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For a non-holonomic form of the matrix ((hi;})}, compatible with the real
electromagnetic null field, the conditions of existence of two analytic func-
tions p and o satisfying the Einstein-Maxwell equations are investigated.

§ 1. Introduction: In a four-dimensional space-time of general relativity we
assume a symmetric tensor k), of signature ---}--— and rank 4. There
exists an inverse tensor A such that

Wil = 3 A O & )

we shall use hy, (k) to lower (raise) the indices. Throughout this paper the
Latin indices 1, j, k are used for the non-holonomic frame and range from 1 to 4
and the Greek indices «, 8, ¥ for the original frame and range from I to TV.
The range of Greek indices &, 7, is I, IT and. ITI.

If k), = —k, is a skew-symmetric real electromagnetic tensor field,
then the stress tensor F,} is given by

Qef
F )= kb, — 15 Moy ghP* P ¢ )
We put
def def
(P, ¢ 7, B & (O)g, & _ o0t
k#_k#kﬁ, k#—.S#(p_l,2,...) .. .. (1.3a)
def
4K = Pp% . N € B 1)

Then the basic system of field equations of general relativity assumes the form
R#’\—%Rhlj‘ = pu#u)(-—F;\‘+p82 .. .. .. (14a)

and the Maxwell equations are

V whuy = 0 ce e (14D)
V ok = eub .. .. .. .. (14¢)
where V o is the covariant derivative with respect to k),
det
R=R/ e (L)
and u%is a unit time-like vector field
U U% = —1 -, .. .. .. (1.6)

and p is the pressure and e is the energy.
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The electromagnetic tensor k,, is said to be of the

det

(@) first class if k = det [kag|72 0, K# 0
(b) second classif k = 0, K # 0

(c) third clagsif £ = 0, K = 0

If A be an eigen-value of k,f and ay be the corresponding eigen-vector, then

|k f—28.F|ag = .. .. .. O )
Thus the eigen-values are given by
e e | K
which reduces to
X+42K02+E=0. .. R o 1)

Hlavaty (1961) has shown that when kyp is of the first and second class

4
a set of four mutually independent eigen-vectors ag can always be found,
which, together with its inverse set qB, form a frame which is called the non-

L
holonomic frame of the first two classes. For the third class which includes
the null electromagnetic field, there is only one basic scalar A = 0, and there-
fore a non-holonomic frame cannot be found out of the basic vectors. How-
ever, Hlavaty (1961) using line geometry has shown that for the third class
also a set of two complex conjugate null vectors al,ﬁ, a? and two real null vectors
2

a}, ad, all linearly independent can be found such that
3 4

AL B e 1 setic
TN TR
’\k b= 1 e+waj"+e+wa .. .. .. (1.10)
V2( 1 ) ‘
a'k,F =0

4

Mishra (1963) has obtained this result without using line geometry, with the
help of the property

(S)kaﬁ = 0.

The non-holonomic form for the canonical matrix ((ky)) compatible. with real
magnetic null field was given by Mishra (1963) as

10 0 0
061 0 0 . (L11)
00 0-—1
001 0
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§2. Determination of k), and u,: We take a generalization of form (1.1) as

«a 0 0 p
OB 0 O
(thy)) = 0 0 0 —a (2.1)
c 0 —x ¢
det (b)) = ~o3p
def i j
k,", = hua,‘a,\ .o .. .o . . (22)

where «, B, p, o are four parameters of which « and g are to be determined by
Maxwell equations. We then have

|
=}

)
=}

o« a2
0 é 0 0
((R¥)) = . (2.3)
P apé—g 1
= 0 5 — o
o2 o o

00—1 0
4

Since the field is null and k;; is skew-symmetric, using conditions (Mishra
1963) '

Bk =k =k = =k kS = kR =0 .. (24a)
and
ElEP4EES =1 .. .. .. .. (24b)
We obtain for the non-holonomic frame (2.1)
kl=k'=k"=ak = .. .. .. .. (25aq)
b =klt=kt=k =k =k '=k"=0 .. .. (25
aletp) =1 .. .. .. .. oo e (2.8¢0)
We get
0 0 0 —e2
0 0 0 —ap
a2 «f 0 0
consequently
ef [
@y, = Dkyaya,
4 4
= —aaya, . .. .. o (2.7
Since

i
ay = hyay
1
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we have

and
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1 4
a) = aay+Pay
1
2
a) = fa)
2

4
@y = —oay
3

1 3 4
a) = Pa)—aa)+oay
4

5A=laa+£%

o a3
2 1
a=a
A }92A

\.

