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During the last few years the theory of integral transforms (finite and
infinite), subject to the choice of the kernels, occurring in the integrand
as circular functions and Bessel functions, has been developed with the
purpose of solving certain differential equations arising in problems of
mathematical physics and other branches of applied sciences. The object
of the present work is to study the finite Struve transform:

b

Sa, 0,160 = | 2B, @) 10) do
under the assumption that ¢, is a positive root of either of the transcen-
dental equations

(@) X J;L(ax) +hJ (az) = 0
. (B) J,(a2)G ,(b2)—J ,(b2), (ax) — 0.

1. INTRODUCTION

Theory of Fourier-Bessel series has been utilized previously (Sneddon
1951) to determine the function f(x), satisfying the integral equation

Hooulfiél= [ el f@yde .. .. .. (1)

under the assumptions that &; is a positive root of either of the transcendental
equations
(i) JaX)=0; (i) XJ;(aX)+h JaX)=0. .. .. (1L2)

More generally the problem of determining the function f(z), satisfying the
equation

b
Ha,n lLf (€0} = [ @ Fopp, ulE0f(2) da L (13
where ¢; is a positive root of the transcendental equation
Fa, 5, p(X) = Jp(aX)Gu(0X)—J (b X)Gy(aX) =0 .. .o (14)
with the addition that
= -

has also been solved (Sneddon 1951).
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The object of the present paper is to obtain the function f(z) connected
with the finite Struve transform S, , ,[f(¢:)] by the relation

b
Su,b,y[f(fi)]—fJ-axﬂﬂ(xfg)f(x)dz e

where H,(x¢;) is the Struve function of order p (Bhowmick '1965); subject
to the assumptions under egns. (1.2) and (1.4).
In particular, for u = 44, eqn. (1.6) assumes the forms

sa,b,;[f@m—( f Ve f() do— ( )Ob{\/fiffi} S (L)

and

ab—%[ffs]-—( )S{\/&f&)} co e e (1Y)

where OZ{\/ Ef(£)} and Sz{\/ & f(&) } are finite cosine and sine transforms of

A/z f(x) over the interval (@ < & < b).

It is remarkable to note, by virtue of the result (Baudox 1946)
2 O (af2)tE

() = Wk 2, B EEFT) Jurks3(@). (1.9)

that

o (£/2)HE
Sunlfitl =270 > A Hebia[€70€0) . (110

2. INVERSION THEOREMS OF Sy o, uf f(é1)]
TarorEM A: If f(x) satisfies Dirichlet’s conditions in the interval
(0 <a <z <b) and has its own finite Struve transform 8, ; .[f(£)], then
at each point of (@, b) at which f(x) is continuous

(2.1) -

_s z ET5 afs Fz ’, H,‘(si)Ha b, 1ul flE)]
+u(B6)— §+ W(ag)
where the summation is taken over a,ll the positive roots of

Fappsu(X) =0 S (29
and

A/ e ftum ¢ )
2 = V7T |- 2__ )
§:Ha, b, 3+ul fE0)] V2 sin (b i) [gi KTy u(bEr) f . up+2(g2m u2)

X {(2u+3)8a,, ~1-u(Vuf(®) +u 8q,p, 2-p(utflw)} du
§i
Ty (bE) f wl=s (g2 —u2) "H(1—2)84, b, u(flw)/V %)

+uSa,b,p‘1(\/Zaf(u))}du] .. .. .. .. . .. (2.8)

where j = 4/ —1.
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By virtue of (1.6), we find

w2
I = £7F7 4, (08 f ;’-& [(¢: sin 6)2+#8a, 5, -1, {V/ & sin 8 (¢, sin 6)}] d6
0
b
=¢F 4, 08 f d6 f a% {(¢ sin 0)>*RH _1_ (£ sin 08)}v/1 f(t) dt
O a

_ Vo b
T o ulb) f 00 s ultE) fit) dt
Y ]
and on the same lines it can be shown that

/2
I, = ¢4 (b8 f o2 L6 5 001883, 5, (/B0 0 164 sin 0)}) a0
0

b

\\;_J b u(01) J 6 Ty W EEOF () At
Thus,

nL—I,= ﬁf [Ty ¢ w(OE0) - - p(#86) — T g+ utE0)T -3 - u(bE0)1 f(2) dt

iy % cos pm W7Hq, 5, 10 [f(E0]

by virtue of (1.3) and (1.5).

