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A general expansion theorem containing the product of three generalized
hypergeometric functions has been established. Verma (1964) established
an expansion theorem having the product of two generalized hypergeometric
series, generalizing the previous results given by Chaundy and Ragab. The
paper gives an extension of all these results. A number of series containing
the products of three hypergeometric functions under summation sign has
been evaluated as a single hypergeometric function as its particular cases. A
further extension of this theorem can also be given in the same way under
appropriate conditions of validity.

§1. INTRODUCTION

Chaundy (1942) and Ragab (1961) established certain relations expressing
the summation of product of two ordinary hypergeometric series as a single
hypergeometric series. Recently, Verma (1964) established a general theorem
for basic hypergeometric series involving the product of two generalized basic
hypergeometric series under summation sign. He, thus, generalized many of
the results due to Chaundy and Ragab. In the present paper an attempt
has been made to extend the general theorem given by Verma to one containing
the product of three generalized basic hypergeometric series. This method,
as is obvious from its method of proof, can be easily extended to the products
of any finite number of basic hypergeometric series. A number of interesting
particular cases of the theorem have been deduced.

The following notations will be followed throughout this paper:

[ale = ala+1][a+2] . . .[a+n—1]; [alo = 1,
[a;n]=[1—¢*] [1—q**1].. .[1—g2t?"1], [a; 0] =1, lgl< L.

We further denote by (ay, y) the N—M -1 parameters ay, ami1, .- ., ay
and when M =1 we write simply (ay) instead of (a; y). Further, when
there are 4 parameters ay, ao, . . ., a4, we simply write (a), the corresponding
roman capital denoting the number of parameters.
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Also Z shall mean t;;
G EZ;J stands for %
¢ Ez; stands for %Z; 2
and finally r EZ; donotes %%%
and 1 Ez)) W denotes éo%

§2. In this section we give our main theorem.
Theorem : Whenever the series involved are absolutely convergent, we have

Z(—)“’[a; 2r](a) ; ril(e); 2r][(R); 2¢][(u) ; 2rlaryrzrgun)
[1; rlfor—1;7][(b) ; 71[(d) ; 2r)[(m) ; 2r][(v); 2r]
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u(r) = ar¥ur >0
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and the asterisk (*) in the ¢-series on the right denotes the presence of a term
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The proof of this theorem is easy and follows by simple rearrangements of
the series (cf. Verma 1964).

As ¢— 1, in (2.1), we get the following general theorem for the ordmary
hypergeometric series:

Z( )*"{aJor (@) 1r[(€) 1o (B)Torl (1) Joray"2"
(1o +r— 11 (0)1r[(d)Jerl () ]2r [ (0) Jar

F[(e)-}-n (©)+2r, (2); x]F[(g)-i-f (R)+2r, (k); y ]F[(p)+r, (u)+2r, (B); z]
()7, [@d)+2r, (j) @) +r, (m)+2r, (n) (w)+r, (v)+2r, (n)

@), (), (k): ] [(m,( ), (k) ] s
‘ZZZ [ 9), ]G[u m), (), 1) €= w), @), (), 159"
T5 (a’)> (f): (l): (w)s (C)+8, (h)+t5 (u)+R: -8, _t: _'R: 1—(.7)_8:
wF| 1=(n)—t, 1—(n)—R; @

=1 ®), ©, @), (0), @+s, m)+t, @) +R, 1—(i)—s, L—())—¢, 1—(k)—R
(2.2)

where
Q =(— )% +3+HI+J+ NN KK,

§3. As illustrations we shall now derive certain special cases of (2.1)
and (2.2).

(1) Let us take ‘
C=H=U=V=K=N=N=F=L=0,a=J=I=K'=D=M
=F=0G=1; B=W, A=P42, y=u, A=3/2 (bg) = (wp), (ap) = (p),
Gpy1 =6 apro =0, 1 =26 g1 =g, Y=Y =¢, p=0+2¥'+y"+¢—3/2, j; = 2—
o,dy=1,my=0,1 =1, k; = 1; and summing the inner well-poised ;@, on the
right-hand side of (2.1) by a known result due to Sears (1951, 9.2), the right-hand
side of (2.1) reduces to

Zz [e; sl[g; tl(p); RlusttzRg¥s+ve+vR
[2—0; sI[1; t][(w); RI[1; s+¢]

Next, setting s-4-t = r, changing the order of summation and summing
the inner ,®, by basic analogue of Gauss’s theorem (Bailey 1935, 8.4 (3)), we
get the following transformation:

S (L0 rles flo; rlpvrg ey e
{1; rlifo+r—1; rlf(w); rI[1; 2]

e4-r, 1; xg¥'+e g+r; zq” (p)+7, 1; 2g”
xed’z[ }1‘1’1[ ]P-I—l W[ ]

