EFFECT OF WALL CONDUCTIVITY ON HEAT TRANSFER
BY HARTMANN’S FLOW IN THERMAL
ENTRANCE REGION

by P. Govinpa REpDY and M. K. JaiN, Department of Mathematics,
Indian Institute of Technology, Hauz Khas, New Delhi 29

(Communicated by ¥. C. Auluck, F.N.L)
(Recetved November 23, 1966)

The problem of temperature distributions and heat transfer in a thermal
entrance region, which results when a liquid flows under & constant pressure
gradient between parallel walls at rest and are electrically conducting, has
been investigated. The effect of internal heat generation by Joule heating
has been taken into account while viscous dissipation is neglected. Boundary
conditions are prescribed uniform heat flux at wall and uniform wall tem-
perature. The use of orthogonal functions to solve the energy equation in
the entrance region leads to an eigen-value problem of Sturm-Liouville type
differential equation which has been solved by Ritz variational method.
From the solutions and results it can be observed that the temperature distri.
bution and Nusselt number depend on (¢;+¢,), the sum of the wall con-
ductance ratios rather than on individual values of ¢, and ¢o. Considerable
effect can be noticed on these due to the wall conductivity.

1. INTRODUCTION

As early as 1885, it was demonstrated by Graetz (see Jakob 1949) that
the temperature solution in the thermal entrance region of a passage could be
formulated as an eigen-value problem, but the numerical calculation of the
required eigen-values was very tedious and he was able to obtain only the
first three. Subsequently this problem has been extended by many authors
both when there is no magnetic field (see Nusselt 1923; Sellars et al. 1956;
Brown 1961; Hatton and Quarmby 1962; Hatton and Turton 1962; Sparrow
and Siegel 1960 ; Seban and Shimazaki 1949) and when a magnetic field is present
(see Singh 1957; Jain and Srinivasan 1964; Michiyoshi and Matsumoto 1964).
One important field in which knowledge about the phenomenon is highly useful
is the design and operation of heat exchangers equipment for nuclear reactors,
where information about heat transfer and temperature distributions in thermal
entrance regions is sometimes of great use.

In the present paper, a laminar flow of a uniform conducting incom-
pressible flow is established between two parallel plates, which are electrically
conducting, under a uniform magnetic field, perpendicular to the plates; the
temperature distribution within the fluid and the local Nusselt number are
theoretically investigated for the thermal entrance region, when there exists
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the internal heat generation within the fluid. The problem reduces to an eigen-
value problem of the Sturm-Liouville type, which has been solved by Ritz
method. Boundary conditions are considered for the cases of both a prescribed
uniform heat flux at wall and of a uniform wall temperature.

2. Basic EqQuations AND FORMULATION OF THE PROBLEM

The basic equations governing steady, hydromagnetic flow and heat
transfer for viscous incompressible liquids are (in rationalized MKS system of
units):

(i) The modified Navier-Stokes equations:

7.9 )7] = e prsfrnosieixs), .. . @
(ii) the equation of continuity
div V=0, S
(iii) the equation of energy (Landau and Lifshitz 1960):

pcp[(?.v)T]=Kv2T+p¢+‘§, LB

and (iv) the Maxwell’s equations

-

e

7= olB+7xB).

where B and H are the magnetic induction and field vectors, D and E stand
for the electric displacement and field vectors, J is the current density vector,

V represents the fluid velocity vector, p, p, #, ¢, T, Cp and K are the pressure,
the density, the coefficient of viscosity, the electrical conductivity of the fluid,
the temperature, the specific heat at constant pressure and the thermal con-

ductivity, ?and & represent the body force per unit mass and the viscous
dissipation respectively.

