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Transverse vibrations of an isotropic, solid rectangular beam, in which
the secondary effects of rotatory inertia and transverse.shear deformation
are retained, are considered. The present theory is a modification over
Timoshenko’s theory of bending of beams by including shear terms
of second order in thickness. The equations of motion are derived by
Hamilton’s principle and the solutions of these equations are compared
with those of Timoshenko’s equation and the exact equation of Lamb.

1. INTRODUCTION

The problem of vibrations of a beam is of intrinsic interest because the
beam represents the simplest of all engineering structures. Although the
structure itself is simple, the propagation of stress waves is complicated by
the presence of the free boundaries. Reflection from the boundaries seriously
modifies the propagation characteristics. The complexity of the problem

- calls for simplifying assumptions in many cases. Therefore, many approxi-
mate theories exist, differing in a greater or lesser degree from one another,
In other cases exact solutions are available, but only for infinite trains of
sinusoidal waves; and not even these solutions are available for beams of
square oT rectangular cross-section.

The elementary theory of bending of beams, due principally to Bernoulli
and Euler, has been of great interest in the past. But the theory is too limited
and has many shortcomings due to its over-simplified assumptions. Lamb
(1917) was apparently the first to point out that the elementary beam theory is
inadequate for impact type loads, since it leads to the physically impossible
conclusion that disturbances are propagated instantaneously throughout the
beam. Therefore, the theory requires some modifications. These modifica-
tions to the elementary theory were given by Rayleigh (1894) and Timo-
shenko (1921); the correction offered by Rayleigh was to account for rotation
of beam cross-sections and that offered by Timoshenko was to account for
the transverse deformation due to the shear force. The Timoshenko equation
has received a great deal of attention in recent years. Solutions for different
kinds of impacts have been found by Uflyand (1948), Dengler and Goland
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(1951), Miklowitz (1953), Zajac (1954), Boley and Chao (1955), and Plass
and Steyer (1956).

In the present paper the Timoshenko theory of beam bending is modified
to include shear terms of second order in thickness. Making use of the
standard strain-displacement relations and the stress-strain relations for plane
strain case, the stress-displacement relations are developed. The displace-
ment equations of motion are derived by application of Hamilton’s principle.
By the substitution of harmonic solutions, the characteristic equation for the
phase velocity in terms of wavelength is obtained. The numerical results
obtained are compared with those of Timoshenko’s equation and the exact
equation of Lamb. In fact, the case of plane strain has been considered to
enable us to make direct comparison with Lamb’s theory. The present theory
provides a better agreement with the exact theory than the Timoshenko

theory.
2, DEFORMATIONS

Consider a solid rectangular beam of length [, breadth 25 and depth 2h.
Taking the middle point of one of the ends as origin, the beam is referred to
the coordinate system , y, 2. These coordinates are being taken in the direc-
tions of length, breadth and depth (measured positive downward) respectively.
The middle plane is taken as z = 0.

The components of the displacement %, », w are approximated by 4, 4, ,
whose dependence on the coordinate z is given in the form
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3. STRESS-STRAIN RELATIONS

The motion is supposed to take place in two dimensions z and z, therefore
the stress-strain relations for plane-strain case are then approximated by

Tzz = (/\+2,U-)Ea:a:+)‘gzz
Toz = A4+2p)ézz+ Aers
Teoy=Ty,=0

Top = pezg

, R )

where A and p are Lamb’s elastic constants.

4. ENERcY CONSIDERATIONS

The strain-energy density

W* = %‘(Txxezx'i' Tyyfyy'l‘ Tzzfzz'l‘ Txyfzy'l‘ Tyzeyz + sz‘ zx) . (4)
is therefore approximated by
W* = }(Tasiaot Toctrot Togiea). - o - (6)

Now the stresses are replaced by the approximate expressions (3) and
then the approximate expressions for strains are substituted from (2). The
strain energy density thus obtained in terms of displacements is integrated
over the cross-sectional area, the element of area being dz.dz, and over the
length I, from zero to I. The coefficient of integral containing the expression
for e;z is multiplied by a constant %’, which is known as shear coefficient.
The strain energy of the beam and its first variation are found to be
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The expression for the kinetic energy density 7'*, according to the general

linear theory, is
o [(au\E, (a)? aw)z]
T*_Q[(E) +(at) +\5 .. .. .. (8

where p is the density of the mass.
Employing relations (1) and integrating over the volume of the beam,
the approximate kinetic energy 7' of the beam takes the form

! 2
= b (0u,\% 2k Bu, 3u3 (au3) , (awo)
T"“2”bj [ (at)+5 Gt ot 7 %
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The first variation of this expression is thus given by
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5. EquaTioNs orF MoTioN

The equations of motion may now be deduced from the Hamilton prin-
ciple, which is expressed by the equation

adet-_-o, .. .. . .. (1D

the variation being taken between fixed initial and final values (¢; and fy)
for ¢, and the kinetic potential L is approximated by

L=T-W. .. .. .. .12y

After partial integration of all terms in 87 with respect to time ¢ and of some
terms in W with respect to =z, the variation of the approximate kinetic
potential yields the results
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where dots and dashes denote differentiations with respect to ¢ and .

