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In this paper the motion of an artificial satellite has been considered in the
gravitational field of an axially symmetric oblate spheroid and disturbed by
another satellite. The existence of periodic orbits of Poincaré type as well
as of Schwarzschild’s type has been investigated. All types of periodic orbits
seem to exist in this problem.

1. INTRODUCTION

This paper is an extension of our earlier papers (in press, @ and b). 1In the
earlier papers we studied the solution of the problem of motion of an artificial
satellite in the gravitational field of an oblate spheroid and of the atmospheric
drag. We took into account spherical harmonics up to the fourth order. Next
we investigated the case when the perturbation due to another body is also
included.

The problem of motion of an artificial satellite has been studied exten-
sively. Brouwer (1959), Brouwer and Hori (1960), Brouwer and Clemence
(1961) as also Volkov (1961) restricted their considerations only to spherical
harmonics of the second order. Here we have discussed the existence of
different types of periodic solutions containing spherical harmonics up to the
fourth order.

Poincaré (1892) showed that the actual path of a celestial body can always
be approximated by periodie solutions. This possibility raised a keen interest
in us to explore if periodic solutions of the Poincaré type exist in the satellitical
problem. The question of a solution when various other types of forces, such
as the rotation of the oblate spheroid, the shape of its satellite, decrease in the
mass of the satellite whose motion is under our consideration, etc., are taken
into aceount remains open.

In this paper we have used the method of finding the periodic solution as
was used in Singh and Choudhry (¢n press, ). Throughout the paper Kepler’s
solution of the two-body problem has been taken for the generating solution.

In section II, we explain the notations which have been used in the paper.
In section III, existence of periodic solution of the first kind is predicted on
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the line of von Zeipel (1915). In section IV, periodic solutions of the second
kind of Poincaré type as well as of Schwarzschild’s type are shown to exist
and in section V, periodic solutions of the third kind have been studied.

2. EquaTioNns or MoTION

The equations of motion of an artificial satellite in the gravitational
field of an axially symmetric oblate spheroid are:

dir _oU dy 90U &% _ 39U i
dt2 ~ or’ diz T oy’ At @z " -

where U is the potential function
U=>-4-=(1-3sin2 B)+Ii4‘ 1—10 sin? B+§ésin4)3 +
e A+ 3 e

The equatorial plane of the spheroid is taken as the ay-plane; g is the
latitude and the unit of time has been taken such that the gravitational con-
stant k% = 1.

Equations (1) have the particular solution corresponding to the motion of
the satellite along a circle in the equatorial plane (Moulton 1920).

Xy = €0s mt; ¥y = sin nyt

where ny = 1-+kz-+k.+ ... — (mean motion of the satellite).
We introduce the Delaunay variables:
L = +/a, ! = mean anomaly,
G = +/a(l—e2), . = angular distance of ascending node

from the pericentre,
H = +/a(I=¢?) cos I, k= longitude of the ascending node,

where a—semi-major axis; e—eccentricity ; I—inclination.
The equations of motion in Delaunay variables are given by

dL _oF dl _ _oF
a9l dt oL
d¢ _oF dg_ _OoF L
dt — o°g’ dt oG
dH 9F dh _ OF

W ehat T T 9H

. 1 1
with F=§E§—;+U-

The solution of this problem has been found up to the second order, i.e.
up to the terms &, (Kozai 1962) in the form
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a _ope _ AP

@S w T et T T

dq"  oF** Ldg"  oF*

E—-——a—g——-— ,'—&-[———a—G;,——CODSt . .. (3)
A" _oF** _ Al _ 9Pt

.__dt _—ah =0; it ——W——COHS

with F**(L",’G", H"), provided the inclination is not too near the critical
inclination (Brouwer and Hori 1960). The relations that express (L, @,
H, 1, g, h) in terms of (L", G', H", ", g", h") have already been found in
(Kozai 1962). We shall drop the dashes and write L, @, H, I, g, h for L", G",
H", l", ¢", k" and F, for F**

