STRUCTURE OF THE REACTANT AND PRODUCT OF A
TURBULENT FIRST ORDER REACTION AT LARGE
WAVE-NUMBERS

by PrREM KuMmar and YasH Pavr, Department of Mathematics,
Indian Institute of Technology, New Delhi 29

(Communicated by R. 8. Varma, F.N.I.)
(Recetved February 1, 1967)

The simple continuous spectral cascading process for the transfer of turbulent

kinetic energy, heat and mass at large wave-numbers as presented by Pao

(1965) has been applied to find the spectrum functions of the reactant and

the product of reaction field concentration for different spectral ranges.

Under the restrictions (i) that the flow field and the scalar field are stationary,

(i1) the Kolmogorov’s hypothesis that the small-seale structure turbulence

is statistically steady and isotropic, (iii) that the small-scale structure of

scalar field is statistically steady and isotropie, the results are obtained in a

closed form.

INTRODUCTION
Obukhov (1949) and Corrsin (1951) extended the Kolmogorov’s second
hypothesis to investigate the small-scale structure of the fluctuating scalar
field. Again following the technique of Omsager (1949) and the mixing
theories of Batchelor (1959) and Batchelor et al. (1959), Corrsin (1961) esti-
mated the form of the first order reactant concentration power spectrum in
the stationary and locally isotropic case for various Schmidt numbers and
spectral ranges. Some of the properties of the product of reaction field
concentration have been discussed by Corrsin (1962). Recently Pao (1965)
has proposed a simple continuous spectral cascading process for the transfer
of turbulent kinetic energy, heat and mass at large wave-numbers. Based on
these concepts, he obtains energy, temperature and concentration spectrum
functions for the whole universal range. In the present paper, we apply Pao’s
concepts to obtain spectrum functions of the reactant and the product of
reaction field concentration for different spectral ranges. The results, so
obtained, have been compared with the results obtained by other workers in
the field. '
Basic Equations

The equations governing the isothermal constant density flow with dilute

diffusive scalar quantity @(x, t) are

oU, oU, 1oP o2,

i ra e (conservation of momentum) .. @
7
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%g-! =0 (conservation of mass) .. . . .. )
i

00 00 020 -

P U; oy Dﬁ —(C6 (conservation of reactant) .. (3

2
B_F+ U; or =D, E_‘_ C® (conservation of the product of reaction)  (4)
ot 0 x?

where Uy is the velocity vector, P is the pressure, p is the constant demsity, v is

the constant kinematic viscosity, @ ;, t ), F(;, t) are the concentrations of the
reactant and the product of reaction respectively, D and D; are the diffusivities
of the reactant and the product of reaction respectively.

Assuming (i) that the flow field and the scalar fields are stationary, (ii)
Kolmogorov’s hypothesis that the small-scale structure of turbulence is
statistically steady and isotropie, (iii) that the small-scale structure of scalar
field is statistically steady and isotropic (the extension of Kolmogorov’s
hypothesis to the scalar field), (iv) that the observer moves with the mean
velocity Uj; and following Pao (1965), we find the equations in terms of the
fluctuating quantities as

6u¢ 6u¢ _ 1 ap 62u¢

—a?--{—'LLj—;j'——Fa—x' Va‘f— .o .. “ . (5)
duyg i

— =0 for (2'—x|<], .. - .. .. (8
ax;

a6 a6 026

hd = Dl — 7
TR PP R @)
oY oy 92y -

bl = — 2.0 e .. . 8
at+u¢ 5y D, a96?+C(9 for |z’ —z| <, (8)

where 3
Uy=Ui+w, I'=T+y, 0 =6+90

P=P+P§ ﬁ‘)P:@:P
being the ensemble means and w4, 6, ¥, p being the fluctuations about their
respective means; ly, Iy (smaller of [, ly) being the characteristic lengths for

the small region considered. It may be noted that, though eqns. (5) to (8)
seem to be the same as for homogeneous turbulence, they are valid for the

- = L= P
small region !x'—x < ly, Ix’—-—xl < 1s.

CovaRiaNCcE EQUATIONS

Since we are interested in knowing the behaviour of the reactant and the
product of reaction, therefore, we consider equs. (7) and (8). Here we consider
the simplest case of a chemical system for which the diffusivities are equal, i.e.

