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The paper deals with properties of the bilateral Laplace transformation of
the two variables. In the beginning the author has started with the opera-

tional relation

flzy, 2)Ul®y, 23} == F(py, pa)

and later on #; and 2, were replaced by the general functions

al‘f’l(xl) and aléz(-"«‘z)

respectively, which gives rise to a more general bilateral operational relation
in two variables. As an application of the same large number of operational

relations have been investigated.

§ 1. In this paper we shall take f(x, y) to be a function of two real vari-
ables, x and y, defined for all the pairs (z, ) in —o0 <& < 0 and —w0 < y < 0,

and, integrable in any finite rectangle:

If for a pair of complex quantities p and ¢ the limit of the following

four integrals:
X .Y

im3 22 || erenfe g aay,
0vo "
X .0 :
T
oY -y
0 aY
lim§:: f f e Pr-auf(z, y) dx dy,
-xJo0

o .0
limi o f f e~ P20z, y) dx dy,
-xJ .y

exist, then evidently the double integral
L{f} = f f e~Pv0¥f(z, y) dx dy
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exists, and we shall call it the two-dimensional bilateral Laplace integral of
f(z, y) for the pair of values of p and ¢ and when L {f} exists not only for a
particular pair of values of (p, ¢) but for every pair of values in a certain
agsociated region of complex p and ¢ planes, then we shall call it the two-
dimensional bilateral Laplace transform of f(z, y). So we shall take

F(p, q)=qu J' e P~ (2, y) dz dy .. (@)

.s

and denote it by F(p, q) =—==f(=, y) or F(p, q) —.f(x, ¥)

and in one variable by F(p) —= f(x) or F(p)—> f(x).

In analogy with Heaviside’s unit function U(z, y) = U(z)U(y),

U@, y)=0 forxory <0
and
U@, y)=1 forz >0,y > 0.
Obviously Uz, y) is valid for Re (p) > 0, Re (g) > 0
U(—=, —y) is valid for Re (p) < 0, Re (g) < 0 ~

THEOREM 1. Let

. . 1
(l) F(pla pZ)..: G(Sl, 82)’ E‘sﬁ r= l; 2:

v

where L3(G) is absolutely convergent and G(s;, sp) is integrable L in (—co, o)
in a pair of associated convergence domains Sp and Sp, which may be
the complex p; and p, planes or the above halves of these planes, viz.
—o < R(pr) < ©. ‘

(i) ¢r(pr, sr) == exp [""Srer(zf)]‘/’r(zr): Zl’r = Zr,

where s, denotes a real parameter and the definition integral implied in the

operational relation is absolutely convergent in a pair of associated con-

vergence domains, say D, , which may also be the complex p; and p; planes.
(iii) ¢r(pr, Sr) is bounded and absolutely integrable in s, in (—o0, o).

(iv) 6)(py) € Sp, and 6y(py) € Sp. Then

© © Fio % , 8 xk
f_w f_w $1(P15 82)Pa( P2, 82)G (84, 82) dsy dsg == —iég%@—(%(;f)z—‘)}

provided that Li{f} is absolutely convergent in a pair of associated domains
Qp_, where Q,,_ are the common region of Sp, and Dp . Some particular cases

of the above theorem are worth noticing.
in

P1(21 )g(@2),
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Corollary 1: Let k = 1, r(2) = 1 and ,(xy) = cosh (xy4asz,).
Then (Watson 1944, p. 256)

4p1ps f f Kp +as,(80)Kp 1a.s,(5:)0(s1, 53) dsy dsy

.. F(cosh x;+a,z;, cosh zp4asx,)
(cosh x4 a,z¢)(cosh xo+agxs)

Corollary 2: Let k = 2, J(2;) = 1 and O,(zy) = 2, r=1, 2.
Then (Watson 1944, p. 386)

2 2
p
4.91 432 F(x )
1 T
nP1P2 f_m f 8132)’—* G(s1, 83) ds1 dsg= —-——Q(xxxzw -

Corollary 3: Let k = 1, ¢r(xr) = e~ Bp(ar) =2, r=1, 2.
Then (Watson 1944, p. 47)

CF(xy, p) —e—%1 —e— 7%
F(@y, 2g) —e=1 ~e=

P1P2 f f I(pr+s1) T (pat59)3(s1, sg) dsy dsg ==

T1Z9

Corollary 4: Let k = 1, ¢y(xy) = 1, Or(xy) = cosh z;.
Then (Watson 1944, p. 393)

F(cosh xy, cosh z,)
(cosh z,)(cosh xg) ~

4P1P2J f Kp (s)Kp (SZ)G(SD 8g) dsy dsg —=

Ulz,)
v

Corollary 5: Let k= —1, gr(ar) = L 0@y =, =1, 2.

