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In this paper we establish some integrals of H-functions with respect to
their parameters and employ them to sum certain series of products of two
H-functions.

§1. Fox (1961, p. 408) introduced the H-function in the form of Mellin-
Barnes type integral as

[ T T(b—Bys) IT I(1—a;+ays)
1 i=1 j=1
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: - xsds, .. .. (L1
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where x is not equal to zero and empty product is interpreted as unity; p, g,

m and n are integers satisfying 1< m <gq, 0 <n<p; (=1, ..., p),
Bi(j =1, ..., q)are positive numbers and a;(j =1, ..., p), bs(j =1, ..., q)
are complex numbers such that no pole of I'(bp—pBas)(h = 1, ..., m) coincides

with any pole of I'(1—aytass)(e = 1,...,n),ie,
ai(bh+v);’:(a;—n—l)ﬁh(v, n =0, 1, e h= 1, vea, M = l, e s n) (12)
Further the contour 7' runs from o—g¢ 0 to o4¢ o0 such that the points
s=0 1 myv=0,1,..), L (L3

B

which are poles of I'(bp—pBrs) (k= 1,...,m) lie to the right and the points
=w‘;;’_ﬁ(i=l, ceamyg=0,1,..), .. .. (14)
t

which are the poles of I'(l1—a¢toas)(t =1, ..., n) lie to the left of 7.
Such a contour is possible on account of (1.2). These assumptions for the
H-function will be adhered to throughout this paper.

Recently Gupta and Jain (sn press) have denoted (1.1) symbolically as

”, n
H, [z
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(ala al), AL (ap: ap)]
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(b1, By), - -, (b Bo) (15)
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and in a more compact form by

", n {(ap’ ap)}]
H
[ {(be> £} -
where {(fr, 7r)} stands for the set of the parameters (f1, ¥1), ..., (fr, ¥r).
According to Braaksma (1963, p. 278)
_— {(ap, ap)}
Hp,q [x {(bar ﬁq)}] = 0(|z|*) for small x,
where
Z(a] Z(ﬁj <Oanda—Re(ﬁ:)(h=l,...,m)
and
m, n {(ap, xp)}
H: [x (e ﬁq)}] = 0(|x|8) for large x,

where _

P q #" P "

> @)= > B <0, > @)= > @)+ (6) ? (8 =2 >0

1 1 1 n+1 1 m

larg 2| < 4dw and B = Re (‘1&“—1)(@ =1,...,n)
4
The relation between H- and G-functions is
m, n {(alh 1)}] m, @iy oeny ap)
Hm[x (o 1)} X ( by by N X )

The object of this paper is to evaluate some integrals of H-functions with
respect to their parameters and use them to sum certain series of products of
two H-functions.

§2. In this section we establish the generalizations of known results (Erdélyi
1954, p. 417) and (Erdélyi 1954, p. 419), which will be used in §3.

{(‘lp’ “p)}
{(ber Ba) }] da

(a, 78), {(ap, acp)}]
{(bg Ba)}; (B, 9)

1
fox"“(l—x)“‘ﬁ‘lﬂ';:: [szS

m, n+1
=I(= B)Hp+1 g+1 [z

@.1)

where
n P m

Z (ag)— Z (o) + Z(Bj)" i (By)=A>0, |arg z|<}am,

1 nt+l 1 m+1
e (x—pB)>0, Re (r8by/Bj—a)>~1(j=1, ..., n)
® ", n {(apa “p)}]
-Pe~BxH™ rs d:
fox ePHY [” {be B} ™

(P’ rd), {(ap’ “1’)}]
{(bg: Ba)}

— RP-1f™ #+1 Z
B HP+1:q [ﬁfﬁ

(2.2)
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» P m q

provided > ()= > (m)+ D> (B)= > (B) = 1>0, |arg z[< i,
1 + 1

n+1 m+1

Re (r8by/Bj—p)>—1(j =1, ..., m).

