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The expansions of a vector having two components in terms of the solutions
of a matrix differential equation of the second order with suitable boundary
conditions at the end points of a finite interval have been counsidered. The
existence of eigenvalues and eigenvectors has been established and their
nature discussed. Explicit expression for Green’s matrix has been derived.
The function ¢(x, A) has been defined; some of its properties have been
proved and using these properties the expansion theorem and Parseval’s
relation have been deduced.

§1. Let L denote the matrix operator

d ( d’
== | Pol®) 5~ | +p1(2) r{x)
p=| @\ dx) ay
d d
7(x) dx (QO(W) Ja}) +¢1(®)
F the symmetric matrix
Fiy(x) Fo(x)
F=y = (le(ﬂﬂ) F22(33)) (12

and ¢ = ¢(x) a vector having two components u = u(xr) and v = 9(z)
represented as a column matrix
k2
#= (v) '

Consider the homogeneous system

(L—\F)$ = 0, N )
where A is a parameter, real or complex.

The corresponding non-homogeneous system is given by

(L=AF)p = —Ff .. .. .. .. (14

where f = (?), f1and f, being real valued functions of z in @ < 2 < b.
2

The system considered here is more general than the one considered by
Chakravarty (1965). Though the differential operator is a special case of
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that of Kodaira (1950), Coddington and Levinson (1955), Neumark (1960)
and Hilbert (1912), the results and methods are different from theirs. The
work is based on Chapters I and II of Titchmarsh’s book (1962).
We assume the following conditions to be satisfied:
(i) polx), golx) are real valued and possess continuous derivatives of
the first order in o < x < b;
(i1) p1(x), q1(x) and r(x) are real valued and continuous in a < x < b;
(iil) polz), go(w) > 0 for @ < & < b;
(iv) the symmetric matrix F is real valued, continuous and positive definite
fora <x<b.

u

We define the boundary conditions to be satisfied by the vector ¢ = ( v\’
at ¥ = «a and x = b respectively by a

Ma, ) = pola)ajiula)+ajou' (@)]+go(a)a;5v(a) + a0’ (@)] = 0
j=1,2, (L5)
N(b, ¢) = po(b)[bj1u(b) +bjate’ (b) ]+ go(b)[b13v(b) + b0 (B)] = 0
j=12 (16
where

(@) ayp and by (j = 1, 2; k=1, 2, 3, 4) are real-valued constants;

(b) thetrivialcase of ajp = 0(j = 1,2; k= 1,2,3, 4)and by = 0(j =1, 2;
k=1, 2,3, 4)is excluded;

(¢) the set {ax; k=1, 2, 3, 4} is linearly independent of the set
{agr; k =1, 2, 3, 4} and the set {bix; k = 1, 2, 3, 4} is linearly independent
of the set {box; &k = 1, 2, 3, 4};

(d) dola)(@14093—@24013) +Po(@)(@12021 —a"1052) = 0, . (1)

90(0)(b14D23—b24b13) + Po(D) (B12b2y —b11bge) = 0. .. (L8

The value of A for which the system (1.3) has a non-trivial solution satis-
fying (1.5) and (1.6) is an eigenvalue and the corresponding vector solution
is an eigenvector. .

§ 2. The following existence theorem holds:

Theorem 2.1.  Let po(), go(), p1(%), q1(x), r(&) and Fy(, j = 1, 2) satisfy
the conditions of § 1 and let A, B, C, D be four constants not all vanishing

‘u(zx)
simultaneously, then the system (1.3) has a solution ¢(x) = (?)Ex)) which is

unique and which satisfies

ug) = 4, w'(@) = B,o(0) = C,v'@=D, .. .. (21)
where a < « < b, the accents denoting differentiation with respect to z. Also
for each z in the closed interval [a, b], u(z), v(z), u'(x), v'(x), w’(x), v"(x) are
all integral functions of the complex variable A and take real values when A
is real.
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u(x, A)'