We consider a viscous, incompressible, electrically conducting liquid
flowing from left to right in z-direction between two plates, y = a and y = —a,
at rest with a transverse magnetic field superposed. The motion being con-
sidered as two-dimensional, the equations of motion and energy for the fully
developed steady flow may be obtained from eqns. (1) to (3) with Maxwell’s

eqns. {4), by using the following assumptions: (i) the body force, }: and pd
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have been neglected from the equations; (ii) the flow is established Hart-
mann’s flow with conducting walls; (iii) the heat conduction in z-direction is
neglected; (iv) the physical properties of the fluid are independent of tem-
perature and are constant. With the assumptions given above, egns. (1) to
(4) reduce to by setting

V = u(y)i, B = Ha(y)i+Hoj and
—j =J zI—{) where H is constant,
— 92_7 = constant,
oz

HedHy  Hd?u 1op

——= - .. .. .. - 5
P dy +de2 pox’ 3)
d®H du
& ——+areHo ay =0, .. . . .. {6

and

oT T 1Y,
=Dt , .. .o .o .. (7)
ox 0y Pep o
where o is the thermal diffusivity.
The boundary conditions for the velocity and the magnetic fields are

u=0,y=2a,

aw_ m_

dy a7 N8
and

H, Hy _

sz—‘*'(gz' 0,y=a,

where ¢, and ¢, are the electrical conductance ratios, defined as ¢; = (9w, h1/0sa)
and ¢p = (0w hs/oya) Where the suffixes w; and w, refer to the plates y = Fa
respectively and f stands for the fluid, and %, and %, are the thicknesses of
the plates ¥ = Fa respectively.

The solutions of (5) and (6) subject to (8) (see Chang and Yen 1962)
are

9)

u [ cosh M —cosh M¢ }

“m | oosh M— % sinh M

and
— 2 inh 1 10
Hz:l-ii C sin M§+¢2ﬂ—cothM —£l, .. .. {10)

where i, the non-dimensional mean velocity of the fluid, is given by

Py}

= iR, (McothM 1), V. . .. . (D

iy



340 P. GOVINDA REDDY & M. K. JAIN

and
. Paddp . _y
P=—lmgt=
D, = $1+da+2
1= 1+ o) M coth M+2°
&, = (¢2—¢1)M 0= ¢1
®= ($1+¢o)M coth M+2° ~ ~ sinh M’
a'Pa

Ry = Aar the magnetic Reynolds’ number,

K5\t .
a = 5 , the Alfven velocity,

M = a'ar/1/p,e, the Hartmann number.

The thermal entrance region starts from z = 0 and in the region x > 0.
We consider the existence of both wall heat transfer and Joule heating. In
the energy eqn. (7) J; is given by

H,P

Jo= "0 [1—CM cosh M. .. .. .. (12

m

3. SorLutTioN oF THE HeEAT TrRANSFER EQUATION

In this section we would like to find the solution of the energy equation
for the following two situations (i) when there is uniform heat flux at wall and
(ii) when there is uniform wall temperature.

(3.1) Uniform heat flux at wall.—In view of the linearity of the equation,
we can separate the problem into two simpler cases: (@) when there is internal
heat generation due to Joule heating with the walls being insulated. In this
case if we define T'¢ as the temperature distribution, then eqn. (7) becomes

o _ 0o 1 J?

a:r 6;1/2 Pcp -;' ) (13)
with the boundary conditions
To=0:at z=0,
8T, (14)

—a—y-=0: at y =0 and y = a;

(b) when there is no Joule heating but uniform heat transfer at wall. Defining
the temperature distribution in this case as 7'y, we can reduce the problem as

JoT, _ 82T,

Yow T e

|5 O 0 1
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with the boundary conditions

=0 :y=0,
dy v s )
0T, __ 4
- T K'YT
Then the solution of equation (7) can be written as
T = To+T,. & &3

(3.1a) Joule heating present with insulating walls.—In this sub-section we
would like to find the temperature distribution 7'y by solving eqn. (13) with
the boundary conditions (14). In order to solve it, it is further convenient to
write 7'y as the sum of the fully developed situation which applies far down
the channel and the entrance region solution near the entrance of the channel.
Hence we write