Proor: To establish the integral (2.1), expressing the H-function on the left,
as Mellin-Barnes type of integral (1.1) and interchanging the order of inte-
gration, which is justifiable due to the absolute convergence of the integrals
involved in the process, we get

1

zfj a:'““sf(l—x\“—ﬁ_lda:dﬁ
0

2m

) J T Ty=p) I T(1—aytag)
j=1 i=1
7 ?
o I TU=btfg) I Dlay—ogt)
F=m+1 j=n+1

evaluating the inner integral with the help of the results (Erdélyi 1953,
p. 9 (1), 9 (5)), using definition (1.1) of the H-function, the value of the integral
is obtained.
Proceeding on similar lines, the integral (2.2) can be established with the
help of (Erdélyi 1953, p. 1 (1)).
§ 3. The first integral to be established is
572 | Te—k=NI(+u—s+HIO—p—s+pz
“mJ
(d1+88, 8)) LR | (aq+m—83, S)a (l+k—’\> l) ] ds
(4+p—A, 1), 3—p—=A, 1), (6,35, 8),...,(bg—0s, 8)
=7 tr{—k—p)l(3—k+p)
o Y7 [z_z (@1, 28), ..., (@gem, 28), (k+1, 1), 1—k, 1) ]

ZAmie 440 |4 (3, 1), (L, 1), (43 1), (3—p, 1), (b1, 29), ..., (b, 20)
(3.1)

provided (dm-+1) > 0, |arg z| < (dm+1) g ,Re (ar—br) >0(r=1,2,...,9) Re

x B> tm [z

q+m+1, ¢+2

BEtp—A)—ar] > —lr=1,2,..., ¢-+m), Re (k4+1) < 0, Re A > |Re p|—1,

L the path of integration being as in (Erdélyi 1954, p. 302 (29)) with loops, if
necessary, to ensure that (A-f-u--%) and (A—p-1) are to the right of the contour.

Proor: From (2.1) and (2.2), the left-hand side of (3.1) can be put in the form

-1
5o f r (s—k—A)I‘(A+u—s+%)F<A—p—s+%>zs[ f1 I’(ar—b»]
2 L r=1

1 + @
X h x'—a,+85(l_xr)a,-’b,-‘1 dzy q]]m x:“r+ase'z'd17r
r==1 0 r=g+1 0
(14k—=A, 1)
xH2'0[za: v e+ Tgpm)® ds
12| 2@ gm) G+p—=A 1), 3—p—A 1)
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~

now changing the order of integration (putting the first integral in the last),
which is justifiable due to the absolute convergence of the integrals involved
in the process, we get

-1 1
[ n F(a,—b,)] n & (L =) O
y=1

r=1 0
q-;]m © S 0[ ( " (14+k-x1) ]d
X e TTHY 12(% ...
sdernd o C e[ Tem B g0 1), (A, D]

1
X 5= Ls—k—NTA+p—s+H)IA—p—s+i)(x) . . . 2g0m) ds
L

substituting for the last integral from (Erdélyi 1954, p. 302 (29)), using (1.7)
and (Erdélyi 1954, p. 435 (3)), the expression becomes

-1 1
F(%_k'—ﬂ)[‘(%_k'l‘p')[ -Iq] F(ar—br)] _Iq] f x:a"(]__xr)ar_br_ldxr
r=1 r=1J

@
g+ m
-8, —%
bl '=Iq7+1 . x, e W _, “{Z(zl .. .zq*_m)S}Wk, “{z(xl . zq+m)s}dx,

now substituting from (Erdélyi 1954, p. 443 (5)) and with the help of (1.7) it
reduces to

-1 1
w~if(—§»—,k~#)r(%—k+p)[ ;7 F(a,-—b,-)] ]q] f x'-ar(l._zr)a,-—brldxr
0

r=1 r=1
B I . (1+F, 1), 1—F, 1) ]
A 32,4[4 @1 Teaml ™ 1), (1 1), G 1), (3= 1]

on integrating with the help of (2.2) and (2.1) the formula (3.1) is obtained.
The second integral to be evaluated is

. f [(s— k=N (\+p—s+HT(A—p—s+ )2
me L

1, g+m+1
xHq+m+1, q+2[z

(14+k—2A 1), (a1—0s, 8), ..., (@gim—20s, 8) ]ds
(b+p=2, 1), (b1=55,5), ..., (by=85. 8), (h—H—A, 1)
= 7= G~k —m)T(3—k+p)
(A+F, 1), (a1, 28), - . ., (@gem 25), (1—F, 1)
(3 1), (1, 1), B+ 1), By, 29, -, (b 28), (b—ps 1)] (3.2)

3, ¢+m+1 1.2
XH, 4+q[4z

where (dm+1) >0, |arg 2| < (8m+1)%, Re (ap—br)>0(r=1, ...,q) Re

BE—-A+p)—a, ] >—1(r=1,2,..., ¢+m), Re (k+1) < 0, ReA > |Re p|—%;
L the path of integration being as in (Erdélyi 1954, p. 302 (29)) with loops, if
necessary, to ensure that A+-p+1 and A—p+-1 are to the right of the contour.
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The integral can be established by applying the same procedure as in
(3.1) and using the results (Erdélyi 1954, p. 302 (29), p. 442 (7), p. 443 (3)) and
(L.7).