A vector ¢(x, A) = (viw A;) (@ < xz < b) which is such that u(«, A) = 4,
w'(a, ) = B, v(a, A) = C and v'(x, A) = D (¢ < a < b), where 4, B, C, D are
constants not vanishing simultaneously will, after Chakravarty (1965), be
represented by the symbol

]z, )
Ul )) . 2.2)

$laa. 2) = (Mm, "
§3 IJG'C

b= () ama = (1Y)

\

where u;, v;, ete., are functions of z, be two given vectors. Then the bilinear
concomitant of the two vectors ¢; and ¢y is defined by

s v
U, U, |

v, v
PRl g TR
po%u;;ukj 'Q(‘Ivjfuk

= po(u;uk—-uju;)+qo(v]'vk—v;v;) . .. (3.1

where pg, g, are functions of x of § 1, and is represented by [¢;dr].
The following important properties of the bilinear concomitant hold:

(@) [dsdi] = [Prdr] = 0;

) [spx] = —[dapsl:

(0) [gilkrpr+Fabm)] = ki[¢id1]+ka[dsbm], where k; and k; are constants;

(d) if ¢; and i are the solutions of (1.3) for the same value of A, [didr] is
independent of x and is a function of X alone;

(e) if ¢,(ay|@, A) and éx(ag]x, A) are the solutions of (1.3) satisfying the

conditions of Thm. (2.1), [¢;{es| @, A)de(as |2, A)] is an integral function of A
independent of x and also is real valued for real A.

The boundary conditions (1.5) and (1.6) can be expressed in the alter-
native ‘Kodaira form’ {Kodaira (1950)].

M, ¢) = [pdjla) =0 (j=1,2) .. . .. (32
and
N, ¢) = [¢dx](b) =0, (k=3,4) .. . .. (33)
where
ugla |z, A) .
$ilalz, A) = (v:(a;x ,\)) (=12
and )

uk(b]x, )\)) (k- - 3, 4)

(ﬁk(b]xy A) = (vk(b]x, A)
are solutions of (1.3) and are such that

wlala, A) = aj, uf(a,[a, A) = —ay, )
; (=12

vyla]a, A) = ay,, v;(al a, A) = —ajg,
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up(bib, A) = brg, u,(bb, ) = —b,,,) when bk =3,1=1;
o(b]b, ) = bu, v,(b]b, \) = —bys,| Whenk =14,1=2,

uletjz, A)
¢ =dlalz, ) = (v(u[lx ,\)) is a vector satisfying (1.5) and (1.6) and [ ] (a)
indicates the value of [ Jat z = «.
The vectors é5(a |z, A) and ¢x(b|=z, A) are called the boundary condition
vectors at £ = a and « = b respectively.
For all z in [a, b] and arbitrary A we have

[$1do] = O O ¢ X0

[$ebs] = 0. N ¢ X))

We note that (3.4) and (3.5) are respectively equivalent to (1.7) and
(1.8) and [¢;42] and [¢3d,] are independent of 2 and A.

Since we stipulated in § 1 that the sets {a;x} and {ag} are linearly
independent, it follows that ¢, and ¢, are linearly independent over [a, b]
for all A. Likewise ¢35 and ¢, are linearly independent over [a, b] for all A,

We also note that ¢, and ¢, at z =a and ¢; and ¢, at *x = b are
independent of A.

‘We now prove the following theorem:

and

Theorem 3.1. Let any two vectors f(z)= (28) and g(z) = (glii;)
2

satisfy the boundary conditions M(a, ¢) =0 at * =« and N(}, ¢) = 0 at
2 =b. Then [f(®)g(x)] = 0 both at x = ¢ and = = b.

First we prove that [f(x)g(x)](a) = 0.

