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Analogues of two classical theorems on Diophantine Approximations are proved
in the field of formal power series over a field with the ‘degree’ valuation. In
this set-up polynomials play the role of integers, rational functions of rational
numbers and general power series that of real numbers.

§1. ILet K be any field and ¢ be an indeterminate. Let K[f] be the
ring of polynomials, K(t) be the field of rational functions and K{t} be the
field of formal power series in ¢ over K. The elements of K{t} are of the form

T = pulM oy, 1iM 14 ... (up to — o). .. .. (LY

In the field K{t}, we define the usual valuation || as follows:

(@) [0] =0.
(i) @ = oty 8™ 14 ..., @y £ O, then [z] = em.

If 2 is as in (1.1), we also define

[zl = o it 14 Fa_ot™24 ... ].

Write Pp = (K[t})* ={X = (%1, ..., Zn); e K[t]} and R, = (K{{})* =
(X = (21, ..., Zp); T K{t}}. For X = (2, ..., 2,) e B, we define | X|=
max (| x1], ..., | Zn]).

It is well known that the fields K{t}, K(¢) and the integral domain KT[t]
are similar in their relative structure to the real field, the rational field and the
rational integers respectively. |[/z] corresponds to the fractional part of the
real number z, P, corresponds to n-dimensional lattice and R, corresponds to
n-dimensional Euclidean space.

Dirichlet has proved:
(A) If there are m real linear forms LgU) = Ly(uy, ..., us) (1 < ¢ < m),
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then to every real t < 1, there is @ U = (U, ..., Uy); U integers not all zero,
such that

-
ILU) <t ™ [y <t A<i<m 1<j>n),
where ||z || = min [x—n| s the distance of x from the nearest rational integer.
nez

In the oppositie direction, the following result has been proved:
(B) For any positive integers m, n, there exists a constant y(m, n) =¥ > 0 and
real linear forms Li(U) = Lg(uy, . .., uy) (1 <1 < m), such that
() mox Iujl)"( max NLO)m 2y
l<j<n 1<i<m
forall U = (uy, . .., ug); u; tntegers not all zero (see e.g. Cassels 1957, pp. 15-16).
In §3, we shall prove an analogue (theorem 1) of (B) in our set-up, pro-
vided the field K has at least (m-+n—1) distinct elements.
The analogue of (A) in this set-up can be proved by direct application of
Mabhler’s theorem (Armitage 1957) on linear forms.
In the field of real numbers, a theorem of Dirichlet and Minkowski can be
stated in the following form:
(C) Let Ly(U) = Ly{uyg, ..., un) A <2< m<<n) be m real linear forms,
which are linearly independent over the field of real numbers, such that
LiU)#£0 (1 < ¢ < m) forany U = (uy, ..., un); w tntegers not all zero. Then
there exists a suitable positive constant C, such that
( max ]Li(U)])m (m{zx [ oy )"‘7” <C
1 <e<m J
admits an infinite number of solutions U = (uy, . . ., us), us integers.
An analogue to this result in the p-adic case was proved by E. Lutz
(1955). In §4 we prove an analogue (theorem 2) in the set-up discussed above.
§2. In this section, we give a few definitions and state precisely the
results to be proved. The analogue of (B) is

THEOREM 1: Let m, n be two positive integers and K be a field hoving at least
(m-n—1) distinct elements. Then there exists a constant p > 0 depending only
on K, m, n and m linear forms Ly U) = Lgy(uy, ..., un) (1 <2< m) n n
variables uq, . . ., un with coefficients from K{t}, such that

U, mox IL(U) e =
1<igm

for all non-zero U € Py.

Now we shall make a few definitions.

In all that follows, all the linear forms will have coefficients in K{t}.
When we say these are 1i., we shall mean L, . .., L, are linearly independent
over K{t}.