3. ErrFECT OF THE NATURAL SATELLITE

Considering the extra effect due to the moon, the equations of motion
(2) become:
dL _oF dl oF
d T el diT T oL
da_oF dg_ _oF "
dt — oy’ di oG " " v
dH oF  dh or
T @ T 9E
with the new Hamiltonian
F = Fy+m'F,
where
Fo=FyL, G, H)
_ 1
T A/1—=2r cos H+ 72

Here r—radius vector of the artificial satellite;
H-—angle with the vertex at the centre of the spheroid between the
natural and artificial satellite ;
m’—mass of the natural satellite.

F

—-rcosH——l.
r

In order to find the necessary and sufficient conditions for the existence
of periodic solution of the first kind we introduce new canonical variables of
Poincaré

L, L-@, G—H
A=ldg+h, v = —g—h, ' =—h

L, E=pcosu, £ =p cosu
A n=psinu, n’ =p’ sinu

where .
p=A/2L=0), p' =+/2G—H).



PERIODIC ORBIT IN PROBLEM OF MOTION OF AN ARTIFICIAL SATELLITE 277

The equations of motion of the satellite in the new variables will have the
form

dL _aF dx _ oF
dt 9r’ dt - T~ 8L
df _oF  dy oF

dt_a’l’]’ "E="‘a‘g .. .. .. (5)
if_'__a_F.dq'_ oF
da  om’ dt  ~ oF
with
F=F0+m’F1.

The eqns. (5) have Jacobi’s integral, not depending explicitly on time.
Thus the expansion of the function F, takes the form (cf. von Zeipel 1915)

Fy= Z'OZ"].ngpmp'zf o8 (1A 4-ju+42su’),

where the coefficients ¢ depend only on L. Besides, s is non-negative;
j—non-negative; where s =0, j is non-negative; when j = s =0, 4 is non-
negative. The differences m— [jjand 2f— [2s/ are always even and positive.
Since the form of the expansion of F; in our problem coincides with
that of the disturbing function in the restricted problem of three bodies,
therefore the results of von Zeipel (1915) hold good in our problem. Conse-
quently under the conditions stated by von Zeipel the periodic solution of the
first kind exists in our problem as well. The study of the periodic orbit of the
first kind is not pursued as it will only be repeating von Zeipel’s paper step
by step.
4. Periopic MorioN oF Skcoxp Kinp
The differential equations in canonical elements of Delaunay giving the
motion of the artificial satellite in the equatorial plane have the form
dL oF dl orF
FTA @ AL
dG@ _oF dyg oF
T d - o

(6)

with
F=Fo+m'F,
Fo= Fy(L, G)
1
F, = e
! A/1=2r cos H+12

For symmetry we introduce the new variables

1
—rcos He - .
r

wy=1L; y =1
2y =G; ys=¢-
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The equations of motion (6) are now given by

= —— (1=1,2 .. .. .. 7
G T T e =hY @
for m’ = 0, the eqns. (7) can be written as
da; . d?/t = iF_Lo F .1 9
i 0; ¥ 52, ng (const) (2 =1, 2).

Therefore the generating solutions are given by
2 = a3 4" = 0Pt tw; (i=1,2)
where a3 and w4 are arbitrary constants and
o_ _ 9
= 0%y |2 = a;
This solution is said to be periodic with period Ty if

Y To) —yil0) = ni Ty = 2kgm

2i(To) —24(0) = 0 (i=1,2).
Here k; (1 = 1, 2) are integers, so that nﬁo) are commensurable.