The third integral to be established is

1 f TO+p—s+HlA—p—s+}) ,
2m1 ) PA—=k—=s<41)
Hz’ g+m+l [ (l—k—A’ 1)’ (al_ssa 8)7 R (a'q+m—88, 8)
KA a1, gve |? _ 1 1), (b5 ds
U [ (p=2A+3, 1), (—p—=A, 1), (b;—38s, 8), ..., (bg=3s, 8)

= 2l (3 4+k+p) T(G+k—p)

4, q+m 1.2
XHlo aiq |17

(@1, 28), ..., (@gems 28), (k41, 1), (1—Fk, 1) ] \
51, (L 1), (a3 1) Gy 1), (by, 28), - .., (b, 28) ] &)

provided (dm-+3) > 0, |arg z| < (8m—|—3)7—2r, Re (¢r—br) >0 (r=1,...,q) Re

p—Ar—%)—ar] > —1, Re [8(}—A—p)—arl>—1(r=1, 2,..., q¢-+m), Re
(?) > |Re 1| —4, L the path of integration being as in (Erdélyi 1954, p. 302
(30)) with loops, if necessary, to ensure that (A+p-+2), (A—u-+3) are to the
right of the contour.
The integral can be established by applying the same procedure as in (3.1)
and using the results (Erdélyi 1954, p. 302 (30), p. 435 (5), p. 443 (5)) and (1.7).
The fourth integral to be evaluated is

1 f Ps—k—NT'A+p—s+})
2w ), T(p—2+s+3d)

g+m+1,q4+2

xH2,q+m+l [z

(14+k—2, 1), (@3—0s, 8), ..., (@gyrm—25s, ) ] P
GHp=2, 1), G—p—=2, 1), (5;—85,8), ..., (b;—3s,8) |

=a '} +p—k)(}—p—k)

3, 14+q+m 1.2
xH g+m+2, 4+¢ [4z

(l+k’ 1): (ah 28); LN (aq+ms 28)’ (l_k’ 1) ]
(%! 1), (1, 1), (%'l'l": 1), (b, 28): s (bq; 28), (%'—F” 1})
(3.4)

where (dm-3) > 0, |argz| < (Sm—I—S)g, Re (ar—~br) >0 (r=1,...,9) Re

dp—A4+3)—ar] > —1, Re {8(}—-A—p)—a;] > —1 (r=1, 2,..., g+m), Re
(k+2) < 0, Re (A4+p) > —4%, L the path of integration being as in (KErdélyi
1954, p. 302 (31)) with loops, if necessary, to ensure that A-+p4-} is to the
right of the contour.

The integral can be established by applying the same procedure as in
(3.1) and using the results (Erdélyi 1954, p. 302 (31), p. 435 (5), p. 443
(3)) and (1-7).
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§4. SUMMATION OF SERIES

The first summation is

2]

1 2, 2
Z rl (1-+b1—a2),H2.2[z

r==0

(a1, o), (ag, o) ]
(by+r, o), (bg, 0)

« H>1 [ (I+ag—b;—by, o), (14-a;—by—bg, 0)
22| (1=bg+r, o), (1=by, o)

= w‘*a‘zf'(l+b1—a2)l’(1—a1+bl)['(1—al-{-bz)

142a,—by—~b 3—2 bi+b
g (1+a2—b2, 2)’( + alz 1 2,1)’( 0;1'2{" 1+ 2’1)

= 1+45,—b L++by—b b
a0, 0, n, (1=, 1), (=, 1)

where |arg z| < on, Re (1+bl—a2) >0, Re (1—a;+b;) > ¢, Re (i—a1+b2)
> 0.

