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In this paper, some theorems have been given about the functions such that

— 1
if their Xy, &, m-transform is F(z)//z, their Xy, &, m-transform is F(;) / Jz.

The nature of such functions has been discussed and it has been shown that
definite integrals, which involve self-reciprocal functions, satisfy a particular
type of relation. With the help of some of these results, self-reciprocal
functions have been derived as solutions of integral equations.

§ 1. A generalization of the Hankel transform
glx) = f VayJ ey fy)dy .. .. .. .o (1Y)
0
has been introduced by Narain (1956-57, p. 270) in the form

y(x)=2‘”f ()" Xy, &, m(@2y2/4) fly) dy . .o (L2)
]

where
k—m—1, v—k+m+§)
v, v4+2m, —2m, 0 '

2,1
Xo, &, m(®) = x"’Gz, 4(:1:

He calls g(x) in (1.2) to be X, j n-transform of f(z) and has proved in the
same paper that this is a transform reciprocal like the Hankel transform. In
case g(x) = f(x) we may call it to be self-reciprocal in the X, ; ,-transform
and we shall say that f(z) is Ry (k, m).

When k+4-m = 1, (1.2) reduces to (1.1).

Yet another generalization of (1.1) has been given by Narain (1959,

p. 298) as:
® 2,2 | g’ _—

=4/2| Q%7 (x!/ ays ..., Gp, 3—ay, ..., % “1’) dy. .. (1.3

g(z) =/ fo O o fw)ydy. .. (13)

On putting p =0, ¢ =1 and b; = }+3v (1.3) reduces to (1.1).
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In this paper, we have given some theorems about functions such that if
their X, i n-transform is z-#F(z), their X, , j-transform is z-tF (—:;). . We

have found out the nature of such functions and have also shown that
definite integrals, which involve self-reciprocal functions, satisfy a particular
type of relation. 'With the help of some of the results, self-reciprocal functions
have been derived as solutions of the integral equation.

§2. TeErEorEM 1. If f(z)is R.(k, m), i.e. a solution of the integral equation
® k—m—}— 7, 5 —ktmtd
_ 242 4’2
fl@) = \/2J @ ”-‘41 ., ] , fityd
and if
1/a
g(@) = f EVF () flat) dt

where a is positive or zero and F(t) is any function such that

= #(1)

then g(z) is also Ru(k, m), i.e.is a solution of the integral equation, provided
the integrals involved are absolutely and uniformly convergent.
Proor: We have

® k—m—}— 7, 5 —k+m+}
_ 252 272 .
Y0 §+J4"§+i+2ms 4—§’ i__—zm
fo _ _ vy _ 3 1/a
i PR .Y k—m—4% 22 k+m+i "
=4/2} 6] <. dt| utF(u)f(tu) du
4 1 4 14 1 4 1 4
Y0 §+i, §+i‘+2m, i'—é, i—§—2m .
1/a @© —_— et Z E_ — 3
T r | o k—m-—}% 5°3 k+m+-2
=1/2 witPuydu] G, — f(tu) dt
. 2,4\ 1 |, v om 1" v o
Ja Jo §+i,§+i+ m, k=5, t— 5 =—2m
l/a oo —_—la z _'f - 3
| o 1| z2t2 k—m—} 2’2 ktm+i
= '\/2 u‘iF(u) du GZ' 4 m v ’ v f(t) dt
’ 1 4
v J ) §+%’ §+i‘+2m: i"‘" §r i‘_ Q —2m

= f llau-m(u)f(g) du = f”at'*F(%) f(at) dt

= g(z),
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gince F(t) = F (%)

When a = 0, the theorem can be expressed in the form that
ot@) = | (e $P(ufo) o)
0
is self-reciprocal in X, z n-transform.
The most obvious example is obtained by taking
F(t) = ((2+t7%)74,
in which case we get the self-reciprocal function in X, j n-transform

®_(au)i
o (WEFaP

f(u) du.