Let the general solution in the neighbourhood of the generating solution
be periodic with the period Ty(1+4«) where a is a mnegligible quantity of
order m'. Introducing new independent variables { by the formula

L= 4
for which the period of the general solution will be 7', the equations of motion
(7) can be written as
dzy aF dyi -
and the general solution in the neighbourhood of the generating solution as

2= ag+ B+ &(0), yi= Lo +rtn(l) G=1,2).
The eqgns. (8) in terms of the new variables & and 7; are

T = d: 5@ G=1,2) e (9

oF
—_— - 2\
—(te) s G=12 . . @

where
b=+ F( tartBo nitn T+t v) —F (G actBi 0+ w+7)

2
+ 2 [t ~n"x0]

1=1

= §1n§°)+§zn‘2°)+aﬁ‘(§, aq+ By, ﬂﬁo)c+w¢+7¢ 1+a. [ §‘+aw "71]
=1

2 2
0F
2> Z[ftfjaaaa 300 101 50 ] +0(g). .. (10)

§=1¢=1
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The necessary and sufficient conditions for the existence of the periodic
golution are
’ 2f(T)—4(0) = &(To) =0 .. .. .. .. .. (1)
Yi(T)—yi(0)—2km = i To(1+2)] =0 (F =1, 2). - (12)
Restricting our solution only to the first order infinitesimals, the eqns. (9)
may be written as

df{ aF dn, (0) aF
a= AL — (4o 5

Expandi.ng F(C’ ai+ﬂi, n(O)(C)_,_wi_,_‘y‘i) in a‘scending POWeI'S Of Bly BZ’ Y1, Yo, m,s

12

the eqns. (11) and (12) become

£(To, i, 7o ') _ O[] { O, N OF] } +

m'T, e Seoda, V! , Berda;

= (14a)z— (t=1,2). .. (13)

~Tq1
_ g B[ AR ([ f OFs ¢ dp
(Lo, By, Vi, m') = —Tpu =— 6(11, [ 073 day, Jo aa, 6w Ldp

02F, , 03[ Fq] ]
—ArTo [aakaal Oayda;
2F | 0%F] ]
—B.T 0[8akaa2+m daxdas T
' az[Fl] az[Fl] J 14
—m TO [71 aakawl""'yg aakawz + ... . . ( )

where (k = 1, 2)
To

1 .
[Fi] = T;J‘ Fi(l, a, nf.o)p+w5) dp (i=1,2).
0

{(a) Periodic Orbit of Schwarzschild Type

In the problem of the existence of the periodic solution of Schwarzschild’s
type, for which the period of the solution differs from the period of the gene-
rating solution, we have o 3 0.

Since { is not involved explicitly in the characteristic function F, so
F = C is an integral. Hence any one of the above equations may be con-
sidered as a consequence of the remaining three. Let us assume that §; = 0
is the consequence of the remaining three equations. Thus for five unknowns
Bi, ¥¢ and «, we have only three equations. Therefore, two unknowns (say ¥;
and B;) can be taken arbitrarily. Thus let ¥, = B, = 0 and again, as the
choice of the origin of time is arbitrary, we may take w; = 0. Then the
eqns. (14) will give By, ¥;, @ as holomorphic functions of m', reducing to zero
with =’ if the following conditions are satisfied:

o[F]

aw 13

=0 (k=12) .. . .o .. {18)
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and
8(52’ m, 772)
o= 2= 0.
3(7s, By ) (16)
The Jacobian (16) can be written as
a'}'g aﬁ1 o
on Oy o,
07y 0B ox # 0,
91z Omp O
a'}'g aﬁl aoc
2
awz
. 0zF, oF,
0 e - 0,
1.e aai 70, F
0 9°F, a_F_O
aazaal aaz
02F, OoF,
2 Gay
ie. oLF,] o, Yo, .. . .0

dwy | 82F, 9F,
dazoa; 0Oay

Also if we take 8; = 0 instead of 8, the Jdcobian (16) will be of the form

or, oF,
02[F,] |0@10ay Oay
dui | °F, 0F,

oa  Oa®

#0. I 0 1)

Thus we have deduced that our problem will have periodic solution of
the second kind for a period not coinciding with the generating solution if
conditions (15) and any one of the conditions (17) or (18) are satisfied.