Applying inversion theorem for Hg p 3. u[f(£1)] (Sneddon 1955, p. 85) we
obtain (2.1) subject to the condition (2.2).

Again, by virtue of the result (Watson 1958, p. 329)

é—g {xI‘H,‘(at)'} = 2FH, _1(x) .. .. .. (24)
we find
Iy = €747 (08 Jm/z sin 6 df j " 14 () {24 3) (&4t sin )1+l 1, (¢ sin 0)
0 a

+ (£t sin G)+2H _o_ (86 sin 6)} di
] N
= & b0 f k2 ~u2) (2 +3)8a, b, -1-(f)[V/1)
0
+ 8,5, o Vuf))} du

and similarly

&
Iy=gty_ }-u(bfs)f

ul—g

T | =208, 0 /) S ,L-l({(/—"%) lau.

Hence (2.3) is proved.

10



152 S. R. MUKERJEE & K. N. BHOWMICK

2a. InvERsiON THEOREMS OF 8o ,[f(£:)]

TreEOREM A: If f(x) satisfies Dirichlet’s conditions in (0, b) and has its
own transform 8y, p, ,[f(&)], then at each point of (0, b) at which f(x) is
continuous

fle) = Z rff*/rJﬁ;f;fs)Ho, b, 1+ulf(€)]
i [hz (# )+§] T bE)

where the summation is taken over all positive roots of the transcendental
equation

. (2a.1)

HH(a:b)+hJHF(acb) =0 .. .. .. (2a.2)

where
(&)
Ho, b, 3u[f(€)] A/ f \/ull_lfu [ 1—2u)8, s, /4;:):/;“}
+uéiSg, b, u1{V & f(fiu)}J du. .. .. (22.3)
Evidently,

w2 a
f 0 ag, L (6 sin 0)1-#8, 4, ,{ (¢ sin 6)/+/& sin 6}]dp

=A/72‘Tf**"‘ﬂo,b,&+y[f(§¢)] e (204)

which on inverting (Sneddon 1955, p. 84) gives eqn. (2a.1), and eqn. (2a.3)
follows obviously from (2.4),
TrEOREM B: If f(2) satisfies Dirichlet’s conditions in (0, ) and has its

own Struve transform 8o, ,[f(£)], then at each point of (0, b) at which flx)
is continuous

x"“f(w)=b2]l,:;_/; sin (2)Sy{E )Y L. L. (2a.5)
where
1
E8El @} = [ wtn—un)t-n (=280, o, Wl flut) v/ Et)
ubi 8o, 0, u-1{féw)}]du. .. (20.6)
Evidently,

/2
I, = f sin#+1 6 cos—21 9 ;g[fil_"so, o, ulf (€1 5in 6)}]do
0 i ’

b
. 0 - .
= fo ginktl § cos— 21 0 4 fﬁ ¢ E[&} “H,(té sin 6)]£(t) dt

= 27 #n (3 — )G E (€ ,)). e e .. (2a.7)

10B
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Inverting eqn. (2¢.7) and using eqn. (2.4) we arrive at equns. (2¢.5) and
(2a.7).
2b. SpEciaL CASES
(i) On putting p = 0, Theorem A under § 2 may be expressed as follows :

TerorEM A: If f(z) satisfies Dirichlet’s conditions in (0 <a <x<b)
and has its own Struve transform Sg s ¢[f(£)], then at each point of the
interval at which f(z) is continuous

v f@) 2_7'\/73 i sin? (anw/a—>b)Hg, p, 1{ f(nw/a—0b)} sin {nm(x—b)/a—b}

a sin? (bnmr/a—b)—b sin2 (annja—b)

. . (2b.1)
where
Hayo, s [f(€)) = — \/4 {3, cos b, -+sin bé4} f £22f(t) d
fi b
bezf J& —u2)OOSb§i+ £ Saoa(V/ufw) }
b¢i 84, v, u
\/M f Jg: = {eos ¢ 86, b, ol fu)[ /%)
——%—‘sin bé; Sa, v, o(ubf () }du ce (29
where
& = nmja—b, j=1/—1. .. . .. (20.3)
Obviously, for
Jjsin (x—b)¢;