Then (Watson 1944, p. 393)

4(1’11’2)“”1) f f (3132)%(1'V)de(z\/;l_l’—l)Kv-1(2'\/g2_P_2)G(31: 8g) dsy dsg
G 2)

e \T3 Ty

()7t

(1—e~ar)r=1
Corollary 6: Let k=1, fr(xy) = _—‘ﬁv)_— U(xy), Or(xy) = 1.

Then (Watson 1944, p. 400)

® * F(p1+31)r(p2+32) G d d ’
P‘pzf f o Tt 81 0T (petsatv) (81, 82) day ds,

Ul(xy) U{ws)-

== rm TP (1—e 2P~ Y1 —e %) " F(xy, 22) U(x1) U(%s)-
1T d WV
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Corollary 7: Let k= —1, yy(y) = (22,)" U (xy), Or(2y) = 2r.
Then (Watson 1944, p. 393)

4(pypo)t~P f f (slsz)*”K,,(2\/1—);§—1)K,(2\/}E)G(sl, o) ds, ds,

— F(xl ;2)(131-"32)"U(-"31)U(932)-

As applications of the above corollaries we find the following corre-
spondences in one variable only.
1

4s -
1. Lot G(s) =~ U(s) == pe~¥? = F(p) (Watson 1944, p. 386).
2'\/71‘8g
Then by Cor. 6, we get
1
© % -4z
P I(p+s) e * . € -
pA— 1—e 217
szf Tlp+st» GfF 7 T 07 U@,
Re (v) >0, 0 > Re (p) >
l
2. Consider G(8) = —— U (s) ==1/pe -V = F(p) (Watson 1944, p. 386)
s
2p1-v ® 21 -1
== f 8 -DK (24/ps)e ¥ ds == av~te v*U(x), Re (p) > 0.
Vi Jo
3. Let G(s) = erfo ( Ve )U(s) e~V? = F(p) (Watson 1944, p. 388).

By Cor. 7, we get

gpx—avf: st erfc( e ) (24/75) ds
- (2\/ab)

1
== ViU Ulx).

v(2\/5§) =

By Cor. 2, we get

Vapl'(3—v) o [ a+b—1p* ]
cos (vm){(a+b—}p2)2—4ab}t ¥ -¥{{(a4b—1p2)2—4ab}t

== 2K,(24/a2)K,(21/0z), Re (}4v) >0, (\/ax4/b) > 1p >0.
1

\/_

By Cor. 4, we get

_p_}S (1 1 p=1 _p+l 1)\ _ . -veas
V2 7t

T2 T 2 016
6. Let G(s) = s"J,(s)U(s) =

5. Lot G(s) = V5 = F(p).

5 U(s) == pe

Pt D) = F(p).

Dy
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By Cor. 7, we get

v+1 1 2u-v+1
’- +4)2° 2™
f Ky a2/ sp) ) ds == F\/j(xzﬂ)"” ve

Re (r) > —1 and Re (2p—v) > —2.

THEOREM 2. Let
( ) F(pb pZ)

1
G(bh 82) PV = 3y, (T == 1, 2)1
Pr

where LZ{G} is absolutely convergent in a pair of associated convergence

domains S, and §p which may be the half-planes —oo < Re (p1) < 0,7 =1, 2.
(i) Or(pres ) == exp [—sg; () Jgr(ar),

valid in a pair of assoeciated convergence domains Dy, and Dp which also

may be half-planes —w < Re (p) < 0, and sy, 8, are real parameters.

