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The fourteen scalar differential invariants of order two have been evaluated
for axially symmetric eylindrically symmetric and plane symmetric metrics,
for the product of two surfaces metric and for the Gédel metrie. It is found
that a certain tensor vanishes for all the well-known line elements of gravita-
tional significance, But it is non-zero for the most general orthogonal metric.
Various scalar invariant relations are satisfied by the metrics of different
symmetries. These relations serve as necessary conditions for a general
Riemannian fourfold to represent the corresponding symrmetry.

1. INTRODUCTION

A scalar differential invariant f(g”m) of the general n-dimensional
Riemannian metric is a function of the metric tensor g, ; and its derivatives
9i, kol . . . ke = Gilr]" The order of the invariant is the highest differentiation
order r occurring in it. The absolute scalar invariants of second order
associated with the four-dimensional Riemannian metric of general
relativity have a special significance as the field equations are partial differen-
tial equations of the second order. It is well known that there are only
fourteen independent scalar invariants of order two. The vanishing of
the fourteen secalar invariants does not necessarily imply the vanishing of the
curvature tensor which has twenty independent components. The fourteen
scalar invariants were enumerated for the first time by Narlikar and
Karmarkar (1949). It is known that for the general space-time with a per-
fect fluid distribution or an electromagnetic distribution, there are only nine
functionally independent invariants (Ehlers and Kundt 1962). A study of
these invariants has been made for the case of general spherically symmetric
line-element by Narlikar and Karmarkar and some of the invariant features
of spherically symmetric fourfolds have been brought out. In this paper we
investigate the scalar invariants in the case of some other Riemannian fourfolds
bearing certain symmetries which play an important role in general relativity.
The line-elements of axial, cylindrical and plane symmetries, of the product
of two surfaces and of the G&del metric, have been examined and
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the invariant characteristics studied. It is found that in all these cases,
including that of spherical symmetry, a certain fourth rank tensor Dy
always vanishes. According to the scheme of enumeration followed here, one
of the fourteen invariants turns out to be indeterminate. In the case of the
various symmetries, certain invariant relations have been found out which
serve as necessary criteria for the particular type of symmetry. Each of the
axially symmetric and the cylindrically symmetric metrics has ten non-
vanishing independent invariants. In the case of the plane symmetrie metric,
there are only nine independent invariants. For the case of the product of
two surfaces, out of the ten non-vanishing invariants only two are indepen-
dent. The Godel metric admits only six non-zero invariants which are all
expressible in terms of only one invariant. In the case of the most general
orthogonal metric, it has been found that the tensor Dpyy is non-zero
and all the fourteen invariants are non-vanishing.

2. AXIALLY SYMMETRIC METRIC

The fourteen invariants are given explicitly as follows (Narlikar and Kar-
markar 1949):

I, =R, , I, =R,

I, =R, I,="E,,

J1 = Anigrggt, Jo = Brigghight,

J3 = Bnipg™gt®, Jy = Frpghgt, 20
K, = Oy RME%, Ky = Apy RM R,

Ky = Dy RMRH, K, = CrnQWQ',

Ky = App@MQH, Ky = Dy QHQH,

where
Apiie = CripgCrirsg® 9%,

Buaji = ChipgAkrsg?Tg?e,
Dragr = Buygre— 15 o(gnsgsx —gneges) — 2 1 Chise,
Dy = (J3) Dy
Enijt = OnipgDrssig?"g%,
Fuige = CripeBrappg?g?,
Q= ®R),

Ri: and Chpeg denote the Ricei and conformal curvature tensors respectively.
Let us consider the axially symmetric metric (Synge 1960)

ds® = —e2(dr24dz2)—e®f dp2 +e2 di2, e e (222
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where «, B, ¥ are functions of r and z. Here 7, 2, ¢, ¢ correspond to 1, 22, 3,
x4 respectively. The fourteen invariants for the metric (2.2) are

Jy=J,=K¢=0,
I, =R,
= (B)*+ (BY) "+ (BY) +(R) +2(R))’,
I, = (R +(B)*+ (B + (B +3(R) (B + Ry),
I, = (B +(BY)"+ (B +(BY) +2(B) + 4B (B + (B + By}
Ty = 16{ (O +(CL) + 00 +(CH)*}
Ty = —480} L O30+ O+ (O,
K, = 20,3 { R+ BY)(R}— B})—(B})*{ +207 { (Bi—R)(B;—B}) | + 4CTRI(R, — R)),
K, = 4(C0)*{ (B + BY)(R;+ B} — (BY) L+4(C1) | (B + B (B3+ B)) )}
+4(C {(RI+R2 (R34 RY)+8C2C13(BIR}+ RiRY) +8C2CERY B —R))
o = 203[{ B — (B }{ (B — (B | + (&) { (B — (B}~ (RY)*— 2B R} |
+2058 (B — (By)'} (Bo) — (B)*} H4CHEIB + B { (B — (B},
Ky = 4(C[ { (B +E)+ (B { B+ (B +(E) ] - (R (Rl + B
4O (B + (R 2B} (B + (B
+H4(OR) B+ (B +2(R)) }{ (B + (B
+803503 [ (B (B + (B} + (R { (B + (D)%}
+8CIICHRR +RY{ (B~ (RS :

