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Non-null electromagnetic fields are considered in the non-static cylindrieally
symmetric space-time represented by FEinstein-Rosen metric. The field
equations considered here are those of Rainich’s ‘already unified theory’.
The algebraic relations of the field theory give rise to three possible cases of
electromagnetic fields. Several exact solutions of the Rainich equations are
obtained which represent cylindrically symmetric non-null electromagnetic
flelds ¢n vacuo. It is found that the electromagnetic fields correspond to
electromagnetic wrenches, in the terminology of flat space-time, along one of
the spatial eoordinated lines. Solutions corresponding to purely electric
and magnetic fields are obtained from them as special cases. A product
space (V3 x V) is considered. It is shown that the corresponding Rieman-
nian fourfold does not admit non-null electromagnetic fields. Ry = 0
in this case is a necessary and sufficient condition for the fourfold to be flat.
Finally, the Liouville form of the line-element is discussed. It is found to
be incompatible with non-mall electromagnetic field. The only field of
electromagnetic significance which it represents is the well-known plane
symrmetric null electromagnetic field.

1. INTRODUCTION

The Einstein-Maxwell equations of the electromagnetic field theory appear
to be only partially geometrical in character as the antisymmetric electro-
magnetic field tensor appearing in these equations are extraneous quantities
not derivable from purely geometrical considerations. There is, however, a
different approach—first made by Rainich (1925) which has of late attracted
considerable attention due to the recent investigations by Misner and Wheeler
(1957), Rosen (1959), Witten (1959), Bertotti (1959)—which show that in
source-free regions, where electromagnetism is the only contributor to the
stress energy tensor, the entire content of the combined Einstein-Maxwell
theory can be replaced by a purely geometrical theory. This theory is referred
to as Rainich’s ‘already unified theory’. In this paper, we make use of the
Rainich equations to investigate the electromagnetic significance of the non-
static cylindrically symmetric metric of Einstein and Rosen. This metric has
extensively been investigated by Kinstein and Rosen (1937), Rosen (1954,
1955, 1958), Weber and Wheeler (1957), Bonnor (1957) and others in connec-
tion with gravitational radiation in empty space-time. Misra and Radha-
krishna (1962) have given several exact solutions of the Kinstein-Maxwell
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field equations in vacuo corresponding to this metric. An entirely different
approach is made in this paper to obtain non-null electromagnetic fields of
cylindrical symmetry ¢n vacuo. The Rainich algebraic relations give rise to
three possible cases of electromagnetic fields, reference to which has already
been made in a recent paper by Singh et al. (1965). Several exact solutions of
Rainich equations are obtained representing non-null electromagnetic fields
in vacuo. The electromagnetic fields correspond to electromagnetic wrenches,
in the terminology of flat space-time, along one of the spatial coordinate
lines. The fields corresponding to purely electric and purely magnetic fields
are obtained by equating certain constants to zero.

A Riemannian V, may admit only of two types of product spaces, viz.
(Vex Vs) and (V3xV;). In a recent paper (Singh and Sharan 1965), we
investigated the significance of product of two surfaces (VX V) in general
relativity. It has been shown there that only non-null uniform electro-
magnetic fields are possible in such a Riemanmian fourfold. We consider in
§4 of this paper the electromagnetic significance of the .other type of
product space (V3x V;). It is shown that such a fourfold is incompatible
with non-null electromagnetic field. Also in this case Ry = 0 is a necessary
and sufficient condition that the Riemannian fourfold be fiat.

It is shown in the last section of this paper that the Liouville form of the
line-element in the space-time of general relativity does not admit non-null
electromagnetic field. The Liouville form on being subjected to the field
equations for electromagnetic distribution leads to the well-known null electro-
magnetic field of plane symmetry. .