(iii) p1+4,(p1) € Sp, Pa+y(pe) € S,

Then

x1+¢1(x1), Za+dy(a) }
f‘“’ f—w z1+¢1(x1) } {1’»‘2'{'952(562)} bi(@1)a(®y) doy oy

= f f S] 81)02(82, SZ)G(SIS 32)(8182) 1 dSl dSz,
-0

provided that both the double integrals are absolutely convergent in {(— 0, o).

T gy = 2 r=12,

Corollary 1: 1et k = 1, ¢r(z;) = \/ o
1' T

then we get

ff (m1+ » Tg+— ) e—2(81133)

(+29)(1+2 2 (@129)} day dixy —wf f \/;_; G(s,, $o) dsy ds,.
1 —0 1°2

Corollary 2: Let k = %, dr(z;) = (22,0 1U(2y), ér(xr) = @1,
then we get

22(v-1) f F x1+\/zl’ z2+\/x2) (T z )
TR, )y rvVa)eatva) -~

81+ 8

- T[T D (/5)D (/fz)G(s 8g) ds,; ds
—oom -2\, /3)P-2\\/ 2 1, S2) d81 A8y,

1. Consider G(s) =

Ldxy dxy

Ezxamples

1
—\-}—;— sin (24/3)U(s) == p~te” = F(p).
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By Cor. 1, we get

-] T —
=1 1
z(x2+1)te FHldy = —z’A/Ee‘i erfc ~—=)
fo ( ) 2 \/2

2. Consider G(s) = erfec (% A/g) U(s) ==
By Cor. 1, we get

e~V = F(p).

oG+ ) e
fo NiFTon \/xdx_\/n-f erfc(%A/—)\/sds

§2. We have already proved (Gupta 1959, p. 197) the theorem:

(i) Let F(py, pe) === f(x1, 22)U (1, o),
where L,,{ f}is absolutely convergent in the half-planes Hy, (say), ¢ =1, 2.
(]']) —Aihi( i)

== hs(A;, 21), A > 0, hy(s, 2¢) is a continuous function of
s in (—o0, ) and L.{h} is absolutely convergent in the half-planes D,
defined by R(p;) > 0, and 4i(p;) is bounded and integrable in (—co, oo)_
Then

K(p,, ps) = P1P22 hx(Pb 1) ho(ps, %5) Ha, =) day dx;
(log a) 1%

e f{gﬂsl(ml) a®2 2N ()b (s), @£ 1.

1, 2)
T

It is sufficient if Ay(p1, @1)ha(pe, xz) is absolutely cenvergent in

(—o0, 00) in each of the variables and f { a®1(®1), a‘f'z(%)}gb ()¢ (zz) is bounded
and integrable in (—co, ).

(iii) ¢e(es) is a single-valued function of z; and differentiable in x;, a$i(®:)
tends to zero as « tends to —oo, and to -0 as  tends to -+ oo or vice versa.

(iv) @ = ¢;1( ) = Yuls0),

where $; ! denotes the function inverse to ¢;.
Some particular cases of the above theorem are given below.
Corollary 1: Let ¢i(2s) = a4, then we obtain

1 fw f‘” ’ ’
TN af1™ P2 P () | 20) davy dacg 2= f(a™1, a®2 s
)Ty, J, o % (w1, @) dzy dwg == f( )

where p’ = pflog a, provided the integral on the left is convergent and the
definition integral exists.

log s
log a

Corollary 2: If we assume the image integral to be

F(a™®, a™ %) =

[+ e} [+ o)
= Pﬂ’zf f - e " P (g7, a”%2) dx, dzs
-m ®
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- and let =% = s;, we obtain

Fla™, a %) 2=

F(p1+1)F(p2+1)K(p1, pz) _f f - pz 'F(sy, s7) dsy ds,.

As applications of the above corollanes we find the following opera-
tional relations in one variable.
1. Consider

AT b\ U(z) ===p % """ $>0,1>£>0,Re(p)>0,Re (2) > 1
By Cor. 1, we get

(%)
oM (baP?) == ———%}; Re (A—p')>0,1> 1> 0.

ul(p)b #
When p = 1, the result is true if 1(A—3%) < Re (p’) < Re (A).