It is found that the tensor relation

Dhigre = 0 N .3
is necessarily satisfied by an axially symmetric metric. In consequence of
(2.4), J3 vanishes. Hence the invariant Kg, being equal to (J3) "*Dpeu RMRE,

is indeterminate. ’

3. CYLINDRICALLY SYMMETRIC METRIC

The most general eylindrically symmetric metric given by Marder (1958) is
ds? = 20— B)(Jiz—dp2) —pre— 2B dg2—e2BtN g2z, .. .. (3.])

where «, B, ¥ are arbitrary functions of p and ¢ only. Here p, ¢, z and ¢ corre-
spond to zl, 22, 28 and ¢ respectively. The fourteen invariants have been

(2.3)
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given by Singh ef al. (1965) in the case when (3.1) represents a non-null

electromagnetic field. For the metric (3.1), in general, the invariants are

Jy=J, =K =0,

I, =R,

Iy = (B))+ ()" + (Bo)* + (B —2(Ry)°

I = (Rl)3+(R2)3+(R‘°’ )+ (R —3(R) (B +R)),

I, = (BY"+(By) +(B)* + (B +2(B) — (B { (R + (B + BB,

J1= 16{(012 +(0 ) 403300~ (CR)* ),

Ty = —48(Ci2+C1) L0+ (0],

Ky = 203 (Rl— BB~ B~ (B} 42013 (Bl FE) (B = R) — (R}
+40%RY (B2 —RY),

Ky = 4(Ch2)’ (R1+RE)(BE+-RY+(R) } 4O (B + B (Bo+ B+ (B}
—4(CL) (RI+RY) (B3+ B +8C1 500 BRI + +RE+(R)) )
+80L(Ch+ O By (B —Ry),

WK, = 20}3[{(}{1 )E—(RD) }{(R‘;’)Z—(Rj) }— (& {(RZ) +(RY):(RY)® +2RIR“}[
+2035] { (B)°— (BE)*H{ (B — (B} — (BI)P{ (B)+ (R))*+ () +2RIR}}
+4CLRY(RI+RY) | (B — (B,

Ky = 4(Cr) [ { )"+ (B F{ ()" + (R} — (&) { ()" + (B~ (R ~2BI (]
4O Y+ (B (R (YY)

— (R { (B + (B~ (B —2RRL} |

+8CLCT| (RY(BD™  (RD)(B)+ (BY) (@) +2RR}} ]
—4(C5)% (RY*+ (B —2(BY) }{ (R +(B)*
SOOI R+ R (R~ (RS,

(3.2)

K, is indeterminate. The tensor Dpgi vanishes for a cylindrically sym- -

};metric metric,
4. Prane SymMETRIC METRIC
The fourteen invariants for the plane symmetric meftric, viz.
ds® = e2u(di2—dx?) —e2?(dy®+dz?),

. 4.1)
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n, v being functions of x and ¢, are obtained as
Jy=J,=Ke¢=0, )
11 =R,
= (B)+(R) +2(B))*—2(R))’,
= (R)'+ (R +2(Ry) —3(R))* (B + E),
= (B + (BY +2(B) 2B —4(RY{ (R + (RO + B,
J; = 48(C2)°
Iy = —96(C2), (4.2)
Ky = 4! BB, +R})— BB, — (R} — (B},
Ky = 8(Ch) 2RI R +2(B) +2(B)" + RY(B + )
K, = 4Cp[{ (R — (B)*} {82 — (8] — (B (2B + 2RI R+ (B .
K5 = 8(CL2) [2(B (B +2(B) + (B (B) + (B}
(R RIR (R — (5], }

K is indeterminate. From the above, it is clear that the invariant relation
()% = 12(J,) . . .. .. (4.3)

holds for a plane symmetric metric. Besides this invariant relation, the tensor
relation Dy = 0 is also satisfied by a plane symmetric metric.