2. TaE RaiNicHE EQUATiONs

The necessary and sufficient conditions given by Rainich for the existence
of & non-null electromagnetic field in vacuo are (Adler et al. 1965)

R=0, .. .. .. .. ..o@)n
RfRf:%SfRZRZ, .. . .. .. (22
R, <0, .. . .. .. .. (23
% 5 =0, 4 .. .. .. oo (24

where
giie™ " RE Ry, m
= ——=—=—=—F—— .
" vV —ER
Here Rf: are the components of the Ricci tensor, R the scalar curvature,
a¢ the complexion vector, ef¥¥m the Levi-Civita symbol skew-symmetric in
all pairs of indices with €!23¢ =1, A semicolon denotes covariant differen-

tiation. Equations (2.1) to (2.4) together are completely equivalent to the

Einstein-Maxwell field equations for electromagnetic fields in vacuo provided
IB

(2.5)
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the field is non-null. For null fields, however, eqn. (2.4) falls off and Mishra
(1964) has demonstrated the theoretical possibility of unification in such a
case. The inequality (2.3) is necessary to ensure that the energy density of an
electromagnetic field is positive definite.

We consider the non-static cylindrically symmetric metric of Einstein

and Rosen, viz.
ds? = e} r(di2—dp2) —pZe-Rdde—ek dz2, L (26

A, v being functions of p and ¢ only. The variables p, ¢, z and ¢ correspond
to 21, 2%, 23 and % respectively. The surviving components of the Ricei

tensor for the metric (2.6) are

R = %e#—h(—Au+A44+#n—u44—#f+";‘+%)

RZ = —R§ = %e"')‘(“11—”44+%)
2.7)

I
B, = %e“_)‘("")\11'1‘)\444'”11—“‘444‘1“424';1 - %)

R'= —-R, = %e#‘/\(ﬂlﬂ4— ’:74)
The lower suffixes 1 and 4 after an unknown function denote partial differen-
tiation with respect to p and t respectively. The algebraic relations (2.1)
and (2.2) give rise to the following three possible cases of electromagnetic
fields:

Case (a) :
1 4 1 2 3 4
R=0, Ri=—R, R =R, Ri=R, .. .. .. (28
Case (b) : )
1 4 3 2 4
_ Ri=0, Ri=—R; R/ =R, R;=R, .. .. .. (29
Case (c) :
1 212 1,2 4\ 2
Ri£0, RB2=—R) R)=-R, (B)'=(R)—(BR)®. .. (210

This is not an invariant classification as the above relations are not invariant
under arbitrary coordinate transformation. We find that the complexion
vector a; vanishes in all the above three cases (), (b) and (¢) with the result
that the field equation (2.4) is identically satisfied. So far as the other field
equations are concerned we consider them with reference to cases (a) and (b)
only in this paper.
Case (a): The relations (2.8) with the help of (2.7) provide the following
three independent differential equations
Ay— Py = 0, .. .. . .. . (211

A11—A44—%+#f=0, N -2 |

B A
ﬂn—m+%ﬂf+%ﬁi+7} - 7}= 0. .. (213)
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Hereafter small Greek letters shall stand for arbitrary constants distinct for
each solution. To obtain an exact solution of (2.11), (2.12) and (2.13), we
put gy = A, = 0. Equation (2.12) admits the solution

A=wp2+h. .. .. .. .. (214)
Substituting from (2.14) in (2.13), we get

."’44—%1“'5-*-21,02 =0

which is transformed by the substitution ¢ = ¢ #2 into

ba—wp = 0.
Integrating this, we ultimately get
p = log {n? sech? (wt4-b)}. .. .. .. {2.15)

From (2.14) and (2.15), we obtain after a change of scale the metric represent-
ing & non-null electromagnetic field in vacuo, viz.
ds? = {e%*” cosh? (at4-b)} (dt2—dp?) —p2 cosh? (af+b) dp2—sech? (at4b) dz2.