1+2r, 2—0o o+2r (w)+r

1—e—g, 2—e—0; etg; 2g” (p), 1; 24"
= H[l—e, 2—e—g—a. ]14’1[2_0 . ]P+1‘pw[(w) ] . .. (3.1
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(ii) Next, in (2.1), let us put

y=2, C=H=U=J=N=N =]1=K=V=F=0, KK=D=M
=L=1,G=3,E=2=qa, A=P16, B=W+2 A=1, 1+atp=o0c+ty
Y, Y=Y = k=1, dy = m, = 0, (ap) = (D), py1 =1, Gpsz =pys
=0—a, Gpys = ¢, Api5 = €, Apyg = & (bw) = (Ww), bwr1 =1, byis = 0—a,
h=lL g =1, ¢gs=0—a, gg=4¢, ¢4 = 0—a, eg = ¢; and summing the inner
well-poised ¢@s, on the right-hand side of (2.1), by a known result due to
Bailey (1947, 8.5 (3)), we get

S S g lrmes edtle: slig; ) Ritahgn T
L L £ L5 sl Alw); Rllo; s+ '

Now, setting s+t = r, changing the order of summation and summing the
inner .@; by Bailey (1935, 8.4 (3)), we get

> [(p); nlo—a; rllg; rlle; rla; rla¥eRq*tw o To—atr, edr; ag
4 lo+r—1:7l[(w); oI rllo; 2r]  ® 1[0-{-27‘ Y]

Xad’z[

l1—g—e, l—g; c—a, gte, 1; 2" -* (»), 1; 2g”
=1 [l—g, l—g—e ]3¢2[a,z ]”‘@W[av) ]

with ¥ —y = e and 14+a-+p = o-fy+y'--¥". .. (3.2)

(iii) Now, in (2.2), taking
L=G@=N=K=C=H=U=0a=K =1=J=N=M=V=D
=P=W=E=F=1,4A=B=2 a=y=z k=i1=fi=b=14d
=d,m=o0 vy=0,n =p =ay=14v—0, wy=by=np, jy=0 =€ =
1-+d—o and summing the inner well-poised ;F, by Bailey (1935, 4:3 (3)),

we get
Z z z [d4+v—0)sqip 2ot R ‘
— Lt Lt (1] 11 ][ @Ls el 0)e4 R[d+ 0 — 0L+ &
Now, setting t+ R = r, changing the order of summation and summing the
inner ,F; by Gauss’s theorem (Bailey 1935, 1.3 (1)), we get

147, o—a+r, g+7; xq” (P)+7, 1, 2"
I+7, o-2r ]P“ W[(w)+r ]

d, 2d—2+p—o+v; z z [2d+p—2— 0+ V]ppporstT
d+p.—l,2d+?)—-o—-l] — 5 (11s[plrvlld+p—1]eyrl2d+v—0—1]9s,r°

provided Rl(2d4-p+v—2—0) > 0.
Again, setting r4-s = n, changing the order of summation and summing

the inner ,F; by Gauss’s theorem (Bailey 1935, 1.3 (1)), for Rl(2d-+2v—
o+u—3) > 0, we get
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Z(")r[1+d—a]r[1+”“°]rx3r 7 1+d—o+r,1; =
(T3l + 7= Ll el Ter 2 [1% P 1+d_(,]
;X 1+v—04r,1; x
X ol [a+2r] L [,u+r, v42r, 1+v—o:|
d, 2d+2v—o+1—3;
= [d-{-#—l, 2d+21;—o-—2]

r

2d4+ 20— —3 2 — —2 - -
1, d—+ 2v ‘O'+}L 3’ d4+2v—0o+p ,2d+2v ot p l; 270 /4
7 3 3 3
X4l'y Dy e ¢ D 4
[ o dﬂ_de-;-w2 o 2’zd+b1;2 o—1 J

provided Rl[2d+u-+v—o—2] > 0 and R[2d+2v—o+p—3] > 0.

(iv) Further, if in (2.2) we take
A=B=K =I=a=J=N=D=M=V=P=W=1, E=F=
N—K=C=H=U=L=G=0, k,=i1=d=w;=b =1, m=o,
vy =0, j; = 2—o, n; =p;=0a; =1+v—0, 2=y =2 and sum the inner

well-poised ¢, by Bailey (1935, 4.3 (3)), we get, after some simplification,
ZZZ [1+v_0-]s+t+RxS+t+R
—~ L (2—ols[1Le[1r[w]rst{ U ssel L +v—0ls iR

Now, setting {--R = r, changing the order of summation and summing the
inner oF, by Gauss’s theorem, we get, on some simplification, for RI[1+v—o]