5. PRODUCT OF TWO SURFACES

Since every Riemannian V, is conformal to a flat space S, the metric
representing the product of two surfaces may be written in the form
ds? = — A(dx?4dy?)—B(dz2—di?), .. - .. (8.0)

where A = A(x, y), B = B(z, t). As the class of each of the two V,'s is one,
the class of the metric (5.1) is two. The fourteen invariants for (5.1) are
given by the following:

Jo=dy=Ke=0, .. .. .. .. .. (62
I, =R, O %)
L=2{@E+@&y}. .. .. . . (69
Ij=30L@I,—Jy), .. .. .. .. .. (5B
I, = & {42412, 1,—9(J1)%, .. .. (B8

Ji=5)2 .. . .. .o (B
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Jo= — 5 (I))3, L (88
Ky = I,(3J,—41,), . .. .. .. (8.9)
Ky = 5. J1(3J,+21,), . A (- 4 (1)
K,=31.K,, .. . . .. .. .. (8.11)
Ky =g Ji{dI)2+4J, 1,—3(J)%, .. .. .. (5612

K3 is indeterminate. Thus out of the ten non-zero invariants, only two are
independent. For the metric (5.1)

Dpgize = 0. .. .. .. .. (5.13)

Each of the relations (5.7), (5.8), (5.11) and (5.13) serves as a necessary condi-
tion for a general Riemannian fourfold to be decomposable into a product of
two surfaces.

When the metric (5.1) represents a non-null electromagnetic field, we
find that Kg is indeterminate and only two invariants are non-vanishing
which!are given by

I, = 4R}, O (- 2

I, = }Ip)2. e L (815

Thus out of the two non-zero invariants, only one is independent. It may be
pointed out that the invariant relation (5.15) does not always hold for a
product of two surfaces in general.

6. GbprrL METRIC
Godel (1949) showed that the metric
ds® = — (dal)2+ §e2 (da2)2 — (dz8)2+ (dat)2 + 2% dat dat, .. (6.1)

o being a constant, is compatible with incoherent matter distribution. In
this case the fourteen scalar differential invariants are found to be

Jy=J; =K, =K, =K,=K; = Kg=0,

I = —a?,

Iy = (I)2,

Iy = (I,)3, S (X))
I, = (11)4’

Jr = 4(I)%

Jy = §1L)3, ' )

Ky is indeterminate. Thus we find that only one invariant is independent for
the Gédel metric (6.1). The tensor Dy vanishes in this case as well. It is
already known that this tensor vanishes in the case of the spherically sym-
metric line element (Narlikar and Karmarkar 1949). Thus we find that for
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all the well-known line elements of gravitational significance the tensor Dy
is zero.

We have verified that Dy is non-zero for the most general orthogonal
line element

ds? = — A(dal)2~—B(da?)2~C(da®)24+D(dxt)2, .. .. (6.3)

A, B, C, D being functions of «l, 22, 23, ¢ In this case it is found that all
the fourteen scalar invariants are non-vanishing. 'The values of the com-
ponents of the curvature tensor and the Ricci tensor for this line element
are given in the Appendix.

APPENDIX
The non-zero corponents of By for (6.3):

-A’ 22+B’ 1 (A’ 2)2+A, IB? 1 (B, 1)2+A: ‘Z.B: 2 As 3B’ 3 A: 4B: 4

Binz=—"5 14 - 4B Y~ "
oo e Aadig AeB g 04
1213 = 79 44 4B W0
B mtboa _Ayediy A,9B.4 D o4,y
12147 79 44 4B 4D
—_ B’ 13 B’ IB’ 8 B, IA, 3 O! 1B, 3 .
'R1223 = = P + 4:B + 44 + 40 >
_B, , 18, 14, 1B,
R1224 = 14+ 41;B 4+ ‘;A 4+ 4]D 4 ,
R — A7 33+07 11 (A’ 3)2+A’ ]0’ 1_ (C: 1)2+A) 307 3+A: 20’ 2 __ A’ 40: 4
1813 = 2 44 4C 4B 4D °’
R _As34_A,8A:4_A’30’4_-D’3A74 1
18147 44 40 4D
R _0,12_0310a2_0,1A’2_B’10:2
1328 = o 4C 44 4B °
— 0> 14 0’ 107 4 3 IA’ 4 D’ 107 4
Buss=——35"+—30 t~21 t 4D °
R __A:44_-D: 11_( 14)2—A) 1Da l+(Dy 1)2_A:4-D:4__A: SD,3__A:2D:2
1414 = 2 44 4D 4C 4B ’
D, D, A,, D,.B, , 1D,
R e e s
_D, D, A, ) 07 ) D’
Bunim = 2yt Bhs D0 DD
R o -B’ 33+O’ 22 _ (B’ 3)2+B7 20; 2 . (G: 2)2+B’ 30’ 3+ ] 107 1 3 40’ 4
2828 = 2 4B 40 4D

