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In a recent paper Gupta (1964) has investigated a finite transform involving
Mathieu functions analogous to finite Hankel transform and discussed its
properties together with its application in solving the diffusion equation.
Hitherto, however, a corresponding use of the spheroidal wave functions
does not seem to have been made for the solution of boundary value prob-
lems involving spheroidal wave functions. The aim of the present paper is
to supply this deficiency.

§1. In this paper we introduce a transform applicable to spheroidal
wave functions analogous to finite Fourier’s transform and give an account of
some of the simple properties of this new transform as well as its application to
the solution of a few boundary value problems relating to spheroids. As
regards the spheroidal wave functions the notation used is as given in Flammer
(1957).

Definition I: If any function of (¢, 1) is continuous and single-valued
within the spheroid and vanishes on the boundary, then its finite transform
analogous to the finite Hankel Transform in the range 1 < ¢ < §); —1 <7 <1,
is defined to be

£o
Kypn(Cp, p) = j j (£2—12) Kmalé, W)RSL(()”, s f)Sm (Cu, p,7)dEdn, .. (1.1)
1 -1
where Cy_ p is the root of the equation
'Rf:,),(oﬂ; 50) = 0: .. . .o . (1.2)

and following Flammer (1957, p. 31)
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R,,m(on, §) = mr) ! ( ) E 3 (,.)! 20 & "+M+§(0nf)a

(@m+r)! 5,1
ld ( n) (T)!

sV]s

* At present on leave and working at B.R. College, Agra.

VOL. 34, A, No. 6.



290 R. K. GUPTA

or following the series expansion (Flammer 1957, p. 34)

m

R (O, &) = [hma(Ca)] 2 (£2—1)2 Z JOTE2— 1)k, (n—m) even

m

BrlCn &) = (Gl =1 D (~IROFE=1F, - (n—m) 0dd

where

O = 27m{(k) ! (m+k) 1) Z ———w(z"(‘g':')2’) (=r)e(m+r+ edy, (Cn),  (n—m) even

0'2';" = 2"m{(k)! (m+k)1}71 Z M (=(m+r+3ds” (Cp), (n—m) odd
r==F

2r41)! 2r+1
and
o 2m+-r
Emetbm) | > a7 ()
k(l’)‘(on) — r=0 - s (n~—m) even
om0 03 (") (*47):
(2m+3) | (m+n+1 )z d"™(C) Zm!+r)
KY(C,) = , (n—m) odd
2n+md';n(on)0:+1m(n—7;——l)! ( +7g+l)!
whereas

(@i = a(e1) ... (a-+k+—1), and («)y = 1,

SO, 1) = d""(Cr) P

m+1( )

Ms

<

r=

, 1

then at any point within the range

Kounlé, 1) = z RE,I,L(Om f)S:)m(O,,, ), n being odd or even
nel

Z > BB (Cup OSOCnpn)s o .. (L3)
n=1p=1

where constant coefficinets B, are to be determined by the following method.
Multiplying equation (1.3) on both sides by (£2—y2)RN(Cp p, §)
SLI,L(O,,, »> 1) and integrating it with respect to % between the limits —1 to
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1, and with respect to ¢, from 1 to £. Then by the orthogonal property
(Flammer 1957, p. 22) we have

fo al
f J Kmn(€, n)(E2—n2)RU)(Cn, p, £)85)(Cp, p, ) dé dn
B — 1 -1
n , (1.4)

¢
Num f "[RO (e, 1 de
+1

where
1
1 .
O, p = N f 72 [SS;(C,,, P "7)]2 dy;
amJ _q
and
2m4r)!
Nom =2 Z tr2m+2r+l '[ ]2
Hence, the inversion formula is given by
- KunlC ,,m(O , 68,.(C
Kmn(é, m) = Z Z mOn, DRl On 3 €S, (On. 5 o s

n=1p—1N J {R(l) On,p» }[gg np]df

where the sum is extended over all the positive roots of equation (1.2).

We find that the transform defined by Definition I is of use when the
variable £ lies in the interval 1 < ¢ < £, and the range of variation of ¢ does
not include £ =1, i.e. £ lies in the interval 1 < ¢ <§&. We make use of
another transform defined by the following definitions.