By Cor. 2, we get
I pr (/\ i‘p )
ah,e—ba —— \1\_1’_ ,
ub

ifp=12=1, we get

sin (2\/535)-271/11’;{7%‘_), 1>Re(p)> =1 b>0,

_9ing/mpt ™ ~WE Re (p a) >0
(Erdelyi 1954, I, p. 246, No. 8).

b2
2. Consider x‘*(f‘ﬂ)e—aﬂen(\/b ) U(x) ==

By Cor. 1, we get

2

b
(@%) H@ e i Fo ( oiting /ol (2p’ +n+1)

V2aiz) . F(p )b2p '+n+1
b2
9 o &
3. Let f(@)U(2) = J S Din ( v ) = e VE = P,
Re (p, a) > 0 (Erdelyi 1954, p. 52).

, Re (2p" +n+1) > 0.

By Cor. 1, we get

-%.9

N V2=l (2p +2n) ,
(20%)7me 5 Dppy (a ; \/2) .T&,WW’ Re (n+77) >0
b
= tngn e p~in _b‘/_=F )
4. Let f(x) U(x) = (4x)inen erfe (2\/;)U(x) = ping - (p)

Re (p,b)<0andn=0,1,2,...
By Cor. 1, we get )
(4az)inin erfe (Jba~¥) = 2r@2p —mn) .

F e v ) >
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5. Letf(x)U(x)={2A/§e—£;—\/5erfc(éA/g)} Ur)=—

Re (p, a) > 0 (Erdelyi 1954, I, p. 38).

pie=v% = F(p),

By Cor. 1, we get

20H _ypu-s or(2p’—1)
b erfe : —= = R ! 1 5>0.
VA ( A/a) T b

6. Let f(x)U(z) = { (z+13b) erfe ( ) A/ e 4" Uz) = e_(;p)i = F(p),

Re (p, b) >0 (McLachlan et al. 1950, p. 52).

ll

]8O

By Cor. 1, we get

1 /b b 1, —iba-r.  2I'(2p'—2)
1 S B I o T L L G el '
{(a®+ 1b) erfc (2 A/aZ) A/ﬂa, e T Re (p') >1,b>0.

7. Let fz)U(z) = (z+4/z2~1)"+ vx2f+‘/x2 D™ 1) = 2, () = F(p),

Re (p) > 0 (McLachlan et al. 1950, p. 23).

9P I (p’+v+ 1) r (p'-—v+ 1)

By Cor. 1, we get

(e +4/a®=1)"+(ao+y/a=-1)"" = 2 2
Va1 vler=l= Iy
Re () > |Re ()| —1.
152
5. Lot fte) = SO 451 (12 ) s i Ka5y/3) = Fi),

Re (p, b) > 0, and m, n are positive integers

(Van der Pol and Bremmer 1955, p. 283, No. 42).

By Cor. 1, we get

b2 ’ ”

(—lymamam ¢ wpp (0] oo PO AmA DI +m4nl) (2755055
' »\4a% I(p) b

Re (p) > 0,6 >0.
b2

9. Letfle)Ule) =2t Wy, (Z_Z) Ule) = bp* K (VD) = F(p),

Re (p) >|Re ()| —p—34>0,6>0
(Van der Pol and Bremmer 1955, p. 217, No. 22).

I W” (1b%a~%) i F(p +p—v (@ +p+v+}) (g)2?’+2p,
’ b

')
Re (1) > Re ()] —p—} > 0.
vid v
10, Lot fr)U@) = (@2 —0pUe—b) = B TOH o) = B,
Vmp

Re (p) >0, Re (v) > —3%, > b (Erdelyi 1954, p. 14).
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p' 41 p’—-2v)
rw+1)r (—2—) r ( 5
Val(pp? 22t
Re () > —1,Re (p'—2v) > 0.

By Cor. 2, we get

(@22 —b2)P U (a7 —b) 2=e

11, Let f@)U(x) = (22—1)"¥PHa)U A/ ="K, 14(p) = F(p),

Re (p) > 0, Re (u) < 1 (Watson 1944, p. 394).

: fp— ptr4l
2,,+#_1F(p+2p v)r(p+n9v )

IW(P'),\/__,'T
Re (p'+p—v) >0, Re (p'+p+v+1) >0, Re (p) < 1.