.. (2.16)
For the metric (2.16),

R} = —a%e~ """ sech? (at4b) < 0
which asserts that the energy density of the electromagnetic field is positive
definite.
Now we proceed to obtain another solution of (2.11), (2.12) and (2.13).
When A, = p, = 0, eqns. (2.12) and (2.13) give

24 A
2“11‘*‘—’% —)\11— t =0
p

of which the integral is

A= 2u—qlog (pp). .. .. . .. (217)
Substituting for Ay and Ay from (2.17) in (2.12), we get
My 2, 4
Fi11— 7+%1"’1+p—2 =0

which is transformed by the substitution y = e#/2 into
Y1, 9y
Yi1— 7+§;—é = 0. .. . ‘e (218)

From (2.17) and (2.18), we ultimately get the solution of (2.11), (2.12) and
(2.13) as

A= log {hZ(wP2n+ k)4p2(ﬂ"1)2} \L
p=log {(wp2n+ ]c)2p‘z—2n} j

which after a change of scale yields the metric representing an electromagnetic
field, viz.

ds? = (m2pn +v2)2p2n2—2n(dt2 —dp?)—

.. (2.19)

pzn

e N dd2 e (m2p2 212 ,2- 2
gyt PO

.. (2.20)
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For the metric (2.20),
" 4m?2n202
R= e < O
(mp2"+02)%p

whieh is in accordance with (2.3).
Case (b): The substitution from (2.7) in (2.9) leads to the following three
independent differential equations:

Ay—ppipy =90 .. .. .. .. .. (2.21)
A
Au—a44+7} —py=0 N ¢.:3:3)
A
H]l—l‘44—%/‘f—%ﬂz+%+f =0 .. .. (2.23)

To obtain an exact solution of (2.21), (2.22) and (2.23), we take A as well
as ¢ as a sum of a function of p and a function of {. From (2.21), we have

Ag

A= = .. o .. .. (2.24
, Py =m ( )
by virtue of which (2.22) provides
,\u+"_pl = MpggFpd = v, .. .. (22)
Equation (2.25) gives
=21 .22
h=gts. L (2.26)

Substituting from (2.24), (2.25) and (2.26) in (2.23), we find that (2.23) is satis-
fied if m = ¢ = 2. Finally the solution of (2.21), (2.22) and (2.23) is found
to be

252
A= 6—4—P +log {n2p2 cosh4 <§t+w) }

p=log {kzpz cosh? (§t+w) }

which after a change of scale gives the line-element representing an electro-
magnetic field, viz.

ds? = { cosh? (§t+w) e°2P2/4} (dt2—dp?) —sech? (g t+'w) dg2—p? cosh? (§t+w) dz2.
.. (227

For the metric (2.27),

626"—02/’2/4

4
B, = — i

sech4 (%t+w) <0

which is in keeping with (2.3).
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Another solution of (2.21), (2.22) and (2.23) is obtained by putting
M\ = p, = 0. Equations (2.22) and (2.23) give
PP
From (2.22) and (2.28), we obtain the solution of (2.21), (2.22) and (2.23) as

c2
A= 5 log p+4
.. (2.29)
=lo _
# = T8 pt )t
Hence the metric representing an electromagnetic field in vacuo may be
written finally in the form
c2 ¢
ds® = (a2t +b2)2p2 ~*(d12—dp?) — (a2pe 4+ b2)2p2 cdgr— —L—dz2. (2.30
(a?pe+b2)%p2 " p2) — (a2p°4-b2)%p? eddb i) (2.30)
For the metric (2.30),
25202
R: —_ e ___a_é_c_____z <
(a2pe+b2)*plic 2
which is in agreement with (2.3).

3. EvrecTroMAGNETIC FiELDp TEXNSOR

In order to obtain explicitly the components of the electromagnetic field
tensor Fy; associated with the metrics representing electromagnetic fields in

the preceding section, we consider the Einstein-Maxwell field equations in
vacuo, Viz.

R=-8E .. .. .. .. .. @
Fi],k+ij,t+Fki,f=0 .. . .. (3.2)
(v/ —gFi1) ;=0 .. .. .. .. (33)
where .
E) = —FuFt4 1gF o Fb, R X8|

Here E is the electromagnetic energy tensor, and a comma followed by a
lower suffix denotes partial differentiation with respect to the corresponding
variable. \

The classification of the electromagnetic fields given in (2.8), (2.9) and
(2.10) based on the Rainich algebraic relations (2.1) and (2.2) facilitates a lot
the handling of the Einstein-Maxwell field equations as is clear from what
follows.