Definition 1. Let A be a system of 1i. forms L;, ..., Ln in variables
Uy, ..., un Let A be the matrix of the coefficients. Define rational integers
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8 = 8(A)and { = {(A) as follows:
e~8 = max (|det M),
M

where M runs over the minors of rank m from the matrix 4 and

det M )

det M*

where M runs over all the non-singular minors of the matrix 4 of rank
< m—1 and M being given, M* runs over non-singular minors of the matrix
A containing M by adding one row and one column. (Since the linear forms
are Li., such an M* always exists.)

Definition 2. A system A of linear forms Ly(U)= Li(uq, ..., un)
(1 < ¢ < m) is called annulable if there exists a non-zero vector U ¢ P, such
that Ly(U) = 0 (1 < i < m).

The analogue of (C) is
THEOREM 2: Suppose A : (Li(U) = Ly(ua, ..., un) (1 < ¢ < m)) is o system of
m Li., linear forms with 1 < m < n and suppose A is not annulable. Then
the inequality

¢! = max (mi.n
M M*

( max |Ly(U) I)’"l Upr-m < exp (n—m—2) .. (2.
1<i<m
admits an infinite number of solutions U e Py, where & is the integer appearing in
definition 1.

§3. Proof of Theorem 1: Since K has at least (m+n— 1) distinct elements,
there exist in K{t}, (m+n) conjugate algebraic integers ¢y, ..., ¢y, OVer
K[t]. Let r = m+n. Set

QU V) = > # 70t > 7Ty 1<k <),
i=1 i=1

Now we assert that for elements 03 (U, ..., %Un, V1, ..., Vm)€Ppip,
Qx(U, VY2 0for any k (1 < k < r). 1If not, suppose @x(U, V) = 0 for some
k. Then @Qu(U, V)= 0 for all k£ (1 < k < r), because Qx(U, V) are all con-
jugate to each other. But the coefficients of Qx(U, V) (1 < k < r) form a
Vandermonde matrix. This has therefore a non-zero determinant, and hence
the only solution of

QU.V)=0 (1<k<r)
is (U, V) = (0, 0).
Thus IT Qx(U, V)% 0 for (U, V) 5#(0, 0). Also IT @Qx(U, V)is an element
k k

of K[t} and hence
IIZQ::(U, V)|=1 or IleQk(U, 7)|> 1. N G )]
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Now consider the equations

zqs,; Wy = — zqs'"ﬂ‘l Q<k<m) .. .. (32
i= 1
in variables wy, ..., wm. The martrlx of these equations is a Vandermonde

matrix and hence non-singular. So solving these equations by Cramer’s rule

we get
=L(U) (1<i<m),

where Ly(U) (1 < i < m) are linear in %y, ..., un. The coefficients of Li(U)
(1 <4 < m) depend only on ¢’s.
Now we write Qx(U, V) (m+1 < k < r) in the form

AU, V)= > 67 O~L(UN+ Y Yoy (mtl<k<n), .. (33)
i=1 j=1
where Yi; (m+-1 < k < r, 1 <4< n) belong to K{t} depending only on ¢’s.
Also w; = Ly(U) (1 < ¢ < m) are solutions of (3.2), so we get

z $ L) = — z gty (1 <k <m). . (34)
= =
Let U = (uy, ..., 4,) be any non-zero vector of Py
Let
e*= max |u|=|U] .. . .. (3.5)
1<ji<n
and
= max |LO)]. . ... (36
1<i<m
Then
eﬁge‘1<e°‘, ie. < a. .. .. o (3.7
Let vy, ..., vy be elements of K[t], such that

1 L(O) | = | LyU)~w] (1 <i<m).
Then from (3.4) we have
[QuU, M) <8 for 1<k <m, ... (38
where ¥; depends only on ¢’s. Also from (3.3), (3.5), (3.6) and (3.7) we get
1Qu(T, V)| < max (PF72, *T7) < * P for m+1<kb<r). (39

The ¥’s occurring in (3.9) depend only on ¢’s and hence on K.
From (3.1), (3.8) and (3.9) we get

1< T1QU, V)| < exp [myy+mB+natny,]

or
exp [—my;—nY¥,] < exp (mf+na) = | UI”(m?X Il Ls(U) ll)’"

and this proves the theorem.
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Proof of theorem 2.