R _B’34_B’SB:4_B»SG94__Da8.B:4
wU= 9 4B 40 4D
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0,354,040, , 2B, , 0,
R2334 = = 224+ 42:0 4"' :B 4+ 2 4,
R =B’44_D722_(B)4) B92D;2+(D )2_B74D:4_B,3D’3_B’1D’1
2424 2 i 4B 4D 40 44 s
— -D:23 D’ 2B 3 ,30,2 ,2D,3
Royzy = — B) + iB + 40 + D

R __0:44_1)933_(034) 0>3D53 (D73)2_054D’4_072D:2_0’ ID’I
43¢ ™ 2 4C 4D 4B 44

A comma followed by the lower suffixes denotes partial differentiation with
respect to the corresponding variables.
The components of Ry;:

p. A eatB 11+A, s3+C0 11, D, u—4,4 _ (B,1)%+4,5B,
e 2B 20 2D 4RB2
_(C,1)2+4, 50, 3+A, oD, a—(D,1)?  (4,9)%+4,1B,; (4,5)°+4,.,0,,
402 4D2 4AB 44C
+(A7 4)2_A’ ID: 1+A’ 3B’ 8+A> 20, 2+A5 3-D9 B_A’ 40’ 4
44D 4BC 40D
+A; 2D9 2_A: 4B’ 4
4BD ’
Roo = 4, 22+ B, 11+B, s3+C, 22+D, s2—B,as _ (4,2)2+4,1B,1 (0, 9)2+B,30,,
2= 24 20 2D 442 402
+Br 4-Da 4'—(-D; 2)2 _ (B7 1)2+A; Z-Bs 2 - (B> 3)2+B5 20’ 2+(B’ 4)2-‘3’ 2-D, 2
4D2 44B 4BC 4BD
+A: 3B’ 3+B’ 105 1, B) 3-D9 3—B} 407 4+Ba lD, ]_A9 LB? 4
440 v 40D 44D ’
Bew o Lo 33+0) 11+B, 33+C 00\ D, 33—C. 4y _ (4,9)°+4,:0,4
8= 24 2B A 2D 442
(By 8)2+Ba 209 2+C’ 4-Dy 4—(D, 3)2 - (O’ 1)2+Aa 80’ 3 — (C’ 2)2+B’ 30’ 3
- 4B? 4D? 44C 4BC
(0: 4)2_0’ S-D) 3, Ay 20, 2+By 10: 1+0; 2-D’ 2_B’ 40: 4+O? l-D: I_A} 401 4
t—40p t 4B ABD 4DA ’
__-A9 44_D:11 B$ 44_-Da 22 0, 44_D: 33 A7 lel—(A’ 4)2 B’ 2D’ 2—(B) 4)2
Ru= t—eg T 30 T 44z T

24

C’ 3D1 3'—(01 4)24 (D’ 1)2—‘47 4D’ 4+(D’ Q)Z—B’ 4D7 4+(D’ 3)2—0: 4D’ 4
402 v 4DA4 4DB 4DC

A’ 2-D’ 2+B: lD? 1_ B» SDs 3+0a ZD’ 2 __Aa SDa 3+G» lD’ 1
44B 4BC 4C4 ’
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R __0,12+ s 12 0,10,2_1),‘11),2_0,1A>2_0,2B,1_D,1A,2
2= 2D 402 4D, 4CA 4CB 4DA
D’ 231 1
~ "4DB
R B‘l.j+ ,13 ’1B)3_D)1‘Ds3_B:1A53_B:30’I_D;1A;8
18 = 2D 4B2 4D? 4BA 4BC 4DA
_ D, .C,,
4DC
R ’l4+ ’145 B,]B,4_0,10,4~B,1A,4_B',4D,1_0,1A,4_0,4D,1
1= 20 4B2 402 4BA 4BD 4CA 4CD
R ’23+ 923 12A,3_-D,2D53__A:2B!3__A’30’2_D7?B:3_D:3C:2
28 = 442 4Dz 44AB 440 4DB 4DC
.R __.A,24+O".’4__"4)2A’4_072074_A:2B>4__A74D>2 0723;4_0:4D’2
%794 20 442 4C? 44B 44D 4CB 4CD
R ,34+ ,34 A,SA,4__B,3B,4_A,30,4_A,4D,3_B,3C’,4_B,4D,3
3¢ = 442 4B2 44C 44D 4BC 4BD
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