Case (@): In view of (3.1) and (3.4), R] = — R} implies

F 14 = F 23 = 0.

Similar results hold for other pairs of the components of the Ricei tensor.
Consequently by virtue of (2.8), F;; and Fg, are found to be the only non-zero
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components of Fy;, so that the electromagnetic field corresponds to an electro-
magnetic wrench, in the terminology of flat space-time, along z-direction.
From (2.8), (3.1) and (3.4), we get

Rl = R} = —R} = —R, = 4n(F 1o F2—F, F3). .. (3.5)

Further, a close examination of (3.2) and (3.3) reveals that Fi, and Fj, are
functions of p and ¢ respectively and can be determined by considering only
the equations

(v/=gF12), ;=0 .. .. .. .. (3.6)
and L
(v/—gF34), ;=0 .. . N & %))
respectively.
For the metric (2.16), we get from (3.5), (3.6) and (3.7)
F12=mp . . . .. .o (38)
Fy, = ¢ sech? (at+b) .. .. .. (3.9
where .
a2
me24c2 = —. .. .. .. .. (3.10)
4

Giving ¢ the value zero, we get

a
Frp =

2v/m
as the only mnon-vanishing component of Fg which corresponds to purely
magnetic field.

Putting m = 0, the only surviving component of Fy; corresponding to
purely electric field is found to be

Fgy =

.. (3.11)

a
2/ 7
Now we consider the line-element (2.20). Equations (3.5), (3.6) and (3.7)
provide

sech? (al+Db). .. .. .. (3.12)

Fyo = a(m2pn+v2)=2p2n-1 ce e .. (313)
R B )
where -
ar bz =0 e .. .. (315)
m

When b = 0, it corresponds to a purely magnetic field and when a = 0, it
corresponds to a purely electric field.

Case (b): From (2.9), (3.1) and (3.4), it follows that Fi5 and Fy, are the
only surviving components of Fy; so that the electromagnetic field in this case
corresponds to an electromagnetic wrench, in the terminology of flat space-
time, along ¢-direction. From (2.9), (3.1) and (3.4), we get

R, = —R% = R} = —R, = 4n(F 313 —F, F'?). .. (3.16)



8 K. P, SINGH, R. SHARAN & D. N. SINGH

A close examination of (3.2) and (3.3) leads to the conclusion that Fi3 and
F,, are functions of p and ¢ respectively and can be determined by considering
only the equations

(v/—=gF3),,=0 .. .. .. ..317
and

(v =gF24), , =0 .. .. . .. (3.18)
respectively.

Using (3.16), (3.17) and (3.18), we find that the components of Fy; corre-
sponding to the line-element (2.27) are given by

F13=ap . - .. . - (3.19)
F,, = h gech? (§t+w) L (8.20)
where
62
2 2 -
@R =g . .. (32D)

Equating % or a to zero, we get a field which corresponds to a purely
magnetic field or a purely electric field respectively.
Considering the metric (2.30), equs. (3.16), (3.17) and (3.18) provide

pp°t
P o l— . (3.22
8 (3.22)
F24=7’l/ .o .o .. . .(323)
where
2h2e2
Pt = “i’"" . .. (3.24)

This field can also be made to correspond to either a purely magnetic or a
purely electric field by proper choice of p and n.

4. Propuor SPACE

Since the metric for the three-space can in general be diagonalized, the

two cases admitted by the product space (VaX V,) may be taken without
loss of generality in the following forms:
Case (1):

ds® = — Ada?—Bdy2—Cdz2+dt2 .. .. .. (41)

where A4, B, C are functions of , y, z only.
Case (2):
ds® = — Ada?~Bdy?—dz?+-Dd? ., . .. (4.2

where A, B, D are functions of z, y, ¢ only.
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It is easy to see that each of the metrics (4.1) and (4.2) is of class 3. In
what follows the lower suffixes 1, 2, 3, 4 after an unknown function denote

partial differentiation with respect to =z, y, z, ¢ respectively.