=0, Fx = =
“ .5, 3(£0) NeT

where £; is a root of Fg p 4(X) = 0, which furnishes solutions in the form
X = nnja—>b, as indicated by (2b.3). Again, for p =10, we observe that
(26.2) reduces to the form

o & -
EHu b3 lf(E)] = —j \‘f [ 74,080 f u?(§2—u?) {38, 4, -1(V'u f(w))

81, sl dut £ 4060 [ (€ ~) HS .ol 00/ V)

1 8a, b, -1(Vu flw))} du]

or

FVBEHa, s 1601 = (008 bt . sim vt | * ]—“——22 8,5, -1{V/uf(w)} du

fi g?-—fu,

& u
+f JE—w [Cos B:8s,5,0( fw)/V/ &)+2‘§ oin b8, b, 20 (u))] du
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using the result (Watson 1958)
(@/2)»

2
%Hp(x) = H, 1(@)+Hy(v)— m

we get
8a, v, -1{ f(u)} f tf(t) dt—Sa, b, 1{f(w)}
and
2 ( 2
Surs, ol flun = = f F0) di— 2 8,0, s Fpub— S, 5,0 f)}

and thus we obtain

sin b§;
NbeaH[fsz]—f / co s b+ 25 }

_uz

x)2 f B7() di=a,0,1(v/u ) |

& "
+f0 Jé_;; {cos bé: Sa, v, ol flu)[4/ )

&

= (3£ cos bi+£; sin bfi}f (1) dt+f —

82—u2

a b
— % gin b 8, b,om%f(u))}duﬂfi sin bE; f B0 dt

. (2b.6)

X ; cos by Sg, p, o(f(u)/'\/u)— 7 sin b¢; Sy, b, olulf(u)) % du

& gy

0 /\/f?—uz

sin b¢;

which is the result required.

gco 8 bfi+ Z, }Sa,bJ(\/af(“))d”

(ii) On putting p = 0, —1, Theorem A under § 2a assumes the form :

Trarorem A: If f(x) satisfies Dirichlet’s conditions in (0, b) and has its
own Struve transform Sy s o{ f(£:)}, then at each point of (0, b) at which f(z)

is continuous

{ I H
V' fla) = 24/b Z §; sin a8 Ho, v, 3f(£0)]
i (h2._ z+é; )(Qbfi cos b¢;—sin bfy)

where

.. (267)

Ho,p,3lf(€0)] = [So b, o{f iu)/\/&u} uée Sy, s, 1{\/ftuf ) }] du
Ei \/1

1 [2\¥?
+§E("—&) J‘Otf(t) dt

.. (2b.8)
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where & is a root of the equation

2Xb

an Xb =y—op.

. (26.9)

TreoreM B: If f(x) satisfies Dirichlet’s conditions in (0, b) and has its
own transform Sy 5 1[f(£:)], then at each point of (0, b) at which f(x) is
continuous

V' fw) = —24/b Z - ‘/lgi Ho, b, -3lf(£4)] cos 2 (25,10
™ (e 4—b—2+§?) (cos bé;+be; sin b)

where
b 37 4 2¢, 2\t pl g2
HO, b, -i[f(f@)] = (2/7752)5 J\Of(t) % ( ) 5 +—$ (E) fo V—TT;Z

X[(8—2u) 8o, , {f(Ew) [V Em}+ugi 8o, 5, of V Eu fEW)} du .. (2b.11)
2h—1
2Xb
These results are obviously true by virtue of (2.4), (2b.5) and (25.6).
(iii) On putting p = F$, Theorem A under § 2a reduces to the forms:

with the addition that & is a root of the equation tan Xb =

THEOREM A: If f(x) satisfies Dirichlet’s conditions in (0, 8) and has its
own sine transform in the same interval, then at each point of the interval
at which f(z) is continuous