Since f(x) and g(x) satisfy at & = @ the relations (1.5) where the relation
(1.7) s satisfied, we have from (3.2) and (3.4)

(ffidla) =0 . _ 1 9 36
[9¢1J(a)=0}('7 2 N o - (36)

and
[badel =0. .. .. .. .. .. (37

From (3.6) and (3.7) we have [fg](a) = 0.
It follows similarly that [fg](b) = 0.
0
§4. Let ¢ = (zl) and 6 = (9
2 2

atives of the second order and A* denote the transpose of the matrix A.
Then Green’s formula for our boundary value problem is

1 . . .
) be two vectors having continuous deriv-

fb (67Ld—$TLO) dz = [$0](b) —[$6](a). 78 )

If ¢ and 0 be the solutions of (1.3) and satisfy the boundary conditions
(1.5) and (1.6) where conditions (1.7) and (1.8) are satisfied, then our boundary
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value problem (1.3), (1.5) and (1.6) is self-adjoint, i.e. [¢0](b) = [¢f](a) and in
particular by Thm. 3.1

[461(6) = [$0)(a) = 0.
Let the two eigenvectors
= (ul(x’ ’\l)) d g, = (ug(x’ Az)) b iated with two distinet
V1= o, ) 204 Y2 =y n 2, Do associated wi wo distine
eigenvalues A; and A, respectively. Then we obtain by Thm. 8.1 and Green’s
formula

fﬂynyzdx=0, N X))

the orthogonal relation for our eigenvector system,

§5. Let
’Lt/\ u](x’ A)) .
W‘Q)=@mﬁw"kz&*
be four solutions of (1.3). Then the determinant

Wa(y192ysy8)(A) = W{y(2, Nye(z, Nys(z, My, A) .. (61)
defined by
Uy Ug Ug Uy
V) Uy V3 Uy

Wa(y1y2y3y4)(A) = (65.2)

’ 7’ I ’
Uy Uy Ug Uy

09,9, 7,
is called the Wronskian for the system (1.3) as it plays the same role for the
system (1.3) as does the Wronskian in the case of ordinary linear differential
equations.

We have the identity

Po(®)q0()W 2(y192Y5y) V) = —[y1ellysys]+[vayallyayad— (119 y2ys]
(5.3)
It follows from (5.3) that py(®)qe(x)Wz(y1¥2ysys)(A) is independent of x
and depends only on A, since each [y;yz] is so. (See § 3(d).)
Let us now take the four solutions of (1.3) to be the four boundary condi-
tion veetors ¢(¢ =1, 2, 3, 4) introduced in § 3. Then by virtue of (5.3),
(3.4) and (3.5)

Do(%)go(x) W 2(B1b2d3da) (V) = [S1h3][bebe] —[d1dalPedbs]- .. (549

It is independent of x and depends on A alone. Let us denote it by D(A).
It follows that D(}) is an integral function of A, independent of x and takes
real values when A is real. D(}) is not identically zero in « over [a, b] and
80 Wald1dopsd)(A) is also not identically zero in z over [a, b]. Hence the
boundary condition vectors ¢¢(i = 1, 2, 3, 4) are linearly independent over
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[a, b] and form a fundamental set for those values of A for which D) 3£ 0.
If D(A) = 0 for some A, then ¢;, ¢, are linearly dependent on ¢,, . We have
the following theorems:

Theorem 5.1. The necessary and sufficient condition that A should be an
eigenvalue is that it is & root of D(A) = 0.

This can be proved by following Everitt (1957).

Theorem 5.2. The zeros of D(A), i.e. the eigenvalues are all real.

It follows on using the orthogonality relation (4.2) and the property
of a positive definite Hermitian form.

The following lemmas hold:

Lemma 5.3. Let ¢j(alz, A)(j=1, 2) and ¢x(blx, A) (k= 3, 4) be the
boundary condition vectors. Then for all values of A

b
[ @iz nenoienie= Ligale vaom L 65
(=12, k=3,4).

x
Lemma 5.4. Let U(x) = (yj) be any two vectors (real or

Ty
) and V(x
Y1

) =
complex) such that U”(x)FU(z) and V7 (x)FV (x) belong to L.
Then

j f UT(2)FV (x) d:rI < f UT(2)FU (@) dx f V() FV () dx}*, (5.6)

i) | f UT (@) FV (@) do f U () FU(x) dx ( VT(@)FV(z) (lx}%, 5.7)