1 %o
As [F1] = f Fydt;
0Jyo

where T, is the period of the generating solution, we shall have
[F1] = Z4 cos (iw;+1i'ws),

where the summation is over all the combinations in—i’ = 0. Here n = g,

» and ¢ being mutually prime integers. Further ¢ % —i'=0 or ip—i'qg=0.
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Hence i = sg, i" = ap, where s is an arbitrary integer.

Whence [F]= A cos s(gwy+pws).
s=0
Conditions (15) show that
| AP _ o _ AFy]
) = 0 = sir s(gw; +pwy) = dg

So either w; = ws = 0; Or w; = 0, wg == 7; OF w; = wg == 7; OF w) = , wg = 0.
Expanding [F,] in the neighbourhood of w; = 0 = w,,

1 02(F,] o oF,] 1 9%[F]
2 a0t 1T Bwsd; 1S 02

[Fl](wl’ wZ)—[Fl](Os O) =

Since [F,](0, 0) is a stationary value, the L.H.S. must be of constant sign
and so

0%F,] O%[F,] " (0%F,]\*
awf ) aw: (awlawz) >
as well as

o F,]
ot
Thus the condition (17) or (18) may be satisfied if one of the determinants

BF,  oF, OF,  OF,
aa,f oa, Oayda, Oay

#F, oF,| | ®Fo 0F,
da,0a; Bay da; 0o
does not vanish.
Let us suppose that both of these determinants vanish. Then we have
the condition
d2F,/oa} __ 0%F/0ayda,
02Fo/0a,0a; azﬁ'o/aag ’

92F, 0°F, O2F, o2F,

1.6 aaf ’ aag - aal’aaz ’ aazaal =

#F,  °F,

3@? 0a,0a,
i = .. .. . . 19
ie. »F, o°F, 0. (19)

das0a, aag

But as F, is a continuous function and since a continuous function always
attains its upper and lower bounds, the determinant (19) can never be equal to
zero and, therefore, our supposition is fallacious. This proves the existence of
the periodic solution of second kind of Schwarzschild’s type for which the
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period of general solution does not coincide with the period of generating.
solution.

(b) Periodic Solution of Potncaré Type

In the case of the periodic solution of Poincaré type of the second kind
for which the period of the general solution and generating solution coincide,
we have a = 0 and, therefore, we shall have to take only ¥ = 0. Then
determination of B;, B, ¥z as holomorphic functions of m’, reducing to zero
with m’, is possible only when

o[F]

For =0 (k=12 e 20

And the condition for the solvability of the equations will be that the Jacobian

9(€3: M1, m2)
2 A MY 4 g
37y, Prs ) ™
0%y 0¢y 0y
oYy 0B 0B,
: 87]1 a"71 a”h
ie. n % 9n 0
v, 0By 8By >0,
Oy Ony Omy
v, 0By 9Bs]|.
az[‘le] 0 O
0w,
) 02F, 02F,
ie. 84 Bagoa, | 7 0
oF,  2F,
aalaaz auz
2
02F, 02F,
2 da? dagda,
ie. 6_[}’51_] L # 0. o .. 21
dw, | 02F, o2F,

aaladz aa/g

But the conditions (20) and (21) are satisfied from the preceding case
and hence the problem has periodic solution of the second kind of Poincaré
type.

5. Prrroprc Moriox or THE THIRD KIND

For the periodic solution of the third kind, proceeding as in that for the
second kind, we obtain the eqns. (11) and (12) in the form
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2i(T)—24(0) = £(T) = 0 O )

WD) —p(0)—2km = 9 To(l4+a) =0 (=1,2,3) .. .. (2

and the eqns. (14) take the form

GD

fk(TO’ B/’b yi) m,) = a[Fl] Z [Fl] a [Fl] . .. (24)
m To 6wk ~ wkaaj au) aw
102F
26T, Bis Vi, m') = Tt gﬂ) . [TO 3[F )] f 02k, f Ty g dt]
Tk O 0
[ 92F, |, 8°(F] ]
—AiTo | Oagda, daxday
[ 92Fy |, 0°(F4] ]
—BaTo | daygdas dagbas '
[ 32F, , O2[F4]
—BsTo | 00y 0ag dagdag ' ]
92[F,] 02[F] o F,] ]
—mT O[aa BV By 2T gy 2| T (25)

where (k*£ 1, 2, 3).