8
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D = Dy. It means that both the concentrations (viz. the reactant concen-
tration and the concentration of the product of reaction) diffuse together, i.e.
it is not possible for one to diffuse and for the other not to diffuse. If they
diffuse, they will always diffuse together. Then eqns. (7) and (8) can be
written as

ot vili] 028
dy dy _
E‘—"uiﬂt =D 2+09 .. .. .o (10)
Addition of (9) and (10) gives
do do 020
a+utE=Daé .« .. .. . (1].)
where
o= 0+y.

Following Hinze (1959), the covariance equations for various combina-
tions can be obtained in the usual way as

92
ui) 5, (00) = 2D a:: (12)
, ) 200" —
. F; 029y’
(ui—ui) E (yy) =2D ’}/'2)/ (14)
, o - —
(=) ai (6y') = 2D aa(’;’ —Coy' +C0' ... (15)
i T

i
- =

where quantities with a prime are the quantities at the pomt ¥ =x+tr. As
the fields are stationary and isotropic, therefore, we have taken

Do 0, _ 30—, _ 05

ot a7 = =7m¥ =0
and
by =0y,
From the definition of o, we have
00’ =00 49y’ +20y". .. .. .. .. (16)
Equations (12) to (16) in wave-number space are rewritten as
Zy(k) = 2DK2F (k) N § 1)
Zo(k) = 2DIRF (k) 4+ 20F (k) .. .. .. .. (18)
Zy(k) = 2Dk2Fy(k)—~2CF,(k) .. .. .. .. (19)
Z(k) = 2Dk2F (k) +OF ,(k)— CFo(k) .. .. .. (20)
Fy(k) = Fok)+ Fo(k)+2Fsk) .. .. .. .. 1

8B
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where

Zy(k) = ;%jo (s —u;) 5% (oa’) kr sin kr dr
Zo(ky = ?'fo (wg—uy) Biri (60') kr sin kr dr
Zglk) = - f (ne—u; ) (W ) kr sin kr dr

J (u;-—-u Ykr sin krdr

7

Fik) == f ac’ kr sin kr dr
0

2 o0
Folle)y == j 06’ kr sin kr dr
w
0

Fy(k) = ;er yy' kr sin kr dr
' 0

Py =2 f &' kr sin kr dr.
res
0

Here Zy(k) (r=1,23, 4) give the contributions due to turbulent convective
transfer of o2, 62, ¥2, By contents from all other wave-numbers. The rates at
which the spectral contributions of these quantities in wave-number space

from wave-numbers less than % to wave-numbers greater than £ are

Y, (k) = f Zokydk (r=1,2,3,4)
k

which give
_dY,(k)

T =20 r=1,234. .. .. .. @)

As in the case of pure mixing discussed by Pao (1965), we consider the mi-

gration of the scalar elements in the universal range, k£ > ks where ks = L:l,
L being the smaller of the integral length scales Ly and Ly of the scalar fields
g and v.

Assuming s(k) = %—f to be the rate of transport of the spectral element

across the wave-number %, the rates at which the spectral contributions of the
quantities o2, 82, ¥2, @y from wave-numbers less than k to wave-numbers greater
than % can be obtained from

Yk =s()Fy (k) (r=1,2,3,4. .. .. .. (23)
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UNIvERSAL EQUILIBRIUM RANGE

Cascading of o2, 62, v2, By contents is due to the turbulent convection which
is dependent on the energy flux e supplied by the large eddies to the small
eddies. We assume that ¢(k) is dependent on e and %, and take

sk) =n-1E58 . . . .. (24)

as taken by Pao (1965), where n is some dimensionless constant. Thus the
relations (23) for the universal equilibrium range give

Y, (k) = Fy(k)s(k) = n-1Uk58F (k) (r=1,2,3,4). .. (25)
Combining eqns. (17) to (20) with relations (23) and (25), we get

— & oamsnr) = 2DkF;, .. . . (26)
- d% (n-1€V3k5I3Fg) = 2(Dk2+C)Fy e
— & (nlaBkBEy) = 2DRF—20F, .. .. .. (@9)
- c%c (n~1el3(5/8F ) = 2Dk2F +CF,—CF,. .. . (29)

These are ordinary differential equations. After simplifying and using
(21), the solutions of eqns. (26) to (29) are obtained as

Py(k) = Q,k-5/% exp (—3/2pk/3) O ¢ ()

Fo(k) = Q-5 oxp (—3/2pk¥34+3¢k-2%) .. .. .. .. .. (3]

Py(k) = {@1+Q; exp (3gk~2%)_,Q; exp (3/2gk~2%)}k -5/ exp (—3/2pk*3) .. (32)

F k) = {Qg—Q, exp (3/2gk~23)}k—5/3 exp (—3/2pk43 +3/2gk-23) .. .. (33)
where

p = nDe-18, g =nCe-13
Qs = Fy(ke)E]” oxp (3/201°)
Qs = Fy(kn)l2 exp (3/2pk°—3gk; %)
Qs = (Falka)+Fy(kn)}h° oxp (3/2pK°—3/298 ")
k4 being any wave-number in the universal range.
The results (30), (31) and (32) give o2, 2 and ¥2 spectrum respectively.
The result (31) is the same as the result (12) derived by Corrsin (1964)

for the case of inertial diffusive range with isothermal first order reaction.