<
t [T @F 7w | < § { [Ur@FU) da [V @FV@ dx}*, (5.8)

i) { [ (U@ +V@)HUE+VE)da}’
<{ [ V") FOG) az}i+§ [V @ FV @) doﬂS*, .. (59
where the bar as usual denotes the complex conjugéte. The interval of

integration may be finite or infinite.
By using the transformation

Py Fy Fyy—F* X )
X; = \/Fn(x,+ ) Y, = A/—li—;%——-@y, (j=1,2)

the inequality
| XX 1Yo < ([ X BH T (| X P+ TeP) .. .. (510)
and Schwarz’s inequality (i) follows.
By similar arguments (ii) and (iii) follow. The relation (iv) follows on

using (ii).
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§6. Let F be a positive definite Hermitian matrix of order two and

Tnlz) = (;m( )) be a sequence of vectors (real or complex) such that

f @) Ff (2) Sa(x) belongs to L for each n. Let f(z) = ( ! )) be a given vector such

Je(2)
that fT()F f(z) also belongs to L. Then if the integral

[ f@—f P @ ~f@)de .. .. - .. (@D

tends to zero as n tends to infinity, we say that fu(x) converges in the mean

to f(=).
The following fundamental result analogous to Riesz-Fischer theorem

holds:
Jia(@)y .
Lemma 6.1. If a sequence {fa(z)} of vectors fp(z) = ()] 1 8iven,
2n

then in order that there exists an element (vector) f(x) towards which it con-
verges in the mean, it is necessary and sufficient that

| (@) ~Fu(a@) TP fule) ~Fule)) o

tends to zero as m and n tend independently to infinity. (See Riesz and Nagy
1956, pp. 58-59).
The following result also holds:

Levma 6.2, If fa(z) converges in the mean to f(x) and gs(x) converges
in the mean to g(x), then

Lt [ fr@)Fgaa) do = [ 7@ Fola) da.

We shall frequently use the above results in our further discussion.

§7. We discuss the nature of the zeros of D(A) at an eigenvalue. There
are two cases to be discussed here,

Firstly, suppose that D(A) = 0 at A == A,, but at least one of the [¢sde], say
[h24], is not zero at A = Ay

We have at A = A,

( = [$1¢s][dads] —[$16.][$23] = O, . . .. (1.1
"(A) = [$19s] [Pede] +[B1s][Peds] ~—[P10s] [edbs] —[d10al[b2ps]’ (7.2)

where the accents denote differentiation with respect to A.
Since D(A) = 0 at A = Ag, We have
Ady+Bés = Opg+Dg,, (xe[a, b]), .. .. o (1.3)
where A £ 0, C # 0, and
A(($odalb1—[$164182) = C((pebalbs—[dedslds). .. .. (T4

II
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Now

[ (o831~ 19160 F (ol — el do

= [, J([$165] [2dbs] + (D195l B2dbs) ~[h164] [Sabs]— [¢1¢4][¢2¢3] ),
by (5.5) and (7.1)

= [$2$,1D'(A), by (7.2), at A = A,
Using (7.4) we get

% f Z ([$2balbs —[P16412) T F([sd (b1 —[D1d4lbe) 2 = [ 1D’ (A) (7.5)

at )\ = l\n.

Since the integrand on the lh.s. of (7.5) is a positive definite form,
D’'(A) £ 0 at A = A,. Therefore A = A, is a simple zero of D(A).

It follows from (7.5) and (7.4) that an eigenvector corresponding to an

eigenvalue Ay is & constant multiple of [$dslp1—[b16,1bs oF [babslds—[Pads]ds.
In particular,

un(x, /\n)
bt ) = (i An))
kn
{[¢2¢4]D } { ¢2¢4]¢1(x /\n [¢1¢4]¢2($, /\n)} . (76)
is & normalized eigenvector, corresponding to the eigenvalue Ay, in th‘e sense
that

fb¢f(x,A”)F¢n(x,An)dx=1. R ¢ &

Secondly, let all the [¢;41] be zero at A = A,.
Then we have at A = X,

D()‘) [$1951[Potbs] —[d1d4](d2ds] = O, .. . - (18)
= [$1¢s] [badal+ 15l baps) —[h184) [Pods] — [951‘754][?52553] =0, (7.9
D"(/\ = 2{[¢1¢3] [Pobps] —[b1ba] [P2ebs]}- .. . .. .. (7.10)
At A = A, we have
¢3 = A¢1+ By, ¢y = C¢1+Dgs, .. .- - (7.11)
where AD—BC # 0.
Let
I = Ip(Ag) = jb $TPdidz(l < j, k < 2). N AT
Then ’