Definition II: If Kma(¢, n) is continuous and single-valued in the region
g <& < £, —1 <n <1 and vanishes on ¢ = ¢;, then its finite transform in
the range is defined by

— gl !
Kmn(Cn, ) = L f Eopnl€, 1)(E2—12)Bun(&)Sop(Ca, 5o m) dédn, .. (1.6)
0 1
where )
Bun(8) = B(Cn, 3, OB (Cn, p. £0)—Bin(Cn, 3. £0) B0y (O, . §),
and prime denotes differentiation with respect to ¢, then put &= &, while
Cp, p is the root of the equation.

BY(Cy, £)BZ(Cn, £0) =R (Cny E)RA(C, £) =0, .. .. ()
whereas

B (Ca, 5, §) = ——‘—§ > ECw O D AP 1(5)}
r=2m, ~2m+1

2)
mn(oﬂ. P) 7= 2m+2, 2m+1

_ il ©, ! T
_ 1 (ng 1)2 Z 1:"+m‘”d:’m(0”, 17) (2m+7‘) (_1)”+1A/m J-n-m-}(On, D> §):

w© 2 r
mn 2m+r) ! = L

> (O, ) D ’

r=0,1 —
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where

ré—m' om (n m) ! (n+m) Y © ‘
(2)_ _ 2 ""_2 . o ’ " 2m+r
km” (Oﬂ, ?) - (2m_ l m (n+m) 1 (Cm p)m 3 d_zm (Oﬂ. P) Z d:”

and

n—m n—m-—1 n4+m+1 o
2 ]2m( 2 ) ! ( 2 ) P omin & | 2m+r

@m=3)2m—T)[m (n+m~+1)1 (Cp, g™ 22 ;" (Cn, ) G

kK2 (Cn,p) =

(n—m) odd
Obviously, the function Ky (£, %) by the well-known theorem on Fourier’s
series within the region can be expressed as

]

Ena(é, 1) = DaBun()S, (Ca,m)
n=1

= > > DuBun(Cn,p, 080 Cann. .. (L8
n=1p=1

The constants Dy, can be determined by the same method as in Theorem 1, viz.

f f Emnl€, 1)(E2=2)Bm(Ch, , f)S”( , p, M) 3 dn

Dy =

&
Nmn ¢ [an(on, D, f)]Z [52 -@n; p] df
€1
= --K_mn(on, p)/Nmn ¢ [an(on, P, f)]z [fz“@n, p] d f . e (1~9)

Hence, the inversion formula is given by

< i Knm(oﬂ, p) ( n, Ps f)S (Cﬂ » M)
£, '
"= N ; [Bum(Cn, p, €)12[£2—8p, p)dé

0

Kum(€, ) = - (1.10)

Definition I11: If any function of (¢, n) is continuous and sirigle-valued
in the region £, < ¢ < &3, — 1< 1 <1 vanishing on both the boundaries ¢ = ¢,
and ¢ = ¢;, then its infinite transform in the region is defined,

1 pt
m(om p) = ff f Kﬂm(f: n)(f”—n’)Bnm(C’n, j 2 f)Sf,l,z,(On, [ ")) dfdﬂa (1-11)
0 -1

where
BunlCn, p, £) = [{BE(Ca, 5, £0)—RIA(Cn, 5 £} RENCh, 5, &)

—RP(C4, 5, ){RY(Cn, 9, £) =B (Cn, 5, £1}], .. (1.12)
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and Cp, p is the pth root (m = 1, ...) of the equation
Ry, (Cn, E0R(Ch, fo)—R“ (Cw, €)X B (Cn £1) =0. .. (L13)
Adopting the same method as in Theorems I and II above we have
Eunl&:1) = 2 > DuBun(Co, 5, 185, 5, 1),
n=1p=1

where
Kﬂm(ofh P)

3% )
Mo  BaniC, 5 EFIE=00, 508

Dnz

Hence, the inversion formula is given by

2. S Eyun(Cr, P)Ba, m(Cn, p, Y8204, p,
Komit, ) = Z (Cn, ») (Ca, p » ")). (1.14)

151
n=lp=1pN__ £ [Bnm(Cn, p, £)12[£2~0,, p]dé

§ 2. PropErTIES OF THE FINITE TRANSFORMS DEFINED BY
Derinrrions I, IT, ITT INVESTIGATED BEFORE
In the application of the theory of the transform we have discussed
above, we shall require some simple properties of this transform for the solu-
tion of special problems. Hence, in the following section we shall discuss

them.
Case I : Let Cy, , be a root of the eqn. (1.2) and

1
() {(1_,72)[5;13}’1;#" —K,.,,,,Q-S—’ﬂ'] } = 0.
1 -1

(i) Let Kmn(¢, ) along with its first and second derivatives be con-
tinuous functions of ¢ and 7. Also let Kpm(€, n) satisfy the equation,