(a) Periodic Solution of Schwarzschild Type

For the problem of the existence of the periodic solution of the third
kind of the Schwarzschild type for which the period of general solution differs
from the period of the generating solution, we have a« £ (.

Now since { is not involved explicitly in the characteristic function F,
so F = (' is an integral, hence the first of the above six equatlons may be
considered as the consequence of the remaining five. Thus for seven un-
knowns 8;, ¥+ and «, we have only five equations, therefore two unknowns
(say 71 and B3) may be taken arbitrarily. Let y; = B3 = 0. Again the choice
of the origin of time is arbilrary so we may take w; = 0, then eqns. (24) give
Y3, V3, B1, Ba, @ as a holomorphic function of m’, reducing to zero with m’ if the
following conditions are satisfied:

oLFy]
Oy,

=0 (k=1,2,3) .. .. .. (26)
and

(€2, €3, 115 M2, M) 0
a(y21 ')’3, ,Bli‘ﬁZ: a) ’

.. @0
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The Jacobian (27) can be written as
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az[Fl] az[Fl]
2t Gadm 0 0O
ag[Fl] a2[F]]
O%Fy)  O%Fy] 0
awaawz aw§ ° ’
- @F, &F, @ &F,
0 0 aa? adladg 341 #0
0 0 _ 0%F, 92F, ?ﬂ’
0a,0a, aag 0ay
. o 02Fy 0%y  0F,
0a,0a; Odazdas dag
#F, 2R, oF,
e[Fy PR | | % Omdey Oe
2 Owyd
2 wyOwg | 9°F, 22F, oF, £ 0 (28)
PR BF,] (90l Gy Gay) 7
2 |
Owglwy Ow; i % 02k, oF,
aalaa3 aa26a3 T%

The existence of the periodic solution follows if the two determinants in
(28) are not zero.

Since
[Fl] = 2 C"p‘.zria(al’ Ao, tls) cos [zl(n(10)§+ wl)+iz('n(20)§+w2)+i3(n(30)z+w3)]
158293
(F1l= 2 0y, iy, i, (@1, B2, ag) €08 (i1 +Higwy +igwg).
$1, 92, 93
From the conditions (25) we have
oF . . o[F
7[3—(;‘;1 =0 = sin (lywy+igws) = (’Ew;]-

So either wy = wg=0; Or wp=0, wg=1r; OT wy =m, wg=1m; OT wy =,
wg = 0, which show that the conditions of symmetric conjugations or opposi-
tions are the necessary conditions for existence of the periodic solutions and
which coincide with the conditions already obtained. For definiteness, let
‘wg = wg = 0 in which case we find that

02[F,] £0

2
00% lap = wy =0

0% F]
OwiOwy
7 |wg

£ 0.

=w3=0

=1,23;j=12,3;i%£]j]
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Now expanding [Fy] in the neighbourhood of w; = 0 = wg, we find that

1 0%[F,] 02 F,] 1 02(Fy] -
[F 1w, wg)—[F1](0, O) awzl w2+aw al gt0g +§ aw: w?.