ProoF: To prove (4.1), substitute on the left from (1.1), so getting

«©

1 1
Z(:) m—l—_'_b—l_—_—a—z—)-; . QTI—T;J‘ F(bl +T—-O‘S)F(bz—-08)r(l—(Z1+08)F(1—a2+0'5)28dS

L
X-—l— I'l=bg+r—ow)['(1—by—ow)I'(by+bs—as+ow) o
27 F(l+a1—-bl—b2-—aw) zraw,

replacing s by-g and w by ; and changing the order of integration and

summation, in view of (Bromwich 1926, p. 500) the expression becomes
1 1

0% 2m fL F(bl_S)F(bz-S)F(l—a1+S)F(1—a2+s)z3ds

1 F(l—bz—w)['(l—bl—w)F(b1+bz—a2+w) bi—S, l—bz—w; 1) @

2_7ﬁ L F(l+a1——b1—bg-—w) ZFI( 1+b1—-(l2 zadw
now applying Gauss’ theorem and substituting a; = 14-k-}-A, ag = §—y+4-A+4p,
by = A4-p+4-} and by = A—p-3, it reduces to
o 2l (y)
—“'2—"7—[ I'e—k—N"(A+p+3—s)I'(A—p+3—s)
L

1
x H z[

@2—y+21r—s, 1), (1+k—A, 1)] :
(#+p—A 1), G—p=A1)

1
using (3.1) with z replaced by 2, 8 =1, ¢ =0, m =1, a; = 2—y-2u we get
the expression equal to
2

I'(y)o~2a D} —k—m)T(3—k+p) Hy [gz?r

2

(2—y+28, 2), A+k, 1), (1—F, 1)]
(JZ‘S 1)9 (1: 1): (%'l"‘s 1): (%'_P'; 1)
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now substituting the values of %, ¥, p in terms of a;, as, b; and b; we get the
result.

mz 1 HZ, 2 [z (ah 0)) (a2s 0) ]
’ =0rl (1+b1_‘a2)r 22 (b1+7', 0)3 (bZa 0)
1,2 [ (14a3—by—bs, 0), (1+az—by—bs, 0)]
XHy |2
g (1=bg+r, o), (by, o)
== 17-*0_211(1+b1—a2) F(l—a1+bl) F(l—al+b2)

a+%~%ﬂxﬁi%£ﬁ£ﬁ&1y(i£@;ﬁiﬁ,q

2
o

XHy| 12 2

a0, 0,0, (B ), (1t )

provided |arg z| < ow, Re (14-b;—ay) > 0, Re (1—a;-+b;) > 0, and Re (1—a,
+ &) > 0.

The series can be established by applying the same procedure as in (4.1)
and using (3 2).

Z H2 [2 (1—2b1+a1, 0), (az—bl—bz, 0)]
_al+b1)f 22 (1_b1+r: 0)? (_b25 0)
, (@1, 0), (ag, o) ]
1 (147, 0), (b, 0)
= 77_‘0'_211(].'—'a1+b1)F(2—a2+b2)F(l—az+b1)
2 (1+a’1—b13 2): (4—20’2'2*'b1+b2 3 1) 5 (2a2_bl_b2 5 1)]

2 2
x Hy |12 .. 43)
] @0, (27 F ), (B3 ) |

(4-2)

2’
x H

NN

2
where |arg z| < om, Re (1—ay3+b,) > 0, Re (2—ay+bg) > 0 and Re (1—as+
b,) > 0. '

This series can be established by applying the same procedure as in (4.1),
substituting @y = $—p—A—v, ag = 1—k—A, by =34—p—A, by=—3+p—A
and using (3.3).

i 1 oy [z (1+a,—2by, 0), (14ay—b,—bs, 0')]

ey vl (14by—ay), (1—by+7, 6), (1—by, 0)
whwxwm)] '

(b_|_+1', 0): (bZ, O')

= 7472 (1 4 by —ay) (1 —ag+b,) (1 —as+bs)

. (———————1+2“2"b‘—b”, 1), (14+a;—b;, 2), (——3._2“”;b’+b2, 1)
s,2| 15 2
xH2 | 32 . @)
(0, a1, (A0 ), (0=t )
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provided |arg 2| < om, Re (14+b;—a;) > 0, Re (1—~ay+b;) > 0, Re (1—ag+bs)
> 0.

The series can be established by applying the same procedure as in (4.1),
substituting a; = §—p—A—7, a3 = 14+k—2A, by = }—p—A, by = }+p—X and
using (3.4).
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