[L5+Ln+03<£2—n2>]lcm(é,n)=o, ey

in the domain of the ¢-plane which includes the interval 1 < ¢ < §, and in
the domain of y-plane that includes the interval —1 <7 <1,

where
m2
me
= _2——-——-——.
L an(l Mo~ Tt
Now

f f RY(Cn, 9, ©)8wm(On, p, WLe+Ln)Knml€, n) dedn = I +1,  (22)
+1
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where

£o
11=f f RUOSY LeK ym(£, m) d dn,
1

&0 pl
L= f f RE}»::‘SS;I,Z;LﬂKnm(f, 7) d¢ dn.
Integrating (2.2) by parts we get

aRY |16
= f S( )(On » 7 [(52—1){]3(1) LK,,,,, %] dn

o¢ — Kpm—55— FL:
oRY
f f Jam {610 T} e

o M g _m2
+f1 f_1K,,m]."*u’mb'mng2 d¢ dn,

the first integral vanishes at ¢ = £, and ¢ = 1 provided if we assume Kpp = 0
at ¢ == ¢, then

fo (1 P) aR<1 ZR(I g
Iy = Kpmlé, )l == (£2—1) =7 0 dn,
similarly ’

§o a8
oK o
n=| [a—mfse 2om _ i, 2l R0, 00
/R

£o a‘g(l) m2s
+f f [0 1_”"‘]KnmRm<0n, p £)dé dn,
Obviously, the first integral vanishes on both the limits, hence

o (1)
f f Km,.[a (1) oo = g

el s 75 M]R‘” (&) 3¢ dn.
Hence, (2.2) transforms into

1

o
L= ¢, | [ Runt, (e =R Cr, 3, 05 (Cn )
1Y -1

R
- J 3(1)[ —1DEKnp ag”‘] dy,
E=¢

by virtue of (2.1).
Hence, we see that

J' J' walfl(oﬂ, | 2 E)Sf,l,z,(cn, » ’7)[L§+L77]Knm(f, 1) a¢ d"'l

R
= —-O” !’K" p(om P) J (E 1) [Knm a”m]

; S‘,‘,Z,(a,., p0dn. .. (23)
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Case I1: If Cp, 4 is a root of eqn. (1.7) and
(1) -1
. (1) aK'nm aSﬂm}] —
0 [a-m{sn e g, Sl o,

(ii) the same as in case II, then

ré
J

by the same procedure as in case (2.4) transforms to

1
= _(fﬁ—l)Bn(On, » fo)j (alggm)é ¢ S(l Cn, p, 1) dn

1 1
f [(L§+L’7)Knm]S£,1,3,Bnmdf dn o = (2.4)
oV -1

&
+f f Knmafi(f —1)33"}3(”0,,,,, n) d¢ dy

3 aS(l)
+ f . BT Knm@, R Sondé dn-+ f f Knm 5—<1 =) 50 }

X Bpm(£)d¢ dn+f f s KumBOSUagdn. .. . . .. (2.5)

nm - nm

Hence, (2.4) becomes

= —(¢2-1) f w(Ca. o1 €0) (_8_1%@) 82(Cy py 1) iy
f = fo

+ f f K w(Lé+Ln) Bum(Cr, pr £)8(1) d€ dn
o

2 ! 0K um (1)
= —(60—1) Bn(on,p’ fo)f ( F: S (On, M ) Ul
-1 = fo
-—oi,pz?m,,(o,,,,,); .. .. .. .. .. .. .. (2.6)
where Bam(Cy, 9, f)Sf,l,,),(On, »s 1) is the solution of

[Le+Ln+C, (£2=n2) | Kum(£, 1) =0

Case I1I: If Cy, p is a root of eqn. (1.3) and (i) the same as in Cases
I and I,

then proceeding exactly as has been done in deriving eqn. (2.6) we get

f f BunSnm(Le+Ln) K ym(£, 7) dé dn

3 aK 8w
= 1— S(l) o "Knm o ] n(on, 3 f) df
f [< e _ nlCn

& 9 %, C dé d
7= (1—n2 o m\~ n, P
+Jfof_1KﬂM(£’ 77){317( 7%) . }Bn (Cn,p £) d¢ dn
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£
+ f 58057 |(6=1) Bt D 5, m ] a