Snce [F,](0, 0) is a stationary value so the L.H.S. must be of constant sign
and so

0°[F,] o%F,] 02[F] )2

REppas e Ep > 0.
aw2 aw3 (aw23w3

'So the first determinant of the L.H.S. of (28) does not vanish, It remains to

show that the second determinant also does not vanish, On the contrary let
us agsume that it vanishes

(284)

92F,  92F, oF,

aa? aalaarz —é—d;
. 02k, 22H, K| _,
1. dasda, 9a>  Oag|
0*F, 0%, 9F,
Oaz0a; Oagda, Jag
02F, 0%F, o%F, 02F, 02F, o2F,
) oF, da0a; aa; _ QI_FQ aa? 0a,0a, +3F0 aai da,0ay o
Yo Bay| gep,  o°F, | O6s| g2F,  oeF, | Ods| 02F,  3°F, '
da,0as Oasdag 0a,0a; daydag 0ar0a2  9al
(29)
. 02F, . .
Let us denote the minors of ——=— by A4,; in the determinant
0,0
azFU az-F’ 1) 3217' 0
aai aalaa2 aalaag
ozF, 0%F, otF,
D = aazaal ‘ aa; aazaas .. . (30)
02F, 92F,  92F,
0asda; 0Oazda, gl
Then from (29) we have
oF oF, oF
%a, 24,3~ a0 OAz3+ oAgs—-O .. .. (3D

Similarly, if we take B; and B zeros 1nstead of B successively and if they
vanish as well, we shall get
oF oF, oF
anAlz Py Ao+ =— 3as 2

oF, oF, aF, ,
aa A ——AZl'—-a—a—s*A31—0. .. .o .o (33)

A32 == O, . . .. (32)



286 RAM BINOY-SINGH & R. K. CHOUDHRY
. . . aFO aFO aFo e
Eliminating a1’ da,° Bay from (31), (32), (33) we get
All AZl A31
AlZ A22 .A.gz _ O, i.e. .D2 = O
P ST P }‘133

But D is not zero as F, is a continuous function in a;, a; and ag if ay, a,, as
are not very close to the critical case. So in the region of continuity of F,, it
must attain its bounds, both upper as well as lower. Thus the determinant
D must be of constant sign. It shows that D 3 0. Hence our supposition
that all the three determinants vanish leads to a contradiction. Hence
periodic solution of this type exists.

(b) Pertodic Motion of Poincaré Type

Now let us consider the problem of the existence of the periodic solution of
the third kind of Poincaré type for which the period of the general solution
coincides with the period of the generating solution. Here & = 0 and thus we
have to choose only one variable of the six f; and ¥; arbitrarily (say, 7; = 0).

Then the eqns. (24) give 72, 73, B1, B2, Bs as a holomorphic function of
m’, reducing to zero with m’ if the following conditions are satisfied:

o[F]

b =0 (k=1,2,3)

and

(¢s, &3, 11, M2, M3) 0
9(Y2, 73, B1. Ba, Ba) 70

The Jacobian can be written as

cae NI VR
amz aw23m3
az[Fl] aE[Fl] 0 0 0
awgaQ)3 awg
02F, 02F, 0%F,
0 G adag Baoa,|#0
0 0 0¢F, 02F, afFD
day0a, aaz Oa,0a3
0 0 o02F, 9°F, 0%F,
dagda, Oagday aa“;
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02F, = 92F, @2F,
02{F;] O02[F,] aa? 0a,0ay Oaq0ag
ie. Ouy  Owpduy 3F, 02F, 0F,
OF,]  02AF,] Oagda, a2  Jasdag #=0. (36)
Owy0wg. aw§ o2F, 92F, 2F,
Oagda, 0dayda, 3a§

The non-vanishing of the first determinant follows from (28A) and the
second determinant coincides with D which has already been shown to be
non-vanishing in the previous section 5(a).

Hence the condition (36) is also satisfied. Thus our problem has periodic
solution of the third kind of Poincaré type, which proves that all kind of
periodic solutions exists for our problem. Therefore, we have established the
fact that (L", G”, H", 1", ¢", h") are periodic. But (L”, G", H", l", g”,. A"} are
given in terms of (L, G, H, I, g, k) by Kozai (1962, formulas (6.32), (6.33), (6.34)
and (6.35)), and hence (L, G, H, I, g, h) are also periodic.
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