TQ = TQd+TQe. .o . . .. (18)
In what follows the solution for the fully developed region will be obtained
first. In this case the equation is

wMea _  #Toa 1 J}
ox 0y2 " pep o

The mixed mean temperature T'y, is defined as
T,,.=J'“ Tudy/fa wdy. .. .. .. (20)

Then with the help of (20), we can obtain from (19) an equation

oa _ Tm _ 1 U J?d]

2
ox 0  AumCyP D

Substituting the value of J; given by eqn. (12), (21) becomes after integration

Tod=m[ 1 (2+51nh 2M)

atepu, | M2
2¢

—_ =i .. .. - .o (22
M251nhM]+F(y). (22)

‘Where F(y) is a function of y alone, and it is given by
2
F) = (BrBe)tve 52 11 [A(g cosh M — _____cosll‘){éMf)
@*ep cosh M ~ 7 sinh M

£ 20 C’M'2 £  cosh 2M§) ]
S22

(23)
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where
1+(ﬂ (2+'smh 2M) —20 sinh M
A=
(cosh M— EI ginh M )
uma
R, = , the Reynolds’ number,

P, = 2, the Prandtl number,

and C,, the constant of integration to be determined later. We shall now
determine Ty, The equation satisfied by Ty, is

2
3T, _  2To,

oxr oy’ (24)
with the boundary conditions
0T 0. _ l’ (25)
3y =0:y=0and y=o.

Following Michiyoshi and Matsumoto (1964), the solution of (24) can be
written as

Top = (R"P"’“Zoy exp[—ﬁ,, ] L (28)

where

, 1 fz
E_R;P;(a)’ .. .. .. @27

and 8, and y, are eigen-values and eigen-functions respectively of the following
Sturm-Liouville type differential equation,

a2y u
—d§—22+ﬁ,,ugy,,=o, .. . . .. (28)
with boundary conditions:
Y Y, =0:£=0
df N 6]
Y =  é=1,

in which

% [cosﬂ M-—cosh M f]

cosh M ~1

Umax 39

Umgy i8 the velocity at the centre of the axis, ¥ = 0.
From the characteristics of Sturm-Liouville differential equation and the
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conditions Tge = 0 at = 0, the coeflicients of C, can be obtained from the
following relations:

' F()
Jo “ [(RePr)ZW/(a'ch) —co] Yo dt

Cp= — : |
f u¥, dt
0
L Fe
f(,"[m —00] d¢
Co= — 1 . .. . .. @)

fudf
0

Eqn. (28) subject to the conditions (29) has been solved by the Ritz
variational method. Sparrow and Siegel (1960) have successfully demon-
strated this method for the problems confronting in thermal entrance region of
ducts. Taking

dY" _ dYn z w 2
Fl(f, Y, ng“) = [(—d?) —Bnﬁm—u Y|, .. .. (32
eqn. (28) can be rewritten as
d [oF, oF; . dY,
(=) —35-=0, Y =-—57] .. .. .. (33
7 (aY”) 37, ( " df) 33

which is Euler’s equation for

1
I=[ P v, v)d .. .. .. .. (4
to be minimum.

To satisfy the conditions (29), we take

5
Y,= A+ A, cos ro€, .. .. .. {35)
r=1
involving six unknown constants, 4,, 44, ..., 4.

The values of these constants are determined by substituting (35) in (34)
and expressing the conditions for the integral to be minimum. Further we
would like to impose the condition that Y, (0) = 1 following Sparrow and
Siegel (1960). The simultaneous equations involving the eigen-values B, and
constants 44, 4y,..., A have been solved on the digital computer and for
M = 4, the first five positive eigen-values have been evaluated and compared
with those obtained by Michiyoshi and Matsumoto (1964). Surprisingly our
values are in good agreement with those values (see Table I).