I;>0(j=1,2) and Ly = I,
From (7.11), (7.12) and, (5.5) we have at A = A,
[$16s]' = Al +Bly;, [$ops]’ = Aly+Bly,
[$164] = CI; 14Dl g, [pops]’ = CIn+DIys. .. . (7.13)

I1B
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Putting in (7.10) we get

1D"(An) = (AD—BO)(I1ulys—I3y).
Now

B = { fb $I Py do }2 < f b $IF, dx fb $:F, dz, by (5.6).

The equality s1gn is omitted, since ¢, and, ¢, are linearly independent over
[a, 8].

Thus Ifz < Iy1155 and consequently D"(A)#£ 0 at X = Ay, ie. zero of D(A)
at A = A, for this type of eigenvalue is of order two. It follows from (7.11) that
corresponding to the eigenvalue A, there are two eigenvectors, one :/:LU (x, An),
a constant multiple of ¢3 and the other :,b(z)(x, An), & constant multiple of ¢,,
which are linearly independent and normalized in the sense of (7.7).

Also

fbtl'f,”T (@ A F62 (2, A)dz =0. .. .. .. (1.14)
Define ¢n(x, A,) by
¥n(@, An) = J > t/!m( 2, An) J f t,b(z)(x An) .. (7.15)
where
b
n= [ 9 @ s Ef@) do, By = [ 47 @ A Ef @) da, .. (1.16)

f(x) being a fixed vector such that f7(z) Ff(x) ¢ Lla, b].

By using a relation contained i Mirsky (1955, p. 362, 12.1.14) it follows
that the vector y,(x, A,) is normalized in the sense of (7.7). a(x, As), thus
defined, is taken as the eigenvector corresponding to an eigenvalue A, when A,
is & double zero of D(}).

§8. We now construct Green’s matrix for our boundary value problem
(1.3}, (1.5) and (1.6) satisfying the usual properties. (See Hilbert (1912, p. 208),
Courant & Hilbert (1953, p. 393), Neumark (1960, p. 105) and Chakravarty
(1965)).

Let ¢; = ds(a|z, A) (j = 1, 2), ¢ = ¢x(b|2, A) (k = 3, 4) be the boundary
condition vectors and D(A) given by (5.4) be not zero. Then if we assume that

, A
b=y = ()
[‘1’2954]‘/’3 blz, ) —[dop3ldy(b|z, A) 8.1)
Oy .. .
and
, A
== ()
- [h1ds]ds(b]a, A)—[d1d41ds(b |2, A) .. (82

D(A) ’
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hen  tk ion for Green’ trix G =@ ; A)—(G“G”)
then the expression for reen’s matrix =0 Yy, = @565
= (Qy(=, y; A)) can be written as a product of two matrices given by

P11(@, &) Pa(z, )\)) (ul(y: A vy, A)
Yia®@, A)  Paa(@, X)) \ualy, A)  va(y, A)
_ (ul(w, A ug(z, ,\)) (‘/’11(% A Pa2(y, A)
- vl(x: A) UZ(x5 A) ‘/’21(?/, /\) ‘/’22(?/; A)

Gz, y; )=GT(y,z; A) = ( ), yela, x]

>, yelz, b].
(8.3)

For the boundary condition vectors ¢; (§ = 1, 2) and the vectors ¢y = yu(z, A)
(z =1, 2) given by (8.1) and (8.2) we have the following lemma:

Lrvua 8.1
(i) (P10 FPo1ve—iau; —haotip) = 0, .. .. (84
(ii) 190(51’111“1'*'*.//;1“2—9511“;—‘/‘21“;) =—1, .. .. {8.5)
(ili) (P 01+, ve—raty—dogu)) =0, .. .. .. (86)
(iv) (‘/’;2u1+‘/’;2u2—‘/111”;—¢21”/2) =0, .. .. .. (8.7
(v) q0(¢112’01+(/1;27)z—(/1122)1—-1/'22?);) = —1. .. .. (8.8
These results are proved directly by using (3.4) and (3.5).