The argument can also be generalized when o = 0. The corresponding
result is then:

TreoreM 2. If f(x) is Ru(k, m), i.e. a solution of the integral equation

[ Joge | Pt ’, %—k+m+§
fo) =2 6y, =, . , , f(t) dt
v v 12 3 Y _
0 2+21z’ 2+le+2ms 1 9 i 2 2m
and G(x) is such that
[ k—m—}—7, 5 —k+m+3
~ 242 2’2
2@ =2 | @i TF &) at,
4 14 14 v 14
Jo ‘2'+i, §+i+2m, - 57 3 5 —2m
e k=m—3—5 5 —ktm+3
_ 242 2’2
x‘*F(%) =v2| &, "'% Q) &,
Ja E+1 E+i+om =5, 4—5—2m
then
ro
g) = | t-tF (@ fan) dt
0
is Ru(k, m), i.e. a solution of the integral equation
© —_m—}=b B 3
| Y P L R S S
gy =v2| G| — g(t) dt,
sl UL VT .
0 -2-+it,—2—+i+27n, i—’és 1—5“27”

where G(z) is a continuous function in (0, o) is O(z?) for small x and O(x~9)
as £— o0, f(x) belongs to A(x, a), Re (8--1-+2m—2k) > 0, Re (2v+A+4-2-+2m
+2m) > 0, Re (2u+A+2+2m42m) > 0 and 2m is not an integer or zero.
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ProoF:; We have.

© -] k—m—1— - , v _k 3
=14/2 av1| w2 3 g TetmHd
glx) = Slat) dt 1 el , ) , G(u) du

f*© AL . k—m— -—%,-;—k-}-m-}-%
= 4/3 2, 1] wtt?
=4/2| Gudu| G| flat) dt

1 4 1 4 1 4 1 4
Yo Jo §+i,§+7’;+2m, - 5 i—é —2m,

14

k—m_%_ Ey

g-—k+m+%

N[
"

=V2| qwdu| o} “2

2, 4 2
z > 422 | v v v v
Jo v §+i, 5+J4-+2m, i——é, 31— 5 —2m

2
= g1 f : f(;) G(w) du

=Ff(u)G(xu)du. .. . . . . .. . .20
0

Hence

—m—i BB 3
\/éﬁn 222 k—m—} 2’2 ktm+i

fi)dt

G2 1
i U T LB oK
o Z+&,Z+i+2mu i~ 5,13 —2m

x f ) Flu) G(tu) du
0

® ® orp | P —1— g g-—k+m+%
_ - 2,1 x2t2
=42 | fwdu| G; \ — G(ut) dt

4 B
0 L4l S+itom -5 15 —om

N [ 212 k—m—}—g, g——k+m+2—
=42 wifwdu | 6> 2%
e W VT om. 1 H B_o
0 Jo DRI §+it+ m, 4—§:i—‘2"" m

0

G(t)dt

= f ? (zu) - H(uw)F(ufzx) du
0

=fwt'1f(xt)F(t)dt=g(x)‘ Ce ey
1]
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To justify the changes in the order of integration in (2.1) and (2.2), we
see that u-integral is absolutely and uniformly convergent if Re (2v-4A+-2
+2m42m) > 0, Re (8+142m—2k) > 0, Re (2p+A+2+42m+2m) > 0, where
G(u) = O(A) for small » and O(z~%) as u - oo and ¢-integral is absolutely
and uniformly convergent if f(f) belongs to A(«, a) and one of the repeated
integrals is absolutely convergent if f(f) belongs to A(x, @). Hence by
de la Valle Poussin’s theorem (Bromwich 1959, p. 504) the inversion of order
of integration is justified. This proves the theorem. The argument also
gives:

TaeorEM 3. If G(f) satisfies the same condition as in Theorem 2 then

glx) = f G{u) f(u) du
0
is Ru(k, m).
‘THEOREM 4. If f(x)is Bu(k, m) and k(x) is E,(k, m), then the function

- tF(z) = f k(y)f(xy) dy .. .. .o (23)
0

is such that the X,  n-transform of z~#F(x) [Q(z), say] is equal to X,, , p-trans-

form of z-tF (1)

T

ProOF: As k(x) is Ry(k, m), by known theorem (Narain 1956-57, p. 284)

L[ cHie F*(%+%+i+m;i;m)
2 iF(x) == | flzy)dy 272 P(s)y~* ds,

21Ti v 8
0 c-ie I‘(§+Q+§+m—k

where

h(s) = $(1—s).