(3.106) No Joule heating but uniform wall heat flux.—As before let us take

Ty=Te+Tse,  +- o o .. (36)
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TasLe 1

Eigen-values and eigen-functions at wall

Michiyoshi and

t]
Author’s values Matsumoto’s values

n Bn yn(1) Bn yn(1)

1 14-8356 —1:1654 14-8752 —1:1528
2 566952 1-2522 56-8958 1-2579
3 25-0123 —1-3403 125-7058 —1:3304
4 220-2161 1-4020 221-3816 1-3868
b 341-3246 —1-4368 341:3523 —1-4285

where 144 and T4, are the contributions of 7', due to fully developed situation
and the entrance region.
In the case of fully developed region, eqn. (15) will be

2
T _ T

T =g (37)

From a heat balance on the fluid for a length dx of the channel, we have

. —qdw = pegumaTleq, .. .. .. .. (38)
ie.

Mg Tm_ _g L (39

(¢ > 0 for heat release from the fluid),

which on integration gives
x

Tpy=—12 +G(y). R 1))

a PCylm

Substituting in (37), integrating and using the boundary conditions, we obtain

£2 1
Ak cosh M — e cosh M¢
ae=-L l

-Dyl, .. . @
(cosh M—%sinhM)

where D is a constant of integration.
The equation satisfied by 7', the temperature contribution in the thermal

entrance region, is
0T ge aaﬁqu

==

= eyt (42)

U

with the boundary conditions
z=0: Tq,=0,)
y—_—O.aqu=0I O ()
y=a' 3y .
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The differential equation (42) with the boundary conditions (43) is exactly
the same equation with the boundary conditions which we have obtained in
the previous section and if we write the solution in the form

—%Z[Dn nexp[ "‘x n” R P

the eigen-values and eigen-functions will be the same as we have obtained earlier.
From the condition of 7, = 0 at £ = 0 in eqn. (42), the coefficients D,, are

P Tad
[ # oty o] rae

1 3

f u¥? d¢
]

1
o Liga/k)
Dy = — — . N 7 T
J udé
0
(3.1¢) Wall heat transfer (uniform wall heat flux) with Joule heating.—The

resultant temperature 7, given by eqn. (17) is nothing but the superposition of
all the results obtained till now and it can be seen as

Dy = —

P23 (0} sinh 2 20 q '
T= [a4°pum %M2+ (2+ ) T M stnh M% aPcpum] T+ F(§) +G(E)
(RePp)2ve ,
+ ach" [ZoY,,exp[ ”
+%l LZanYn exp [— l]] . .. .. .. .. .. (46)

Once we have got the temperature distribution, we consider the following
heat transfer coefficient 7%:
q
h= O 7
where T, is the wall temperature and 7', represents the mixed mean
temperature.
The local Nusselt number Nu is defined as

(),
20.h_ 2a q dy
Nu= g = R T = 2 T—Tw)’
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in which (T'm—1Ty) can be obtained by the following expression:

TpTy = — {F(1)+G<1)+(—%€g—2”5 > {atan) oxp [ - Ln e}
=1 max

+§‘(’ {D Y (1) exp [—*ﬁ,,g'] }] T 7T
=1
Using this, the Nusselt number, Nu;, will come out to be
—— ReP,-) ay < Um r
Nuy = “(QQG/K)/[F(1)+G(1)+—:—”ZI {CnY,,(l) exp[— uwﬁnf] }
K {DY(I)exp[——ﬁnf]}] .. . .. .. (60)
n=1

The temperature distributions have been evaluated (7'p and T') for M = 4,
¢"= 0-03, various values of (¢;4-¢;), the parameter associated with the
electrical conductance ratios, M = [(R.P,)%uak/(ascyq)], and have been illus-
trated in Figs. (1) and (2). From these figures we can conclude that the

To"’rcw
(RP Ve fa'c,

-0

—02

F1e. 1. Effect of wall conductance on the fluid
teraperature with Joule heating and no heat flow through
the wall (M = ¢, £’ = 0-083).
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increase in (¢;-+¢,) results in the increase of both To and T, ie. the tem-
perature rises sharply due to the introduction of wall conductivity.