Jo(wés) Ho b, o[ff
where &; is a positive root of the transcendental equation
X Jy(Xb) =  Jo(Xb) Co L (2813)

and

s
& Ho, b, ol f(£0)] = A/% f \/Ii;ﬁ[SZ{f(fiu)}+ufz C{gmfEu)}] du. (2b.14)
0

TarEoREM B: If 4/z f(z) satisfies Dirichlet’s conditions in (0, b) and has
its own cosine transform in the same interval, then at each point of the interval
at which f(x) is continuous

f) = zfufl(xfi Ho v, [ f(£)] . (2b15)

(h2—— f) J(bgy)

where & is a positive root of the transcendental equation

X T (b X)+ (h—— -15) J1(bX) = 0
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and

Hq, b, 1[f( &]-—A/ f Vl S{fiuf &)} dx. .. (2b.16)

The results are obviously true by virtue of (1.7), (1.8) and (2b.4).

2c. DrrTERMINATION OF FuNcTioNs f(x) AND Sao, .l f(%)]
UNDER CERTAIN CONDITIONS

In the interpretation of the above results we shall now obtain the finite
Struve transform Sa, o, u[f(z)] of certain special functions f(z), which are
generally known to be the transform pairs under the transformation (1.6).

Result I:

© 8o, p, pl@t) = BHLH, (bx) .. .. .. (201)
which is a trivial consequence of the result (2.4).
Result 11:
8o, b, of{b2—~2?} = 4—JzH 1(bx)— bHO(b )+ 4b .. o (2e.2)

which is obviously true by virtue of (2.4) and (2b.4).
Result I11:

ek (a2 —c?) Sg, b, p[Jplex)] = afx J(ac)H,_i(az)—c J,_y(ac)Hy(ax)]
—b[x Jy(ac)H 1 (bx)—c Jy_y(ac)Hy(bx)]
+ (/) [b{J u(be) H,, 1 (be) —d,_1(be)H ,(be)}
—a{J (ac)H, +(ac) -—JH, ae)Hy(ac)}). .. (2¢3)
Evidently, by virtue of the differential equations (Watson 1958, p. 329)

_ 4 o2

22u” '+ (2202 — p2)u Ta+n)

(2c.4)
and .
220" v’ + (B2 —p2)y = 0 .. .. .. (2¢.5)
satisfied by the Struve function u = H,(dx) and the Bessel function
= J,(Bx), we find
47 H(a/2)1rBgr
F3+w)

z(u v—u”) + (u'v—uv') + (22— f2)a2uv = J u(B)
or
4m H(o/2)1tp

[x(u v—uv')] 4 (22 —BR)xur = qu J u(B).

Integrating with respect to z between the limits (a, b) by aid of the results
d .
(2.4) and . {xr Jy(x)} = 2# J,_y(x), we obtain
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bla J W (68) H - 1(eb) — B J 1 (68)H u(xb) ] —afa J y(aB) H s (@) — B J 1 (aB)H,
dn—b(gf2By+u (DB
8 S bt = TR [ )
Again, using the result (Bateman 1953)

[ 1ute) do = V/7 2 () AT ) Hyr(2) = T (@) L))

we arrive at (2¢.3).

2¢y.  Particular Case

If o and b are two distinet roots of the equation Jyu(cx) = 0, (2¢.3) assumes
the form
cM@%—~c2) 8By, p, wlSplca)] = a J i (ac){xtt H (ac)—ct+1 H (ax)}
—b Ju_y(be){at¥L Hy(be)— et Hy(ba)} .. (20.6)
Result 1V :

Sos0.u(Z) = £} (142) 8, s+ (1= 1) 0

( 1- i) (z/2)1+n

Val(p+d)
Integrating by parts, we get

ftuﬂf(t)dt. o (26
0

b b
d
Sa, b, ulf) = f t H(xt) f/(t) db = b H,(b2) f(B) —a H,(az) f(a)+ f 1) 3, [t Hu(an)] dt
which, on using (2.4) and (2b.4), furnishes the result (2c.6).

2¢s.  Particular Case
For p = 1, (2¢.7) reduces to the form

Sa, b, 1(f) = 28a,5,0(f). N X))
Result V:
2-pg-igltu ’
2"’ SG, b, [L(f/x) = x[Sa, b, p+1(f)+Sa, b, p,-l(f)]" WJ‘ tl"ﬂ-f(t) di

(2¢.9)
which is obviously true by virtue of (2b.6).

