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In this paper using the idea of the chain-transforms, introduced by Fox
(1948), certain K-chains {defined below) in terms of H-function, defined by
Fox (1961) have been obtained so as to give rise to 7-chains (defined below).
The results, recently given by Narain (1965b), follow as its particular cases.

§1. Tox (1948), extending the ideas developed by Hardy and Titchmarsh
(1933) and Watson (1933), defined chain transforms by the system of
equations:

Imag1(T) = f In(Wkm@u)duim =1,. .., n—1),
: 0

Y (1.1)
gi(x) = f gn(wkn(zu)du(m = n),
0

where 7 is an even integer.

With » = 2, the above system (1.1) reduces to the well-known Fourier
transform (Titchmarsh 1948, chapter VIII).

When 7 is an odd integer the last equation of (1.1), corresponding to
m = n, is slightly modified and then the chain transform is given by

o

Im1(z) = f In(Wkn(zu)duim =1, ..., n—1)
0

w (1.2)
@) = [ 2 g0 (L) kuteaiutn = )
0

Following Fox, the set of egns. (1.1) or (1.2) will be referred to as a 7-
chain, the function £m(z) as kernels and the set of kernels ky(x), ..., ka(x)
as a K-chain,

The object of this paper is to obtain, in terms of H-function introduced
by Fox (1961), certain K-chains which may give rise to 7-chains of the type
(1.1), where % is an even integer.

Adopting the symbolic notation, given by Gupta and Jain (¢n press), the
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H-function of Fox will be represented and defined as:

,n (aly (X.)), ey (ap; (X.p)
;| )

(b1; B1)s - - -5 (bgs Bg)

xeds, .. (L1.3)

1 I I‘(b,+/3,s) I I(1—ay—ay)
= 2_me

H I'(]. bj—ﬂjs ij I'(ag4oys)
i= =n+1l
where the parameters are such that the poles of the integrand are simple
and those of I'(b;4-Bys)(j = 1, ..., m) lie on one side of the contour T and
those of I'(1—ayj—ays)(j = 1, ..., n) lie on the other side.

The H-function, defined in (1.3), is further given another symbolic nota-
tion in a more compact form as:

{(ap, ap )}]
Hm n
[ {(bg, Bg)}
where {(ap, @p)} stands for the set of parameters (a;, «y), ..., (@p, %p).

According to Braaksma (1963)

H [ ey, }} = 0(jz|*) for small ,

{(bq’ ﬁq }
where
p q
zdﬂ— Zﬁj <0 and a=Re (bh/ﬁh)(h =1,...,m),
1 1
and
{(ap: }:' _ B
257 [« o ) = 0P ot
where
? q "
2= 2fr<0, Z%—Zmﬁzf%— S h=2>0
1 ! 1 n+l m+1

|arg x| < $AIT and B =Re [(a;—1)/}(i =1, ..., n).

Also, some of the known properties of the H-function (1.3), which will be
useful in our present work, are mentioned here:

", n {(ap, l)} _ - Ay, .05 Ap
4, [ {(bg, 1) }}'—‘G:q["’ bl,...,bq]’ .. . (L4

where the right-hand function is the Meijer’s G-function (Erdélyi ef al. 1953),
which is a sum of hypergeometric functions, each of which is usually an entire

function.
m, " {(ap’ ap)}-l [
«’H,", [z s, Al =Hp

{tap+ooap, ap )}] (1.5)

”bn +08n Bn)}
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In what follows K m(s) will mean the Mellin transform of knm(z)(m = 1, ... n),
ie.

En(8) = f km(z) 2t~ 1ds(m =1, ..., n),
1]

and f(x) will be taken to be related to f(z) by the equation

f(z) = f Jw) du. . .. .. .. (1.6)
0

Any pair of such functions, viz. h(z) and h(z), etc., will be obeying the
relation of the type (1.6).
§2. In our discussion, we shall require the following result, due to Fox
(1948).
In case when = is an even integer, if
(i) the Mellin transforms Kmp(s)(m = 1,..., n) of K-chain satisfy

K (s)Ko(1—5)Kg(s)Ky(1—s) ... Kq_y(8)Kn(l—s) =1, .. (2.1)

(i) Km(s}m=1,..., n) be bounded on the line 4t for all values
of t, and

(iii) g4(x) belongs to L2(0, o), then

d [=¢] ~
omonte) = g [ gnlwnte) 5 m =1, ..., 1),
]
2.2)

-]

0@ =7 [ antulaton) 5 (m = ).

When differentiation through the integral signs, with respect to =z, is
permissible, (2.2) reduce to (1.1).
§3. Let us consider the function

(3.1)

kz) = 28ya VHL! [B g | (0 @)}, {1l —ap =y, @)} ]

{(bg Ba)}: {(1—bg—By: By}
q ?

where B and ¥ are real constants, ZB,-— Zag >0, Re [(1—aj)jay] > 3(j- = 1,
1 1 .

.., p)and Re (by/Bs) > —3(i=1,..., q)
By using (1.5) and the definition (1.3) of the H-function and making
obvious replacements, (3.1) can be thrown into the form:

1 L
T

Bl s ) a2t g

P(bf+2’+‘ﬂf—- o) b i (10~ 2—3}—“—‘%— 5)

|

g

5]
~
ta,
[] :rq [} m-ﬂ

w“,
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which is clearly of the same form, as given by Fox (1961) for H-function to
be a symmetrical Fourier kernel. Therefore k(x) is a symmetrical Fourier
kernel.