08

-1,

ZR;P')’va/a’c,]

Fia. 2. Effeet of wall conductance on fluid temperature

distribution in the thermal entrance region under uniform
heat flux at wall (¢ = 0-03, M = 4-0),

Local Nusselt number given in Table II has been evaluated for M == 4,
¢ =15, 10, for different values of M’ and (¢1+¢s). The local Nusselt

Tasre 11

Effect of wall conductance on local Nusselt number under uniform heat fluz, for

M =4, ¢ = 1-5, 10:0 and various values of M’

MI
\ 0-25 0-50 0-75 100
b1+ds
0 912565 1045652 1925678  132-2343
10 13-23467  15-32416 2135627  133-4963
' =15
50 2020347  24-36412  30-31232  134-4865
100 21-36482 2513432  31-01232  135-00112
0 6-01234 882534  16-54367  147-3123
10 891245  10-23437  19-13237 1481234
¢ =100
50 9-63247  11-69327  20-69347  148-6937
10-0 1012345  12.12348  21.29466  149-0316
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number can be seen to be increasing considerably with the imposition of
conductivity conditions at the walls or with increase of the parameter M’.
In all these results if we consider ($14$2) = 0, then the results are in good
agreement with the results obtained by Michiyoshi and Matsumoto (1964).

(3.2) Uniform wall temperature.—As we take the inlet temperature at
x = 0 as T, and the wall temperature being zero, the problem can be divided
into two cases (a) in which the internal heat generation by Joule heating and
the inlet temperature are zero and (b) in which the Joule heating has been
neglected, but an arbitrary inlet temperature 7, has been taken. In these
cases the fluid temperature is taken as the excess temperature over the value
at the wall. If we take each of these solutions for (a) and (b) as 7'y and
T'1, then the general solution of the problem is

T = Ty+Th. O 7331

The two separate problems for these cases (a) and (b) will be

My 8Ty, J;

Frh Oy " ocpp’ (52)
with boundary conditions,
(@) z=0: Tg=0,
0Ty
y=0: 31=0, N )
y=a: Tg=0.
L
—a; =a a—yz— y ve (54)
with boundary conditions,
By z=0: Tp=T,,
L 0Ty,
y—o.@—_o, .. .. .. .. (8B)

y=a: Tp=0.

(3.2a) Joule heating with inlet temperature being zero—Once u is known,
eqn. (52) is linear in 7'y and can be further written as before as the sum of
two, Tg; and Ty, i.e. fully developed solution and the entrance region
solution near the entrance of the channel and then the complete solution

can be written as
TH=THd+THG~ oo v .o .o (56)

We shall now establish first the solution for 7'y;. For this case, eqn.
(52) becomes
BTy, J°

_—= . - .. .. (b7
* g2 +cppa 0, (67
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which on integration twice, on using eqn. (12) for the boundary conditions (53),
reduces to

(BePr)?va [ 1 1 21162 C2M2 (€2 cosh 2M ¢
Tha= — 2 o [T'l" (T-I— )
@or [02 (cosh M— 2L sinh M) ] 2 2\ 4=

M

2 2
- —gcosh M§—3+—Oco h M— OM (2+coi}lln’;M)] .

i (58)

In order to establish the thermal entrance region, we get an equation in terms
of Ty, with the help of (56) and (52) which we should solve. The equation
in Ty, can be seen as

” aTHg azT}h

oz -_—"C'—a?‘, . N .. .o (59)
with the boundary conditions
x=0: THe =
— . aTHg —
y=0:3 =0 (6

y=a : T =0.

The solution of this equation can be expressed as follows:

T, = FE S Bria(e){exe | -
n=1

where v, and ¢, are the eigen-values and eigen-functions of the Sturm-
Liouville type differential equation

ui':xyn?]} . .. (61)

d2 :ﬁ,, % _
ez +n $n=0, .. . . .. (62)
with boundary conditions
Bn
0: =0,
£=0: 77 } (63)
E=1:4¢y,=0.