Hence

ctico v,$ ‘meo
T i e et _
- tF(z) = 57 2 Y(8) ds fley)y—2dy.

v 8

0

The inversion of order of integration will be justified if f(x) and k(x) both
belong to A(«, a).
Hence

u”3f (u) du.

c+i0 F*(Z+§+i+mim) ]
-4 1 sz _\2 2 -1
z 4P (x) = 5 2 Y(s)xt~1ds

v 8
v gmico F(§+2+%+m‘—k\) 0
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Now, as f(x) is Bu(k, m),

o +im n 8
1 ,,zp*(§+§+*+"‘*"‘), )
f(u) =om 2 A J'(s)u~sds,
i P(‘-2‘+§+g-+m—k)

where
P'(s) = ' (1—s).
Hence, by Mellin’s inversion formula,
w Tu\5+5 +i+m:|:m)
us~if () du = 2°° W),
1
o r (§+§+ +m— k)

changing s into (1—s), we get

© I‘*(g+7§— §+m:!_-_m)
u”Sf(u) du = 2k-¥ !
g
¢

0
Therefore

}Fx)._\/z

2

me r, (g+i+%+m:!:m) r,
c—i0 F(§+§+£’+m_k)['(‘_2‘+75f_

X (s (s)a® "1 ds,

—

2mi v

8 12 8
l=c=ixm P(§+i‘--2+m-—k)l’(§+%+§+m-—k)

XX@2FdS, .. .. e e e (24)

] J»l““” Iy (£+%—;+m:l:m) r, (g+i+g+1nzl:m)

where
x(8) = x(1—s).
The form of this integral shows that z-#F(z) is a function such that
Xy, &, m-transform of z~F(x) is equal to X, i m-transform of x"*F(%)-

Putting k-+m = } in the above Theorem 4, we get a result in Hankel
transform (Brij Mohan 1932).

© 1 x ® 1. /=«
Qz) = J g—,k(y)f (g—/) dy = L gk (g)f(y) dy,

0

TerEorEM 5. If
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where f(x) is Ru(k, m) and k(x) is Ry,(k, m) and both belong to A(«, a), then
Q(x) is of the form

¢+ 1 8 v 8
Q(z) 3 1 J 2s/2 F*(§+i+§+m:]:m)r*(§+i+§+m:[:m)
" 2m

F(§+%+—g+m—k)l‘(§+%+§+m—k)

c—-im

XX(8)x 2ds, ... .. .. .. .. .. (2.5)
where
x(8) = x(1—8).

The theorem follows if we proceed in the same way as in Theorem 4.
As can be easily verified, Q(x) is such that if X, ; ,-transform of @(x) is

xz tF(x), then X, p n-transform of Q(x) is x‘iF(l).
X

On taking k+m = } the above theorem will give a known result (Brij
Mohan 1932).
§2.1. If, in the result of Theorem 4, we put p = v, we get by (2.4)

1 1
zﬂw=ﬁf
1

A(8) = A(1—3s).

-8+i
A(s)xz—sds, .. .. .. (2.6)
—-C--1

where

The symmetry of the result shows that we shall arrive at the same result,

if we put
w

24F(E) = f Hew)f(y) dy.

0

So we get a verification of the following theorem, which is a particular

case of Parseval formula.
If f(x) and k(x) are R,(k, m), then

f k(zy) f(y) dy=f k(y) f(xy) dy. . .. (27
(V] 0

§2.2. If f(=) and k(z) are both R,(k, m) and both belong to A(«, @), we have
by (2.6), (2.3) and (2.7)

o 1F(z) = f k(zy) (@) dy
0

1 1-c+io
= -“f A(8) 8 ds,

2t 1-c—i

where
A(8) = A(l —s).
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Hence

1 1-c+i
F(x) = %J‘ A(s) xt=5 ds
l~g~4o0

1 ¢+t
=1 —s)ps~}
21";‘[5-{00 A(l—s)xs~1 ds
1 c+400 1
== — -4 = -
T Aoehds F(x)
§3. Examples.—Using the results of §2.1, we can derive some examples of
self-reciprocal function, i.e. solution of the integral equation.