First we consider the metric (4.1). The non-zero components of Rpijx

for (4.1) are
Bige = %(Azan)— (A +A131)— - (B2+A2B2)+ A3Bg
Big13 = $(43s+Cn1)— (A +4,01)— i0 (02+A303)+ 490,

Bogos = §(Byg+ Coa) — iB (Bz+3202) i (0 +B3C’3)+ B¢,

1 1 1
Byo1s = }As— HAzAs— 4—BAZB3— E’A?’OZ
Bygos = —4Bis+ 15 BIB3+ A331+ 3301
R 3 0,0 1 4,0
1323 = $C2— 40 10— 20— 302

while the surviving components of Ry, are

Aot Bre At O AZ+4,B, A’44,C
R11—~R1212+0R1313*_( 22; =+ 332’_ 11)_%( 2A31 1+ 3A01 1

B1+A2B2J_01+A303 A3B3+_‘4202
Y T T Bo

1 1 Bys+Csy  Age+B B4+ B,(, B?4A4,B
Rzz=532323+ZR1212=%( BT 22 22;*1' 11)_%< sTo2v2 | Byt AeTe

c BC AB

-+

A§+A1Bl+0§+3303 _ A43B3+B101
Az ce AC

Ag3+Cry Bss"i‘ozz) 1(CE+"13OS+C§+B303
—1

+ A0 BC

1 1
By = ZR1313+§R2323 = ’}( 1 B

A+ MGy Byt BaGs 4,0, 4B,Cy
A2 B2 AB

1 Oy 0,0 A201 B,C,

R1z=éR1323=% —14‘( I3 AC+ B0
B3 BBy | AyB, | BsC
Rla=—§Rlzzs=§§—i( 5+ 48t BO’I

1 A AxA By AC
R23=ZR1213=2—2§—i( ;123+ 2BS+ 2 2)

4.3)

.(44)
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The non-vanishing components of the energy-momentum tensor 77 for
(4.1) are given by

— 8" = B3y + 05 _1(B303+O§ B202+B§ _ B
1T Topc T\ BCR BiC ABC
— 8T = A33+Cyy _1(‘43034‘0? A101+‘4§ 420,
2T 40 TR\ Ace A:C T ABC

2 2
— g7 = AzztBiy A“Bﬁ'B%A]Bl’JFA2 "Ang)
3% To4B  ~*\ 4AB? 4B 4BC

/ 2
—8nT" = 1(A22+311+A33+011 333+022) _%(AQBZH;»]

2\~ 4B A0 T BO 4B?
AB i+ A% 4,054 C ‘4101+A§+Bg.03+0§ . (45)
A28 Ace A0 BC?
B202+B§ _ 3101+A202+A333)
B0 ABC
L 2B __ G 1(0102 420, Bloz)
—8nly = —8nTy 3 =~ 3404\ 4z T 420 T aBo
1_ Crs_ _ Bis _I_(BIBS A58, 336'1)
—8nly=—8n 3 Ty = —oapti\ap * 728 T 4BC
2 Cos Ay 1(A2A3 AsBg | A30,
—8nly = =8 5T = —oapti\ 2B T aB TaBC
From (4.5), we observe that
T =T,+T34+Ts. e (48

In view of (4.3) and (4.4), the empty space-time conditions

Ry =0 N O 5

may be regarded as 6 homogeneous equations in 6 unknowns Rig9, Rigs,
Rys9s, Rigig, Bigss, Rigese Since the determinant of this set of equations
does not vanish, the set admits only the zero solution. Consequently the
field equations (4.7) lead to flat space-time.

The eigenvalues of Ti: for (4.1) are given by

|Ti-)Mi|=0
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ie.
) S T4 N =TT — T T Cpoyzy B p2ve C ooy
( s—A) [ —A8+A 'H‘{ 137 "2 3+§( 2) +Z( 1) +Z( 1)}
2 1mane B omevems 20 o as O perae
+TIT T3 T1(T2) ] (T1) T3+_A“T1T1T2_ ZTZ(TI) =0

Hence 77 is one of the eigenvalues of 7%. For electromagnetic distribution,
we have
T =0. ce e 48

From (4.6) and (4.8), it follows that
T4 =0. . . .. .. (49

Consequently the metric (4.1) is incompatible with non-null electromagnetic
field.