If K(s) denotes the coefficient of 7% in the integrand of (3.2) then evidently
K(s) is the Mellin transform of k(s) and satisfies the condition

K(8)K(1—s) = 1.
Now on applying Gauss’ multiplication formula (Erdélyi et al. 1953) for
Gamma-function: _
T(nz) = nme-2ITH0-m [T (z+’_;1)(n =2,3,4,...),
r=1

q ?
and writing, for the sake of brevity, D instead of 2 (Z Bi— Zay), K(s)
1

1

reduces to

K(s)='1;71K,.(s), L (33
where
Kyfe) = (o) g

2y—1 ? 2y—1
x,-fif’[(bf“ bty rtr=t) ol 7| (o= e ) o]
p

q 2y9+1 8 )/ ]’
r{(s -1 O ri{e—g-2rtl, . 8
:'1=71 [( ’+ B’ B"H )/n]j=1 [( Um gyt )

which is obviously the Mellin transform of
kr(x) — 2ﬂ;ynl_D/2x71l'}

_r o l-n r_ay_ltn )}
I P (e e | SRk Sk

2,%| pb {(Z_l_*_bq_*_ " g, Bq)% {(1_£+%—%_ lg-nnﬁq’ ﬂa)} i
(3.5)

For large s, the asymptotic expansion (Erdélyi et al. 1953) of Gamma-
function is given by

log I'(s+a) = (s+a—l) log (8)—s+1% log (217)+0(l ‘) .. (3.6)

where |arg s| < II. Let s = o+it. Using (3.6), and the relation

I'(2)I"(1—2) = IT coseo (I1z),
in case of such Gamma-functions in (3.4) where s occurs with negative sign,
we obtain on the line ¢ = constant,

K (3) = |t|=o-} exp [it(u log ||+ B)] [Q+0(11Tl)], .. (8.7
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for large {t|, where p = D/(2yn), B is a constant and @ is also a constant
having one value for large positive f and another for large negative t, It is’
evident from (3.7) that K,(s) are all bounded on the line o = }.

Now if we consider the set of 2n-functions

kl(x)’ kl(x): kz(x)’ kZ(I)) ey kn(x), kn(x), .. . (38)
given by (3.5), we see that their Mellin transforms
K1(8), K1(s), Ko(s), Ko(3), ..., Kn(s), Kn(s)

satisfy the functional relation (2.1) and also they are bounded on the line s =
14-4t.

Hence the functions (3.8) form a K-chain of order 2.

Since each kr(x) is itself a Fourier kernel, we get a trivial T-chain if we
take the functions in (3.8) in the same order as they are written. For at
every alternate step in the transformations (1.1), we will get the functions, with
which we started, viz. g;(x). It is only when the order of the functions (3.8) is
rearranged that we get non-trivial T'-chains. Note that the validity of (2.1)
remains unaffected by rearrangement among themselves of either the odd or
the even factors. Making corresponding changes in the order of the kernels
(3.8) we obtain a number of T'-chains.

§4. Following Narain (1965a¢) a pair of unsymmetrical Fourier kernels
can be put in the form as:

— —ypgts P
K(z) = 2Bya?-HEE [52x27

{(ap, ap)}, {(bg, Bo)} ]
{(cpr, Y} {(dy, 8)})°

[ﬁw {(1=bg—Bq, Bo)}, {1 —ap—ap, ap)} ]
{(1—dy =8¢, 80}, {1 —cp—"7p, Vp)}]’

—— g4
h(z) = 2By -tH!

(4.1)

q

»
where B8 and y are real constants; z Yy~ Z Bs
1 1

q b

85— a; >0,
29 2
Re [(1—ay)/ey] > i=1,....p), Re yyBy) > —-4(3=1,...,q),
Re [(1=d)/61>3G=1,....¢), Re(g/Y)>—3G=1,...,p)

and
{4 q 2’ 7
Za,+ bj:zcj-'-zdj.
1 1 1 1

Starting with these functions (4.1) and proceeding on the similar lines as
those of §3 it can be shown that the functions

ky(®), by(@), ko(2), ho(a), . . ., kn(2), ha(2)

form a K-chain of order 2, where these functions are given by formulae:
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ke(2) = 2Bynl-Dizgyn—t

_r,ap l—n r 1 b, 1—n «
e pB22Yn {(1 P I “P’“?)}’{(%‘%*‘Z"‘ n ’Bq’ﬁq)}

e 0"+ nD ’ 1 ¢ le—n r d 1—
LA N AT VIR VO AT Sl W
{( n+n+ on Yp,Yp)},{(l 'n,+n+ on qusq)}

n

he(w) = 2Byni-Dizgyn-t

r 1 b 1+4n &{r ap l4n
H? Bex2rn {(1 n'n n_ 2n Bq’ﬁq) B L P il T
XBphg pre| b
LG _ling Ll o _14m
n n  2n 0% 2, _;b+;b—;t~_ oy VP VP
where

r g 7 ?
iD= (zy,— Zﬁ:) = ( 8- Zw)-
1 1 T T
By using (1.4) and setting the parameters suitably in our results of this
paper, we get the corresponding results in Meijer’s @-functions, recently

obtained by Narain (19655).
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