§4. We shall first make a few definitions.

Definition 3. Let F(X) be a function carrying R, into ¢ v {0}, where Z is
the set of rational integers and satisfying the following properties:

(i) F(X)#0 for 0£ X eR,.
() F(eX)=|a|F(X); aeK{t}, X ¢ Ry.
(ili) F(X+Y) < max (F(X), F(Y)); XeRp, Y ¢R,.
Then F(X) is called distance function. Also a set {X ¢ R,,; F(X) < em, where
m is a rational integer} is called a conver body.

Definition 4. Let F(X) be a distance function and D(m) be the dimension
of the vector space {X e B,; F(X) < em, m a rational integer} over K and
Dy(m) be the dimension of the vector space {X e Ry; |X| < em}. We define
the volume V of the convex body {X e R,; F(X) <1} by

V =lim exp [D(m)—Dy(m].

(This limit is known to exist (Mahler 1941)).

Notation: We shall denote the volume of a set S by Vol. S.

Lemma 1: Let Ly(U) = Ly(uy, . . ., ug) (1 < ¢ < n) be n linear forms with
determinant D 3£ 0. Then the volume of the set

{UeR,; [ LyU)|<1 (1<i<n)}equals|D| L

Proor (LEmMMA 1): By definition {X ¢ B,; | X | < 1} has volume 1 and
lemma follows from a theorem of Mahler (1941, pp. 505-508).

LeMma 2: Let Ly(U) = Lg(uy, ..., uy) (1 <t < m) be a system A of
linear forms. Suppose the matrix 4 of the coefficients has rank n. Then the

volume V of the set

T = {UfRn§1<m_a§ [Li(U)]Sl}

equals min (|det M |71), where M denotes an arbitrary minor of rank n of
M
matrix 4.
ProoF (Lemma 2): Take all possible combinations of n linear forms

among Ly(U) = Ly(uy, ..., u,) (1 <i < m). Let M denote the matrix of an
arbitrary set of n forms. Consider max |det M |. Since the matrix 4 hasrank
M

n, max |det M |3 0. Without loss of generality we assume that the forms
M
associated to max |det M| are Ly, ..., L,. Then the determinant D of the
M

forms Ly, ..., Lyis not zero.
Write _
= LU
L) = > Py 1 << m—n).
i=1
Then by Cramer’s rule we get yes = Dy (1 <k <m—n; 1 <i<n) where Dy
is the determinant of the forms L (U), ..., Ly_1(U), Li(U), ..., La(U),
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Lyx(U). Further by our choice of D, "{‘—’5—1 < 1, so that U which satisfies
" n
LiU)y< 1 (¢=1,...,n) also satisfies Z %L;(U)l <lk=1,..., m—n)
_ i=1
Thus the two sets ¥ and {U eRy; max |LyU)] < 1} are identical. However,
1<i<m
by lemma 1 the volume of the latter is { D |1, Hence the lemma follows.
Lemma 3: Let A be a system of li. linear forms Ly(U) = Li(uy, . .., %)
(1<i<m). Let d and ¢ be as in definition 1. Let A, ..., A, be rational
integers > {.
Then

Vol {UeRy; |U| <1, | L(U) | <e™, i=1, ... m)

= exp (8— i /\i).
i=1

Proor (LemMa 3): Consider the following system of m--n linear forms
LUy (G=1,...,m)
Uy (j=1,...,n).
Out of these m-+n linear forms, take an arbitrary set of n linearly independent
forms. Let s (0 < s < m) be the number of forms NL;(U) among these
and (n—s) be the number of forms %;. Then the valuation of the determinant
of such a system is

exp (Z /\p) .|det M,
peS

where S denotes the set of indices peS of the form #¥L,(U) considered
above and M is a certain minor of the coefficient matrix of rank s. If we
denote by J the set
FS={UeRpn; |U|<1; LD <1, i=1,....,m}
we have by theorem 2,
Vol ¥ = min (exp (-z ,\p) | det Ml‘l),
peS

where minimum has been taken over all the possible combinations of = linearly
independent forms.