> 0,
Z Z [14+v—0lgsport®™” )
— = [2—ols{1]{w] A Ts4rd 1 0 =] 00pr
Again, putting s-}-r = n, changing the order of summation and summing
the inner ,F; by Gauss’s theorem, we get, for Rl[2v—20-4-1] > 0,

Z 7(—)’[1—{—0——0],3:3’ 7 1; = 7 x
- {1 o+r—1], 1] v)er 2 [1 +2r, 2—0] ot [a+2r]
14v—04r,1; o
X 2" [l+r, v+2r, 1+’U—a:l

20—2041 2v—2042 20-~20+3

v, 0—20+1; 5+ 3 3 2
= ['I)——a+1, 2'0——0] 34 2v—0o 2v—o+1 » (34)
2—0,v—~041, 5 5
provided Rif1-}-v—a] > 0 and RI[2v0 —2¢-}-1] > 0.
(v) Lastly, if we make the following substitutionin (2.2): C=H = U =
J=N=N=V=I=K=P=0,K=D=M=a=L=W=F =1,

G:E:B:z,Azg;bz,—_ll:B’wl‘zglzk;.:l’ m,lxdlza‘, gz=
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g =&, €3 == @y == 0—q, €g =0y =9, fy=">0,=p, y=—2=2x and sum the
inner well-poised 4F3 (—1) by a known result (Bailey 1935, 4.4 (3)), we get, after

some simplification,
zz [8lslo—alsa]e(—)Fastt*R
s b o (1)l #DalBlefM)RI0T54e
Further, setting ¢4 R = r, changing the order of summation and summing

the inner oF,; by Gauss’s theorem, we get, after some simplification,

L—a, o+f—a—1;] $ 5 [Bllo+B—a—Llg (=)t
[ ] Z Z [1]8[1‘]5[5]1[0]”3 ’

B—o, o—a
for Rl[p+o—a—1] > 0.
Now, putting s+ = n, changing the order of summation and summing
the inner ,F; by Gauss’s theorem (provided Ri[u-4p—38—1] > 0), we get, after
some simplification, the following transformation:
- [o—a] {63 o] 23" 7 g—or, 841 7. 147, atr
- [‘7]27[1]7[°’+r—l]r[l‘]r[‘B]r2 ? LL-]-?‘, o+2r } e [6+7‘, o+2r ]

1. —_—F
X 1F; [lil-r ‘] -

r [;—oc, o+B—a—1, pu, [.L+/3—8—1;] l’l, otf—a—1, u+p—8—1; —x]
= —X, 0=, M‘_89 f"+B_1 ane a, B: I"'+ﬁ—'1 !

provided RI[f+oc—a—1] > 0 and RI[f+p—8—1] > 0.

A number of other interesting particular cases of (2.1) and (2.2) can also be
cited in a similar manner,

§4. TFinally, we briefly discuss the convergence conditions of our main
theorem (2.1). For the sake of convenience we take all the parameters to be
real, positive and the base ¢ to be real and 0 << ¢ < 1. The result for complex
values follows by analytic extension.

(3.5)

LeMMma:
@)+, (©)+2r, (i); x] 1 [<e>, ©), (0); x]
[(f)+r, @+2r, ) | <T@ Al @, ) 1 (*-1)
Praor: We first prove that
@+1, ©+2, (); x] [<e>, ©), (0); x] ,
‘p[<f>+1, @+2, () 3 <l @ G | (*.2)

where
14 = [1=go]1 —g@][1—q+1],
If U, and V, are the coefficients of z”» on the left-hand side and right-
hand side of (4.1} respectively, we get

Un _ 1 UO+1; 2ll(©)+2; n][(f); n]l(d); n)
Va AT[(N)+1; n]l(d)+2; nl(e); nll(c); 7]
[1—gN[1—g'D][1 —g'@H1][1 —gl*a][1 —glar¥ntl]
=" [1—¢@+aj[] —g@+n+1)
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< 1, for all values of-n, which proves (4.2). A repeated application of
(4.2) gives the inequality (4.1).

Applying lemma (4.1) to (2.1) we get the following conditions for its
validity:

l2g” | < 1, |yp”'| < 1, |29 | < 1 and with an additional condition |zyzq#|
< 1,ifA=0.

The corresponding convergence conditions for (2.2) are as follows:

E+2C < F+2D,

G1L2H < L4-2M,

P42U < W2V,

E+C+I < F+D+4-J,G+H+K < L4+ M+N, P+U+K' < WHV+N',
and A+ L+F4+W < B4+G-+E4-P.

In case 4+ C+I1 =FLD4J+1, PLU+K = W+VEN'+1 and G-
H1 K =L+M+N-+1 we bave additional conditions |x| << 1, |y| < 1,|2] < 1.
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