Since the variation of the kinetic potential must vanish for arbitrary
values of 8u,, dug, etc., the corresponding coefficients of these in (13) must
vanish separately. The vanishing of the coefficients of du,, dug, etc., in the
first part of the above expression (i.e. the terms under the double integral)
gives the following four equations of motion:
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The vanishing of the second part (i.e. the terms already integrated with
respect to x and f) provides us the appropriate boundary and initial conditions.
6. WAVE SOLUTIONS

The propagation of free harmonic waves in the beam is considered by
seeking solutions of eqn. (14) in the form
u) = Aeitetrs
ug = Betwtetpz
, e .. .. .. (15)
wy = Cetwteinz
wy == Detwietps
L. 2
where w is the angular frequency, p is the wave number which is equal to —;]71

and 7 is wavelength.
The resulting equations are
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After substituting
B
k= 5
N
T (14 (1-2v)
, (17)

% = ¢ (phase velocity)

A/ % = ¢, (the velocity of propagation
of longitudinal waves)

where K is Young’s modulus of elasticity and
v is Poisson’s ratio,
we get

{106%(V 0P~ W) —15k'} A +{6G°(V 0> — W) —15k'} B—5iG{3k' O+ (k' —2U) D} = 0

{1462 (VO?— W) —35k'} A+ {106%(V O — W) — 63k} B—TiG{6k'C+ (3K’ —2U) D} = 0

36k’ (A+B)+G(2VC k)30 + D) =0
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where
5 = (; (velocity parameter)
0
?) = H (wavelength parameter)
2n
g
7 (19)
14v=VF
1—v
-2 W
2v
1—2v U

Eliminating the constants 4, B, C and D from (18) we obtain a fourth
order equation in C7:

a0 +asCltagCita; =0, .. .. .. (20)
where

a; = 874G,
ay = —4VIG15(3k +2W)+2G2(k' +2W)),
ag = 2V2R[15K (TK' +90W) +15(— U2+ 3k'2 48k’ W +8W2)G2
+(B'24 8K W +4W2)G4),
ay = —V[3150Wk'2+k'{—210U (k' +3U) + 150 W (1k' + 18W)}G2
+{—15U2(k +2W)+ 30W (4 Wk 3k 2+4W2) G4+ AWk (K +2W)G9],

ag = k'GR[Tk (—3T-5U2+150W2)+ 15W (4 W2 — U)G2+ 2k W2G4).

7. NuMERICAL RESULTS AND DiISCUSSIONS

The values of the velocity parameter C; can be found for different values
of wavelength parameter H by solving eqn. (20) numerically. It will give four
values of C, for every value of H. When.a graph is plotted for C, versus H,
we get four separate branches of the curve. The value of the shear coefficient &
is taken to be equal to #2/12 (the value of X' calculated by Mindlin (1951) for
Timoshenko’s equation by considering thickness shear motion). The value of
Poisson’s ratio is taken to be equal to 0-29.

The velocity parameters calculated on the basis of three theories (Timo-
shenko’s theory, Lamb’s exact theory and the present theory) are given in
Tables I-I1I. These have also been plotted in Fig. 1. We see that the two
branches of the curve given by the first two roots of the eqn. (20) are in
better agreement with the corresponding branches given by the exact equation
than those given by the Timoshenko equation. The remaining two branches
are also in good agreement with the exact theory.
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Fie. 1. O versus H for first four modes of transverse vibrations of a rectangular beam.
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TaBLE 1

Velocity parameter Cy obtained from Timoshenko’s theo;y

Cr
H
Cvl Crz
0-2 0-4538169 1:4242247
04 0-5272975 12257537
0-6 0:5467325 1-1821813
0-8 0-5542603 1-1661254
1-0 0-5578941 1-1585300
1-2 0-5599106 1-1543577
TasLe II

Velocity parameter Cy obtained from Lamb’s exact theory

C»
H
C"l 01'2 0r3 014
0-2 0-4452025 1-2979624 30944114 3:9560639
0-4 0-5344691 0-9810107 1-7770315 2-1005694
06 0-5601530 0-8055349 1-3511539 1-5664824
0-8 0-5697330 0-7185728 1-1780364 1-3382566
1-0 0-5736681 0-6772566 1-0816259 1-3273951
1-2 0-5753027 0:6562912 0-9892671 1-2287133
TasLE IIT
Velocity parameter Cy obtained from the present theory
Cy
H
071 09‘2 C"S 01'4

0-2 0-4239699 1-2622665 3-0811222 3-6751619
0-4 0-5082052 1-:0321639 1-7492228 2:0624574
0-6 0-5414388 0-9082718 1-3961060 1-6067869
0-8 0-5605319 0-8052788 1-2785251 1-4162766
1-0 0-5736399 0-7299280 1-2320727 1-3187844 .,
1-2 0-5845415 0-6761358 1-2106315 1-2615936
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