¢
! 2 B, ml o
+f£0f_1Knm(f, 77){52(62_1) 3 }S (Cn. p, 1) d€ dn

t bl 2 2
m m
ff f (fz—l 1 —-1’2) MR Sitlri (07', D ’7) df d77
0 1

§1
= L f K um(Lg+ L) Bym(€)SL de dy ; .. .. .. @
1} -1

where we have assumed that K,», vanishes both at § = ¢, and ¢ = ¢,. Hence,
(2.7) becomes

£ o1
f [ BnmSE,I,Z, (Lg+Ly)K i€ dn = _G?”Pf f £2—n2) 'mnB'nm‘Sf,l,il dé dn

fo‘ -1
= —02 Knm(on,p);

in virtue of theorem (3 ), where Bum(Ca, p, £)Snm(Cn, p, M) being the solution of
[Le+Ly+ O, (£2—1%)] K palé, ) = 0.

It can be readily seen that if m2 = 1/4 these transforms reduce to that of
Mathieu’s functions.

§3. Spowine Down or NEUTRONS
In this section we shall discuss the slowing down of neutrons in which
the slowing-down medium is in the form of a prolate spheroid, as well as the
slowing-down density and the source function T are functions of (£, %) the
spheroidal coordinates. The governing equation in this form is represented
by
|20 i+l a-m oo l|i= —ce-msewon, B
o¢ ot " o on ot ’ ’ '
when the boundary condition
X(,m) =0, on € =21¢£, _
where d = 2C is the inter-focal distance and §(t) is the Dirac delta function.
Here, if Cs 5 is the root of the equation
R{(On, §) =0,
it follows from eqn. (2.3) that

f f R(l) n p, S(l)( " P (L£+L )-Kon £, 7) d¢ d"

_ 2 (b0 2y pV) (1)
= -0, " ot miE—n VRSO, . €)80,(Cn, 5, m) d€ dn
1 -1

= —0; Konlé, m);
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where

K2

If, therefore, we multiply both the sides of the equation (3.1) by
R(()B(C"v D> §)S(01,Z(O’,,, 23 7])

and integrate with respect to 5 from —1 to 1 and with respect to ¢ between
1 to ¢, we find that X satisfies the following differential equation,

dyO Y
Tl—t_+

)2, (3.2)

where
_ £ oL
§(Cn, p) = j j S(E, 7)(E =72 RY&SD ) de dn.
1 -1

The solution of eqn. (3.2) is obviously given by
X=02 Sexp[-C% yCc%, .. .. .. (33)

which, on inversion formulae as in eqn. (1.5), gives the slowing-down density as
i i C? 8 exp[~0% t/C*) RO, 5, £)85)(Cn, 5 1)
S, f [BE(Cn, 5. €)F 67— 6n, o1 d8

1

X(&, n)

k-3

1 fo
i, exp[~C2 t/C*]RS)SE) f f (¢, n)(€r—n)RE)S\ ) dndé
-1v 1

n=1lp=1 Nonf l‘[1'3(()1,3(0'% P §)]2 [§2—On, p] dE
1

(3.4)

It is quite evident that as C— 0, £ > co the result agrees with that for the
case of sphere as given in Sneddon (1951).

§4. MULTIPLICATION OF NEUTRONS IN A MEDIUM WITHOUT SOURCES

In the section discussed previously we have made no assumptions as to
the nature of the processes resulting from the capture of a neutron by a
nucleus of the slowing-down material. The process which is of most interest in
the theory of nuclear reactors is that in which the capture of the neutron is
followed by the emission of new fast neutrons. With this modification which
is imposed on the equations, assuming for simplicity that each capture results
in the emission of k-fast neutrons. In the diffusion theory for thermal neu-
trons 1/r denotes the probability of capture per unit time, so that, as a con-

k .
sequence of capture, PZ new fast neutrons will be produced per unit time in
T
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unit volume. Now in this section we shall try to determine, for a simple
system, the conditions under which a distribution of neutrons is self-sustaining
without any type of sources. Here we investigate the case of a prolate sphe-
roid with the boundary conditions, the vanishing of p and X when £ = ¢,
and 1.