Result VI:
Sa, b, y{Yf}+2% 8a, v, w(f) = Hu(@b){bf () +nf (b)}—-Hp(m){af "(a)+pfl@)}

~Ha/2)m

1‘(§+ ) tf(t)dt .. (20.10)

+2{b f(b)H -1(bx)—a fla)H,, - 1ax)}+
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where
@2 1d
v = (dm2+x dx x_z) )

Integrating by parts, we get

b
sa,,,u((‘jf)-_-j Bty o it = [ (t):%] _f (ng- [¢ H,,(at)] dt

a

H(b) f' (8) —a H (@) f' (@) J £ {at B (at)+H, Wty e

|
= b H,(xb) f'(b)—«a H,(xa) f' (@) —xj L (1) xt dt —8a, b, "{olc %‘g

or
S“:bvﬂ-;gzé'i'l ! = b Hy(xb) f'(b)—a H, (xa)f'(a)-—x{bf xb)-—-af xa)}

x da
b
+a L F#) 7 [¢ H  (at) }dt
which, on using (2c¢.4), furnishes {2¢.10).

2¢y. Particular Cuses
(i) If @ and b are distinct roots of the equation

xJ;(x)+p Ju(x) =
then
Sa, b, F,{t[/ Jok)}+228a, p, u{J (2)} = {0 (b)) H, _1(bx)—a J (@) H, e 1{ax)}
O (x/2)¢
T v = 1) 100 S#-l,M(b)—aJv-l(a) St va(@)}

—bJyo1h) Sy +ad,oi(@) By @] .. .. .. L. (2ed])
in accordance with the result

2
[ # 0,0 dz = (v =1)2,(2) Sumt,p-12) =2 To-2(2) Sy o)
where S, ,(2) is Lommel’s function (Watson 1958, p. 350).
(i1) If @ = 0 = v, p = 1, then (2¢.11) reduces to the form

8o, 0, 1{p Jo(@)}+22 8y, 5, 1{Jo(®)} = 2 Jy(b )Ho(xb)—i-?-l—)le(b) 81, 0(b)  (2¢.12)

provided that b is a root of the equation
z J (@) +Jo@) = 0.

SoMMARY AND CONCLUSIONS

Summing up the above results it may be concluded as follows:

(i) An arbitrary function f(z) satisfying (1.1) may be expressed in the

form given by (2.1), where the summation is taken over all positive roots of
the equation (2.2).
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(ii) If a function f(x) be expressed in the form
fl@)= > Ay sin kx
2

then A may be evaluated by means of an integral involving the Struve
transforms 8, ,, {f(ku)[v/Fu} and 8o, 5, . {f(kuw)}, as given by (2a.6).
(i) If f(z) be expressed in the form

f(a) = ZBk sin k(x—b), k = nawja—b
k

(n = zero or a positive integer), then By may be determined by means of
integrals involving the Struve transforms

8a,0, U f()[ V6, Sa, b, ofulf(w)} and Sy,p,{V/uf(w)}
as given by (2b.2).
(iv) If f(x) be expressed in the form

J@) = Z C sin 2k
P

2Xb
where k is a positive root of the equation tan bX = 19" then Cr may

be expressed in the form of an integral involving the Struve transforms
8o, 5, ol f(ku)ku] and 8, , [f(ku)], as given by (25.8).
(v) If f(x) be expressed in the form
fle)y = > Dy cos xk
2

2h—1
where k is a positive root of the equation tan bX = X then Dy may

be expressed in the form of an integral involving the Struve transforms
8o, 5, 1Lf (kw)/ku] and Sy o[ f(ku)], as given by (2b.11).
(vi) If f(z) be expressed in the form

fla) = > BxJofwn)
k

where k is a positive root of the equation X J;(Xb) = hJy(Xb), then Ey may
be expressed in the form of an integral involving the finite sine and cosine
transforms So{f(ku)} and Ct{ku f(kw)}, as given by (2b.14).

(vii) If f(x) be expressed in the form

fw) = Fidy(ak)
k

where k is a positive root of the equation X J(bX)+ (h“ -11;) J1(6X) = 0, then

Fr may be expressed in the form of an integral involving the finite sine trans-
form S{ku f(ku)}, as given by (2b.16).
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