease
to be of any practical utility and hence they are not mentioned here.
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