Hence, the governing equations of p, X are given by

? 3 —
[ (€=1) g5 (L=F) - =2 nz)]p=72~0’2(§2—n2)x, (1)

0§
where
LL\}. o
% = D)t = ( 3 ) is the diffusion length; and
9 o 0 0 , ?
[@ (é2—-1) ag"‘a (I—n )'— —C'¥(£2—n?) ae]x = — 02(52-—7)2)5(0) (4.2)

where C = }d; and §(0) is the Dirac delta function, with the boundary condi-
tions
p=0and X=0, on £=§; and ¢ =1,
From the nature of the boundary conditions making use of the same finite
transform used in § 3, we get

02
s[14 —22) = Z%(Ch, p. 0
+ o° AX( n, p: bo), 4.3)
and
ax O,k
aﬁ‘l'*c—'z—/ —;PB(G), (4.4)
where

o
X ==f f (P, X)(€2—72)RG)NCr, p, €)S5)(Ch, p, m) dE dm,
1 -1

and Cp, p is the pth zero of
R0, &) =0.
Integration of equation (4.4) gives
%= exp[c2 ,007) .. @)

from (4.3) and (4.5) it follows that

‘.
p [(HF?) exp[C:, e/oﬁj—k] =0.
Obviously, s(Cn, p) must be zero except possibly for one value of Cp, 5, say, it is

(1,1 on physical grounds; the lowest, i.e. 5= 0 for Cp 5, Cp, 5 and the critical
values of £, is £ where

(1+C; ,/C%) exp [C | 9/C* ]~k = 0.
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It is quite evident that if £, = £ (the critical value of the const 5 (Cy, 1) is
quite arbitrary, say, A and

RIS Y0y, 1, M)

Po=d——
Nmf [BY)Cy, 1, 6T 1826, 11d¢

= ARJ)(y, 1, £85)(0y, 1, m), .. .. .. (46)
where
4

Noi| {Roi(Cy, 1, 6)12[€2—64, ,]1dE

1

The value of g, can be determined as follows, since the total number of
thermal neutrons in the spheroid is

£o
— 208 f f RO(C,, 1, 6)SU(Cy, 1, ) dE dy.

Hence, (4.6) may be written in the following form:

NRUNC, 1, ©88(Ch, 1, m)
Pc=

& ’ (4.7)
.anf f '—77 Rm 01, 1: §)S(()11)(CL 1s "I)dfdﬂ

when ¢ — 0 and ¢ — o the spheroid degenerates into a sphere and it can be
readily shown that the result agrees with that of Sneddon (1951).

§5. UnsTEADY FrLow BETWEEN TWO CONFOCAL SPHEROIDS

In this section we have studied the rotational flow of the liquid contained
between two confocal spheroids. Initially both the spheroids and the liquid
are at rest. Suddenly the outer spheroid is started rotating impulsively with
a uniform velocity £ while the inner one is kept fixed. Here in this case
the equation of motion in spheroidal coordinates is given by

d ov @ o v v c? ov
a—f(f )a§+a (1""')2)5‘1‘&2—_1“—"—‘—“——(52—7) )7—0 (56.1)

with the following boundary conditions
M v nt)=0 it=+40 {H<ECEH —1<9<1;
2) vo,m ) =0 t>0;
@) v, 0)=0VE-TVi-n0,  -1<7<L
Now we assume that Uy, p is a root of the equation

R (O, 3, £1)RP(C,p,£0)— R (Cn, p, £0) B (O, p, £1) = 0.
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Multiplying (5.1) by Bny(Cn, p, £)85)(Ch, p, 1) where
Bu(Ca, p, €) = RUNCy, p, ORENC, p, £)—RBECr, . £)RP(C, p, £),

and proceeding exactly as in case 1I eqn. (2.6), we get

C /et L ; c2 85
L1 [ s v/ it 9+ 2 B,
v -1 g v £
or
2
d’ﬁ VC" - ‘4 T "
azt gép Z =§59»/§ﬁ—1 4,"(Cn, p), . (B2

with the initial conditions
7 = 0, when = 0.

Hence, the appropriate solution of (5.2) is

T 02 g ‘
7= _;;O_V—(}}z‘—' . d; (Ca, p)- {l—exp [ 02”’ , .. (5.3)
" p
which by the inversion formula (1.14) is given by

—vC? ¢
" m - b (v
& w0 JE-14 (0,.,",»),{1 "XP[ ce ]}B"(C"'P’ DG, 1)

=220,

p=1

3
N f  Bo€2=6n,5) d
(]

(5.4)
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