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In this paper a series summation of Meijer’s G-function of two variables is
summed, expressing the G-function of two variables as Mellin-Barnes type of
double integral and then interchanging the order of integration and summa-
tion,

1. INTRODUCTION

Agarwal (1965) defined the G-function of two variables which not only
includes Meijer’s G-function of a single variable as a particular case but
also most of special functions of two variables, e.g. Appell’s functions, the
Whittaker functions of two variables. Bhise (1963) summed a number of
finite and infinite series of Meijer’s G-function of single variable, expressing the
G-function as Mellin-Barnes type integral, though MacRobert, Ragab and
others have summed many such series for E-function and its product.
Recently I summed a number of infinite series.involving Meijer’s G-function of
two variables, expressing the G-function as Mellin-Barnes type of double
integral and then interchanging the order of summation and integration.

The object of this note is to establish a finite summation of Meijer’s
G-function of two variables and recurrence relation based upon it.

The following notation will be used throughout this note. The symbol
I'la+n)

(ep) demotes the sequence of elements e, €3, ..., ep and (a),,=~—1—Ta)-,

ie. (@) =1, (@)a = afa+1)...(a+n—1),n=1,23, ...
Meijer’s G-function of two variables due to Agarwal (1965) is expressed by
the relation

(ep)
N1y V15 Vos My Mo (Yt) ) ('yzl) 1 +tc0 4100 .
G, 1t: 71, 5, 1a: 4] ly (3s) = m) f_im f_iw D(E+n)(é, n)zty” dEdy,
(Ba); (B) | (LY

* This work is supported by the Council of Scientific and Industrial Research (Government
of India), New Delhi.

VOL. 34, A, No. 5.



VERMA: SUMMATION OF MEIJER'S G-FUNCTION OF TWO VARIABLES 225

where

Df+n) = ; Ijl (1~ +£+n)

p 8
A1 Dleg—£—n) I TI'(34£+7),
J=mn+1 j=1

I T(g—8) I T3+ I I(B—n) I I +n)
1 j=1 j=1 j=1

Vg =— T . 7 -
I r-g+6 O IA-v—§ [0 TIQ=B+4n) O TI(Q-v-—
J=m+1 J=rv+l1 J=mg+1 - J=rat+l
and

0<m1<q, 0<m2<q’, 0<Vl<t, 0<V2<t'.) O<nl <_p.

The sequence of parameters (B,,), (Bn,) (?,,): (*,) and (¢, ) is such that
none of the poles of the integrand coincides. The paths of integration are
indented, if necessary, in such a manner that all the poles of I'(B;—§),
j=1, 2, ...,my, and I'(B,—n), k=1, 2, ..., m,, lie to the right and those
of P(y;4+8),j=1,2,...,v, T(*;+n), k=1, 2, ..., vy, and I(1—es4&+),
j=1,2,..., ny, lie to the left of the imaginary axis.

The integral (1.1) converges if

PHg4s+t < 2(my+vi4ny),
prqg s+t < 2(metve+ny),
and
larg | < n[my4+vi+ny—3{p+g+s+1)],
larg y| < a[mg+vy+n —E(p+4 +s+1)].

2. TFinireE SummarTioN FoRMULA

We establish the formula
[ (ep) ]
x 7
n -
(—1yn (L —a—By =Yy ny, vy, vas Mys Mg Yis s Yooy, Yemrs (7))
% (Q—a—mn) Plt:t1 s [g:4] [y (35) J
B1+77 B2’ . '>Bq; (B;;)

r=20

[ (ep)
— (1="—PB1)a 41, Vi Vo My+ 1, my Y1 e s Voot Yem s L—fy = Yoo ¥y
T (W P [t 1:80, 5, [g+1 =q']ly (8) J

Bita+n, (By); (B,)

where
R(x) >0, R(l—a—p1~7;) >0, ptg+s+i < 2(my4v;+ny),

g s+t < 2(me+ve+-ny),
jarg x| < a[my+v;+n,—3(p+g+s+2)] and
|arg y| < almg+ve+n;—¥p+q +5+1")], n, r being positive integers.
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Proor: Expressing the G-function on the left-hand side of (2.1) by Mellin-
Barnes type of double integral (1.1), and changing the order of summation
and integration as permissible by absolute convergence for R(x)> 0,
R(1—a—pB,—7:) > 0 and the stated conditions in the formula, the series becomes

”

+i0 L +io
T f f B(E+ e, ”)[Z (-n)r(ﬁl—:'),(l—-a—ﬁl—mr]xfy,, i
-t ¥ i 4

&l (=7 —§(l—a—n),
-7, ﬁl"‘& l—a—pB;—7; 1

1-%—¢, 1—a—n )xfyﬂ dg d.

1 4400 +i0
= (2w J e J . Bl n)an(
Now we simplify the above expression with the help of the result (Saalschiitz’s
theorem):

—-n,a,b;1 (c—a)n(c—b)n
572 (c, l—c+a+b._n) =m, .. oo (2.2)

n=0,1,2,..., and a, b, ¢ are independent of n. Thus the left-hand side
of (2.1) becomes

e O U A T'(By+atn—8)
=, (2m'>2J N J | P ) g g

_T—7—¢)
T1=%+n—9

xfy" d¢ dm,

and this completes the proof of (2.1).
Setting n» = 1 and multiplying through by «, (2.1) yields

[z Eew (") ]

n!",‘"g,M,m .yt); .yt'

apo’l [;:t’], 8, Eq: ;’] (5) J
19 e €.

2| () ,
'yl, ev e 7;-1, Yt—'l 5 (7,,)
y (%)
Bl+la 32’ --~:Bq§ (B;l)
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+(1——¢—Bl"7t)Gp’ Lo, Tat 0] l

. (ep)
= (1—7,—By)G™ 21 Vo my+1, my Vi Yoo oo Yeon Yem 1, 1=Bi—as V. Y, ..., 7))
- PPV s 18], 8, [q41:¢'] (35) J
y 7

(2.3)
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R(1—a—B1=7:) > 0, p+q+s+t < 2(m+v;+ny), p+q'+s+ < 2(my+vz+ny),
|arg z| < a[my +v;+m—(p+g+s+1)] and
larg y| < a{my+ve+my—3Hp+¢ +3+2)].
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