3 2_ 1 !

p_, pi—c
a=-a ay— —~a
A oc1)‘+ o 3 aat
¢ 1
A= T

From (2.8) and (2.9) we get,

From (2.2)

11 a4 2
hyy = aayay+2Pa,a,+Pay

LI
k¥ = Waya,

2 4 1

Using (2.7), (1.4a) can now be written as

4 4
By —(B+p)hyy = pU,Uy~aaya)

ay+ 20,0, +oaua,

(2.8)

(2.9)

. (2.10)

. (2.11)

. (2.12)

The right-hand side of (2.12) is of rank two, therefore the left-hand side must
be of second rank. Therefore we can take

3 4
U, = Aay+Bay

.. (213)

2 .
(‘;)« and @, are excluded since they are complex conjugate) where 4 and B
have to be determined. We have

U = —1 =

If we put 4B = 1, then

where

From the Maxwell equations (1.45) and (1.4c) we have

A(P*—a0) 24B

aa

3 14
Uy = AaA+Za,\

2—u
A4 = d:a»\/P’-—ww

Viikpi =0
Vikd =0

. (2.14)

. (2.15)

(2.16)
(.17
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Substituting from (2.6) in (2.16) we get
Vit =0 L (2180)
V4B =0 S L. (2a8p)

Since « and B are scalars it follows that o and B are constant along the X3 axis.
From (2.17), substituting from (2.5), we get

Vgt = ety = 0
VB =euy=0 .. .. . o (219
v 10 = G'U/4 # 0

Therefore, if there is energy, then the first and second components of u; are

zero while the fourth component is non-zero.
§3. Using (2.7) and (2.11) eqn. (1.4) can be written as

R 11 (1 4) 2 2 (4 1)
R, — (§ +p) (oc auty+2p apav+ B auo,+ 2a a#a,,)
I 4 4 33 3 4 4 4
= (Zé -—c~oz) apay+pA2a#a,+p(a,,a#+a,,a#) KE (3.1)

In:order to simplify eqn. (3.1) we write

hﬁj = Z”'I"Xﬁ . .. .. .. (3.2)
where
a 0 0 0
- 08 0 0
((hij)) “to 0 0 —a (3.3)
0 0 ~—a 0
det ’Zgjl = a3f
and
0 0 0 p
0 0 0 0
((Xgp) = 0 0 0 0 (3.4)
p 0 0 @
. def _ ij
h/\}‘ = h,la)\ay_ N .. .. .. .. (3.ba)
def i '
X)\IJ' == Xﬁa)\aﬂ .- .. .« .. .. (3.5b)

If I, ate the connections formed with h, and %), are the connections formed
with %,, and §, stands for the covariant derivative with respect to % then
we make use of the following results (Schmidt 1966) :

def
Truiy = 392\ T+ ¥, T — V., T0) .. .. .. (3.6a)
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for any tensor Ty,
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Aul Al
V‘ — 2 v
PN‘ - FA# +X/\p-|

X)w =0

The equations (3.1) become on using (3.6)

- R .
Bpw—VaX,, 4 Xay,ﬁ— (§+p) (Ao +Xo)

u 44 2 3 (3 4
=3 auty+ pAdla,a,+p \aa,+

. (3.6b)
. (3.6¢)
. (3.6d)
. (3.6¢)

3.7)

§4. In order to apply the Cauchy existence theorem we separate in (3.7) the
second derivatives from the rest (Schmidt 1966).

haﬁ(aanVﬂ-l-ameyﬁ—aaﬁXlw—a'quaﬁ) = QP'"

4.1)

where @, denote the rest of the equations. Now separating the derivatives
d1v v from the rest and letting the indices £, » run through I, II and IH

only, we get

th IVaIv IV-Xf‘q —= -qu
th naIV IVXgﬂ = Mf v for by, v = IV: f
hfnalv IV-XfU = MIV v for ", v =2 IV, IV

where M, stands for the rest.

From (3.4) and (3.5b) the above equations become on substitution
44 (1 4)
(aIv Iva)agan+2(3w va)afa,l = .Ng,,)
44 (1 4)
th n[(arv mO’)aéaq'I-Q(aIv va)afa,,,’ == vaf

¢ 4 4 (1 4)
h ”[(aw IvO')Cbédn+2(aIv WP)a a,,] = NIV v

where N, stands for the rest.

Now if we denote the dual vectors to a; by af then

where r == 1, 2, 3.

l,; faf = 8;

(;fa,n == 52

fOI’[L,V:f,-q

4.2)
(4.3)
(4.4)

4.5)

(4.6)

@)

4.8)
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Equations (4.5), (4.6) and (4.7) become

aIv Iw:afaann)
, 4;"1\7 Lo oo 4
IVIVP—?Z E‘n[
and
Ngyata? = 0
hIVﬂNf‘r]=NfIv . .. . . (410)

kthn = Nrvv

for (r, ) = (1, 1), (1, 2), (1, 3), (2, 2), (2, 3) and (3, 3).

A unique solution (p, o) can be obtained by prescribing boundary values for
P, o, Byip, Orvo along the hypersurface X*V = 0 such that the boundary values
satisfy (4.10) (Schmidt 1966).
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