(@2 —1)HPH ) U (a7 —1) =

12. Let
U@ = (z—3) g +2)" *# 0 @—}) === Tr—p+)p "Wy ul(p) = F(p),
Re (p) >0, p < v+1} (Erdelyi 1954, I, p. 24, by shift rule).
By Cor. 1, we get

(@ —3)" " ez
Ly—p+i)

pT(p —2v+1)
rp'—v—p+})

XoF1(p'+1, p' =2 +1; p'—v—p+i; 1),
Re (p') > —1, Re (p') > 2v—1, Re (v—p) > —3-

et b+" (QVbC) (o),

Re (@, b, ¢) >0, Re (») > —1 (Watson 1944, p. 39).

U(ax_ %) ~——

13.  Let f(2)U(z) = J,(24/82)T.(24/ ) U (2) =

By Cor. 1, we get

JE VR s emez (24D
TV B2 ) -
I(p") dinh {cos 2'\/bc§ sin (v—p')w

Re (v—p') >0

’

and by Cor. 2, we get

§ ) AL -t 4 b+C )
A/"—Tp cos (V7T)(2\/b(’) Qv—} (2,\/62)

;\j;) sin (v—p')7

C,

e—(b+c)a’1y(2\/gcaz) -

sinh-#'-% (cosh‘1

0< Re (p') <Re (»).b>¢>0.
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14. Let f(x)U(x) = (z— (%)) oI (b +m—k, }—m—~k; v; 1=2)U(x—1)
== p'* Wi, w(p) = F(p), Re (p) >0, Re () >0
(Watson 1944, p. 398, by shift rule).
Fr(i+m—k, j—m—Fk; v; }—a?)Ua—3)
Ly —k—v 4 mt- YT (P —k—y—m-+3)
F(p"\I(p'—2k—v+2)

XoF(p'—b—v+34m, p'—k—v—m+3; p—2k—v42; 1),
Re 3—ktm+p'—v) >0, Re () >0

(@r— -t
I'w)

and by Cor. 2, we get

@R, (@) p' I —~k—v+m+3C(p —k—v—m<+3)

I'p'—2k—v+2)
XoFy(p' —k—v4m+3, p'—k—v—m+32,; p—2k—v+2; 1), .. (A)
Re @+p —k—vdtm) >0, Re (v) > 0.

15. Again since

(a, B) (=1I'(n+a, +1)
P = n! Ia+1)

2F1(—n ntoat+B+1; at1; 12:5),

where Pf‘“’ 'g)(z) denotes Jacobi’s polynomial of integral order =, we can write

(A) in the form

I(p'—a—n)l(p'+n+B+1)
Ir'(p)[(p'+p+1)

XeFy(p'—a—n, p'+n+B+1; p'+B+1; §),
Re (2) > —1, Re (p') > max (a+n, —1—n—p).

- 1) f «, .
Pagn D) @ =P Pty

Now in particular « = g = 0, we get

. -1 n[' Y I‘ ’ 1
Py (200)U (a7 — ) 2= (T z%ar)l?()p'(-fl;rn-l- !

oF1(p —n, p'+nt1; p'+1; 1),

Re (p') > n,
Pp(x) denotes the Legendre polynomial of order =.

Next since
E(a, B 1 a) = T (Betd@TB=DW,, . o s6—a)@), «B<0,

where E(x, B ::2) denotes MacRobert’s E-function and since

kop(x) = (2x),

1
T+
where kqn(z) denoted Bateman’s k-function, therefore in particular from
(A), we get

—}a~* —(1—v)x e e gy o p'F(a)F(B)F(p'-—-v+acq:1)1"(p'—v+B+ 1) .

e a Ea, p .. a%=— T —v+athtD)

X o Fy(p'—vtatl, p'=viB+1; p'—vtatl+8; 1),
«, B >0, Re (v) > 0, Re (") > max (p—a—1, v+—1)
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and

kaw(3a™®) . p'T(p'—n—v+ ) (p'~n—v+1) , ,
al==% — 7 [(p—tn—pt2)llatl) 2P TR PonvE L

P —2n—v+2; 1), Re(p') >n+v—1,Re (v) > 0.
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