The necessary conditions for null-electromagnetic field are
RjRj=o. .. . .. .. (4.10)
Fori=Fk =1, (4.10) gives

1 1
ZE(RII)2+E(R 2)? +AO(R13)

which implies that
By =Ry =By3=0.

Similarly on taking ¢ = k = 2 and i = k& = 3, we get
oy = Rgy = Ry3 = 0.

Hence the necessary conditions for null-electromagnetic field imply Ry = 0
which lead to flat space-time. Thus the product space (4.1) is incompatible
with null as well as non-null electromagnetic field.

Now we consider the product space (4.2). The surviving components of
Ry for (4.2) are

Bi212 = H(Ase+B1)— A (42 +4,B)) - 4B (B +A2B2) - EA4B4

Big4 = $(44a—Dyy)~ A (A“ 1D1)+4T) (Df—A4D4) - B AzDz

Biso4 = §(Byg—Dys) — 4—3 (B BzDz)‘f‘ D(DZ B4D4) B,D,

1 1
Rygry = 34— QA2A4—

4.11)

ZBAQB4—ZD-D2A4
Rysgs = —3Bys+ - ByBy+ ByA,+-- DB
1224 14 4B144A14w14

1 1 1
Rigos= — 1D1p+ 7 Dida+ 133 DoBy + 5 DiDs
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and the non-zero components of Ry are

2
R . R }—-R 1 A22+Bll+D11—A44)+l(_ A§+AIBI+A4—A1D1

II_E 1212—D 1414 — 2 B D 4 AB AD

Bi44,B, DI—A.D, N —A4B4+A2D2)
T B T Dt BD
2 2

1 Ago+ By Dag—B By+4,By B—ByD,

Roy = 31212" —R°424 = ( 2244 Uy 22D 44)‘*‘4( a5 T ! ED

A2+ 4,B, DZ—B4D4+BID1—A4B4
Y R T AD

A44—D11

By =+ R1414+ Bogpy = ( 4 t— 3
Ai_AlDl BZ—'B2‘D2 —A2D2+B1Dl)

Az T Bz AB

1 D A.,D, ByDy, DD
Rw=_51{1424= 12 1( 2 1 B1D, 1 2)

o0 N\ up Tt BD T2
b _y(Autn 2D, ik

R14=—1§R1224=§§ 4B+ D+B2

1 A By ADs  ApA
Ropm 2 By = G20y 120 A0 Aol

+AD T az

. 2 2
B44—D22) +%(D1—A4D4+D2—i41)4
AD B

(4.12)

The non-vanishing components of the energy-momentum tensor 77 for

(4.2) are given by

2 2
8Tt = Dyo—Byy 4 D,—B,D, B:Dy—B, _ BiDs
"t=—%p N\ " Bpr T BD T 4BD
2 2
_gap? = P—du __l(Dl—A‘l‘D‘i A D=4y AzDz\)
= T 94D I\ AD2 42D ABD)
Ayo+Byy Dyy—Agy  Dyy—B A,B,+ B}
—8wT§= %( 2244—53 1y uAD a4 22BD 44)_%(__2_32_1
A44B, 4 A2 Df—A4D4+A,D1—A§ D:-B.D,
A28 AD? 4D BDz
+BzDz—Bi A4B4—A2D2—BID1)
2D ABD
_877T4=A22+B11 _i(AZBZ'i‘B? AlBl'l"Ag A4B4)
+= T o4B AB2 A28 TABD
1 B, 2 Do DDz AyDy | BiDy
=8y = —8r3 Ty = — o5t ape t22p Y aBD
4 By, B\B, , AB; B4D1)
—$n T} = 82 T = 2ABH(ABz 2B YABD

2 _ D 4 _ Asy 1 2A4 A.B, A4D2)
_817T4 = S"ETZ = — 2AB+ 5B + 5 +ABD

(4.13)
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From (4.13), it is clear that
3 1 2 4
TS=T\+TAAT: .. .. . . (414)

Just as in the preceding case, the field equations Ry;= 0 may be regarded
as 6 homogeneous equations in 6 unknowns Rig1s, Rig1s Roses Biorg, Rizes
Ry,3s. The determinant of these equations being non-zero, they admit only
the zero solution. Thus Ry = 0 lead to Bpyz = 0 implying flat space-time.