From this relation we see that 2 spectrum is related to the non-reactive mixing
result by

Fo(k) = (Qy),_ oo~5% exp (—3/2pk4/%) exp (3gh~2%) ~ Faur X exp (3gh-%%) .. (34)

where F,, denotes the 02 spectrum for the case of pure mixing only.
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It is interesting to note that the spectrum of the product of reaction
concentration as given by (32) and the 62 spectrum as given by (31) become
same when there is no chemical reaction. This should be so because for pure
mixing case the basic eqns. (9) and (10) become identical.

INERTIAL CONVECTIVE RANGE

In this range, the effects due to viscosity and diffusivity are unimportant.
Therefore, the diffusive and the viscous terms can be neglected. In this
case also, s(k) depends on € and k. Therefore, for s(k) we can again take the
relation (24). The relation (25) is valid for this range also. Under these
conditions, eqns. (26) to (29) take the simpler forms

d
— d—k (n—1€1/3k5/3F1) =0 .. ‘e . .o (35)
- %5 (n-1el8k53F,) = 2CF, .. .. .. .. (36)
- % (nIWISBEY = —20F, .. .. .. (37
- gd;; (ISR, = CF,—CFy .. .. .. (38)
The solutions of these equations are found to be
Fy(k) = Ak~53 R 1)
Fo(k) = 4,k-5 exp (3gk—23) .. .. (40)
Fyk) = {41+ 4, exp (3qk~23)—24 exp (3/2gk~2/3)}k~5/3 .. (4D
Fy(k) = {A3— 4o oxp (3]2qk-29}k-55 exp (32q6-%%) .. .. (42)
where
g = nCe-13

4, = Fl(kf)k?/s
A2 = Fg(kf)kils exp (__3qk;2/3)
Ay = {Folley) +Fy(ler) }5)"° exp (—3/2gk; %)

ky being any wave-number in the inertial convective range.
The result (40) is the same as the result (23) of Corrsin (1961). For pure

mixing case Fy(k) and Fy(k), the spectra of the 62 and 72 contents become
identical as ~ k~%3. It is again due to the fact that the fundamental equations

governing these spectra become identical.

VISCOUS-CONVECTIVE AND VISCOUS-DIFFUSIVE RANGE

In this range for large Schmidt numbers Batchelor’s idea (1959), that the
transfer of spectral content is mainly controlled by the straining motion
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associated with small eddies, can very well be applied. Then s(k) depends on
the local least turbulent straining rate ¢ (say). On dimensional basis:

sy =Igk .. .. .. .. .. (43)

where [ is some dimensionless constant. Thus, in this case, the eqns. (26) to
(29) take the forms

—dik(lqul) =—“2Dk2F1 .. .« .. S .. (44)
— é’% (gkFs) = 2(DK24+C)Fy .. .. .. .. (4H)
- (;ik (lgkFy) = 2Dk2Fy— 207, L 4
— d% (gkF,) = 2D¥2F ,+CF,—CF,. @
The solutions of these equations are
Fl(k) = Blk—l exp (—ak2) .. .. . .. c (4-8)
Fyo(k) = Bk~ (1+2) exp (—ak?) .. .. .. .. (49)
Fy(k) = {By+Bok20—2Bok 0k exp (—ak?) .. .. (50)
Fo(k) = {By—Bok V}k~0+Y) exp (—ak®) .. .. .. (51)

where
a=Dilg, b=CJlg

By = Fy(ko)kg exp (arkﬁ)
By = Fut*™ exp (ot
By = {Fy(kg)+ F (o) e " exp (ak})

ko being the wave-number marking the beginning of viscous-convective range.
For I = —1, the result (49) is identical with the result (46) of Corrsin (1961).

In the inertial diffusive range for small Schmidt numbers, as the energy
spectrum is still in the inertial convective range, therefore s(k) is the same as
(24). All the results obtained for universal equilibrium range are valid for
this range also.
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