® k—m—3i—r,  —ktm+3
=42 %! z2y? *TarpThEMS
f(.'L')— 2,4 T v v v v f(?/)d?/
(1) Let us take (Narain 1956-57)
14
_‘+*3‘+m—k
Mo =g 27
=Y 21y % f_ 149
§+ ,2+z+ m
22
= zv+2m«ie-i12wk’m (E)’
then
Fay=v=z| &3l 5|, ) dy.

Inverting this integral by Inversion formula of Meijer-Laplace transform
(Bhise 1959) we get a second solution.
(ii) Let us have (Saxena unpublished)

v m k v l+1n__£c
oo at| T4 %2 3 4tsty —3
k(x)=G’ — 5
2,41 16 |v 1V ;. Vo,V
Z 8 a+§+m, 8 Z) BT ; —m
then
o _rgmyk oy m b
- 21 | xiyt| 4 224 2 2
Fo=va| &Gl 561, . L, |
0 ;+%;;+%+m)%_as%_abm

Now using the inversion formula (Fox 1961) for the transform (1.3), we
can get the third solution.
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§3.1. We work out the last solution in a slightly different form, thus:
Let us take
o v m_ k v m k
A @1 x4B2 __—i%—ﬁ2—+§’ i+§+§—§
‘M.B) - :B 2,4 T3 f(x) dz.
16 |v LV v v
0 ;+ 8 Z+%+m: é‘ Z ) %'— 4 —_—m

If f(x) is By (k, m), then

© —_ 1t — v B 3
_ 21 xzyz k m i 2 > 2+4 k+m
f(x) = ‘\/2 02: S B ’ v f(y) dy
0 2+ i —2—+41»+2m, 1 501 5—2m
Multiplying both the sides by
Vg m ko m_k
pigh 1 aipe| 4770 gty i tity —3
2,4 16 1 4 1 14 14 1 4
Z+§7 ‘1+‘£1§+m7 () ;! % 1 m
and integrating, we get
- _tgmy ko, m k
_ o1 | g2 4 ° 3 t3 4+%+2 2
wp=vee | il 5l o do
0 4+%yi+%+m’ %_Zy %—;_m
@© Y B — v 3
2.1 xzyz k m i 2, 2+4 k+m
X G2,4 2 |y ’ v v f(y)dy
'+la _’+i+2m i—' "i 5 —2m
0 2'%2 ’ 2 2
© = k—m—}— 2, s +3—k+m
—_ 2’2
= H 2,1 [ 22
V28 [ f(y)dyj Gl =1, L ereom i ¥ 1?2
LU 0 §+ ,§+i'+ m, _’2‘,i"—'2"_m
v m kv m k
| 78 —iTi gt gty —3 p
XTee\ 6 (v v v v v
;+§: Z +3+m1 %— ;) %_ Z —m
replacing 22 by « and using (Saxena 1960), (Erdélyi et al. 1953) we have
© v E m v m k
oo o |TiTH 2T At g )
')b(B) = B—* 02:4 i—G—ﬁE v v v v f(y) dy
0 Z+%, i+%+m> %— Z) %_Z-m

()
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Now
w v E mwv m &
R P e i AP S A R
l/’ (B) = Bi G2:4 W v v v v f(x) d.'l?
0 1+%’ 4‘+%+m’ é 4’ %‘ Z —m
v Lk mow m k
® —is—tt5—5,;ti+5~5 .
g @1 é2pe 4 12 2°4 2 2 f(z\/f)dg
: L4\ 4 v, v v v »\/E ’
0 Z+§, z+%+7n, %—Zs %—Z_m
Therefore by inversion formula (Fox 1961), we get
o v kE - mwv . m &k
] oof ] T2 T AT
v =| G, , ] $(t) dt.
o its 1+'}7+m, %—4: %_Z_m
Thus
o _V gk m oy, m k
9 o 1| z42| 4 §+2 2’4+%+2 2
~f@y=1| Gy | =& B(t) dt.
z 40 16 | v 1 Y LY
0 gte ghstm g—5, 5——m

Therefore, we obtain

o v
.
f(x):%:J @l xliéz () dt
, )

where

This is the third solution.
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