The eigenvalues of T for (4.2) are given by

| 742l =0
ie.
e R A i AL A
2 D 1/mi\2 B 2\ 21t 2 4
+T T T+ 5 Ty(T5) = 5 (10T — TlTsz (T)] =0. .. (4.15)

Hence Tg is one of the eigenvalues of Ti Now for electromagnetic
distribution, we have

T =0. N © 8 ()|
In view of (4.14) and (4.16), we get

T3 = 0. .. .. .. Lo (417)

Consequently the product space (4.2) cannot represent non-null electro-
magnetic field.

5. LiouviipLE ForM OF THE LINE-ELEMENT

The generalized Liouville form of the linear element is (Eisenhart 1960)

ds? = (X, +Xo+ .. +X,,)Zei(dxi)2,i=l,2,...,n, .. (1)

where X; is a function of 2t alone. In a Riemannian fourfold corresponding
to the space-time of general relativity, the metric (5.1) reduces to the following
form:

ds? = (X4 Y +Z47)(—da2—dy2—dz2+di?) .. .. .. (6.2)

where X, Y, Z, r are functions of z, y, 2, t respectively. An investigation of the
relativistic significance of this line-element seems to be interesting as in such a
space-time a family of hypersurfaces is immediately available which is normal
to a geodesic congruence.
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The non-zero components of the Ricei tensor Rf for the metric (5.2) are

1 3Xf 1
B, = sgstogs (—3Xu—Yee—Zsg+744)
. 3Y: 1 )
R, = 5ps T ogs (—X11—3Y 90— Zg3+744)
3 3Z§ 1
E; = 5T oFs (—X11—Y3—3Zg5+744)
Rt 3'ri 1
= — —2F3+”_2F2 (—X 11— Yoo—Zgg+3744)
2 1 3X1Y2 3 1 3X]Z3
R1=R2=W, .R1=R3= 2F3
3 2 3Y2Z3 1 4 3X1‘T
R2=R3= T s R4=-—-R1= 211"34
2 4 — 3Y2T4 3 4 3Z 7'4
- -E - s on -

where
F=X+Y+Z1x

(5.3)

Giving (i, k) the values (1, 2), (1, 3), (1, 4), (2, 3) in the equation (2.2),

we get the following relations for the metric (5.2).
3
o7 (X4 Yo+ Z—73) +(—2X11—2¥ 03— Zggt749) = 0

3

57 (it Yot 25— 1) +(—2X 0y — Yoo —2Zggh 740) = 0

3
°F (X34 Yo+ Zi—73) + (—2X11— Yoo —Zgg+ 2r40) = 0

3
o7 (X0 York Z5—7) +(— X~ 2¥ 50— 2Zgqt 75) = 0.

Subtracting eqns. (5.5), (5.6), (5.7) from (5.4), we get
—Yoot+Zgy =0, —Yyu—7144=0, —X;+Z55=0
respectively. These equations imply that
X]l = Y22 = Z33 = —-’1'44.
For the metric (5.2), the equation (2.1) gives

3
5F (Xf+ Y§+Z§—Tf) +3(—X11~Yog—Z33+74) =0.

Subtracting (5.9) from (5.4), we obtain

X1+ Yo +2Z43—2744 =0
which, by virtue of (5.8), provides

Xy =Yop="Zg=14=0.

(5.4)
(5.5)
(5.6)

(5.7)

(5.8)

(5.9)

.. (6.10)
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The solution admitted by (5.10) is
X=az+l, Y=0by+tm, Z=cz+n, +=ht+p .. .. (6.11)
which on substituting in (5.9) gives the relation between a, b, ¢, %, namely
@ 4b2et=he. .. .. .. .. (512

The solution (5.11) represents a null electromagnetic field. Thus the
metric (5.2) is incompatible with non-null electromagnetic field. The case of
material distribution will be dealt with separately.
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