And the coefficients K are given by considering the boundary condition,

TH,,:Oa,t:E:O,
1
J. u___T_’ﬂ__./,ndf
0

(B Pr)va/a®cy)

Bp=— (64)

1
f w, dé
0
Equation (62), subject to the boundary conditions (63), has been solved by

Ritz method as before by taking the function which satisfies the conditions
taken as

5
¢u(§)=2A,cos(~21i2—1)—"§. ... (8B
r=0
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The first five eigen-values have been tabulated and compared with the numerical
results given by Michiyoshi and Matsumoto (1964) for M = 4. They are in
good agreement with those eigen-values (see Table III).

TasLe III

Eigen-values

Michiyoshi
n Author’s and
values Matsurnoto’s
values
1 2-6603 2-6390
2 27-3269 27-1269
3 78-5843 783049
4 157-0345 156-2148
5 261-6935 261-0073

(3.20) Joule heating but arbitrary inlet temperature.—As before, the fluid
temperature will have two distributions T'z4 and T'se, the temperature in the
fully developed region and entrance region respectively. In this case Tq will
be zero, since the fluid flows with wall heat transfer under the condition of
Tyw=0.

Then the fundamental equation (54) becomes

2
uaThe__: 0 The

% = (66)
with boundary conditions,
y=0: Lo _ g
oy .. (67)
y=a: T, =0.

Since this equation has the same formula and the same boundary conditions
as equation (89), T can be expressed as the infinite series by using the above-
mentioned eigen-values v, and eigen-functions ¢,. Hence, T4, can be written
as

L)

T he — T — Um ’
BT Fvelateg] = (B o) 2. Pt [~ 2= e[ o9

=1

and the coefficients Fp are expressed as follows by the characteristics of
Sturm-Liouville equation and the condition of T'he = 0 at # = 0:

A

Fp="0
[ bl at

(69)
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{3.2¢) Joule heating with wall heal transfer (uniform wall temperature).—
The resultant temperature has been obtained by substituting these results in
Ty and Ty in eqn. (51). Itis

I _ (RePr)2va| 1 1 2 [52 +02M2 (é +cosh 2M§)
- “op | O\ gosh M — L sinh M 202 Az e
M A
2C 20 ciye cosh 2M
_—ﬂcosh M.f—-%+ﬂ— cosh M — 5 (5 Ve )]
(BePy)2va S 3 ‘ Um , $
+W nzl Enpn exp | — Yon Ymé
+7, z {Fnl/’n exp [—- 177" ‘yng']}. .. e .. .. (70)
n=1 max

The némerical calculations of the temperature distributions, Ty and 7',
have been recorded in Figs. (3) and (4). It could be observed that the tem-
perature increases sharply due to the wall conductance ratios (¢, and ¢;). The

018

015

T=Tuw
[(RPTvaja’ey)

005

Fic. 3. Effect of wall conductance on fluid temperature
distribution with Joule heating and the same inlet temperature
as the wall (M = 4, § = 0-03).
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temperature 7T’ increases with the increase in T(; = T/[(RePr)vafa2c,], a para-

meter associated with the arbitrary inlet temperature.

s T -
—_—T = (ReP Pyaia’c, =005
ST Ti=0
2
~ ..

Lo~ a T /0-

ey ~-\\/.0:Q\ e
10 awNS

By, = TN
A PN
AR
T RN
—Tw AN
[(RFFafaicy) \}\\ \
N
(N
N
05 ‘\
AN
¥
10°0 A
50 3
- -
Ptg =0
9 02 04 0'6 03 10

P

F16. 4. Effect of wall conductance on fluid temperature
distribution in thermal entrance region under uniform wall
temperature (M = 4, ¢ = 0-03).

(3.3) CoxcLusiON

The results obtained in this paper will be applicable to the convective
heat transfer in thermal entrance region even though, in order to determine the
heat transfer in thermal entrance region, the eigen-values and eigen-functions
taken here are not sufficient. From the results we can conclude that the local
Nusselt nuniber and temperatures are seen to be increased considerably with
the imposition of conductivity conditions at the walls. For a given value of
M M, T;. we see that the thermal entrv lengths diminish with the increase
m (¢1+¢2).
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