Consider a value s < m, and adjoin to the forms tApL,,(U) (pe8), already
congidered, an (s 1)th form of the above type. By hypothesis, these (s+1)
forms are linearly independent. This (s-+1)th form is to be suitably chosen
subsequently. For the time being, call it L, (U). With these (s+1) forms,
we take (n—s—1) forms among the u; already considered. The valuation of
the new determinant is then

[exp (Z z\,,+/\*)] [det M*),
€S
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where M* is a certain minor of the coefficient matrix with rank (s-+1); and

b

can be obtained from M by adding to it one row and one column. But by

definition of ¢, et > gg%; for all M of rank < m—1 and M being given,
for some M* containing M. Now we choose that form *+L,(U) for which
et > M Then by hypothesis, e+ > et > det M

det M* | v Ayp g = | det M* |

Hence the valuation of the new determinant is greater than or equal to
the valuation of the old determinant. Hence the set S can be made to contain
the m indices, Thus by definition of 8, we have

Vol = exp (8—— Z )u),

i=1

and this proves the lemma.
Lrmma 4:
Vol{UeR,; (U|< ek, |L(U)|<e™™, i=1,...,m}

= exp (8+(n-—m)k—- Z /\1),

i=1

where k& > 0 is an integer.
ProoF: Let
S ={UeR,; |U|< e, | LU)|<e™ i=1,...,m}

={UeRy,; [t *U|< 1, [MLU)| < Li=1,...,m}.
Let ,
F(U) = max ([t *U|, ["LU)|, i=1,...,m).
Then F(U) is a distance function and J is the convex body F(U) < 1. Con-
sider the transformation 7' defined by
V=t*U=1TU.
This transformation maps F(U) < 1 into
J*: F*(V) < 1, where
F*(V) =max (| V], |5V |, i=1,...,m),
ie.
T ={VeRa; [V|< 1, [#NL(V) <1, i=1,..., m}.

Z )\z). By using a result
1

i=

Using theorem 2, we have Vol I* = exp (S—mk-—
of Mahler (1941, pp. 505-508) we get
Vol § =|det T'|"1 Vol J* = exp (8+(n—m)k— 2 M)
i=1

and this proves the lemma,
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Lemma 5: Let £ > 0 be a rational integer. Then there exists UeP,
satisfying
[L(U)| <ed (E=1,...,m), 0<|U]| < ek

if
(n—m)k > Z A—8(A).
f=1
Proor: Let J be defined as in last corollary, then Vol ¥ > 1, if
3+ (n—m)k—~ A =0,
iZl
ie. if

(n—m)le = > M=3( 7).
i=1
In this case, by a result of Mahler (1941, p. 511) we get U e P, satisfying the
required properties.
Proor (THEOREM 2): By taking A; = A, = A in lemma 5, we get U P,
satisfying
|LU)|<ed (i=1,...,m), 0<|U|<e,

where ¥ >

-8 N .
Zi\_m is a non-negative integer. 1If A is large, we define y by

mA—8
O0<y—1< ne—m <y
Thus for large values of A, there exists U ¢ P, satisfying
[L(U)|<er (i=1,...,m), 0<|U|<exp [%+1],

and we get a solution U e P, of (2.1), unless max |Ls(U)| = 0 for some non-
i=1...,m

zero U € Py, which is denied by the hypothesis. Hence the theorem follows.
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