4
§9. Let f(z) = (]{:Ew;) be a real-valued continuous vector in ¢ <z < b

and let us suppose that A is not an eigenvalue. Then define a vector

@1({1}, )‘)
by ,
Oz, ) = [ (@ulw, y; MEA) dy, e (O

where the matrix (Gyy) is given by (8.3).

It can be easily shown on using lemma (8.1) that &(x, A) satisfies
eqn. (1.4) and the boundary conditions (1.5) and (1.6) at x =a and x = b
respectively.

§10. We obtain some results in connection with @(x, A) defined by (9.1).

Lemma 10.1.  Let f(x) = (2) be a vector having continuous derivatives up

to second order in [a, b]. Suppose that f(x) satisfies the boundary conditions
(1.5) and (1.6) at @ = o and x = b respectively and A is not an eigenvalue.
Then

qs(x,,\)=71\{f(x)+a>*(x,/\)}, R LB )

where @* depends on Lf in the same way as ¢ depends on FY.
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Writing explicitly the formula for @(z, A) in terms of ¢; and ¢y (j = 1, 2)
and applying Green’s formula we have

(=, A) = % [P*(z, D) +i[b1f1(@) + ol bo S 1(@) — b (1 F1(@) — balthe f1()].

Using (8.4)—(8.8) it follows that
$a[$171(@)+ ol 2 1) — b1l f1(2) — bel e fl(z) = f(2),
and the result follows.
Lemma 10.2. Let @(x, A) be defined by (9.1) where f(x) = (;1) is a real-
2

valued vector such that f7(x)Ff(x) belongs to L{a, b] and A = p+iv (v £ 0).
Then

b b
J &7FB de <V12Jr FEfde. .. .. .. (102
Q1n(x)
Let us define a sequence {¢,(x)} of real-valued vectors @Qn(x) = Qon(@)
2

which are continuous in ¢ < & < b. Then the vector ®(x, A ; Q) sa.tis:ﬁes the
differential system

(L—=AF)D(z, A; @n) = —FQyp
and the boundary conditions (1.5) and (1.6) and is analytic in A. By principle
of reflection

D(z, A; Qn) = Dz, A; Q).
&(z, X; Qn) also satisfies the boundary conditions (1.5) and (1.6). By Green’s
formula and inequality (5.6) we have

b b
f QT(-'”: X Qu)FD(x, X; Qn) da < ;lgf Q:FQn dz. .. (10.3)

If we approximate in the mean to the vector f(x) by the vectors @a(x),
we have

b b
Lt f QIFQ, du = f FUFf da (see § 6). ce . (104)
By (9.1) and inequality (5.6)
: Dz, A; Q) > Dz, A5 f) .. .. .. (10.5)
uniformly over [a, b].
The result for any vector f such that f*Ff belongs to L[, b] follows from
(10.3), (10.4) and (10.5).
LeMma 10.3. Let the vector f(z) = (;1) satisfy the same conditions as in
2

lemma (10.1) and ¢4 = ¢u(2, As) be an eigenveetor corresponding to the
eigenvalue Ay.
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Let \
b
¢a = [ yyFfdzand o) = [ §Ifdx.
Then c: = ApCa.
This follows from Green’s formula applied to 5 and f and using [ f]z =0.

LemMa 10.4. The poles of &(x, A) defined by (9.1) are all simple.
If possible, let @ have a pole of order m > 1at A = A;. Then near A = A,

_ hm() hm—1()
D(x, A) _(A—An)m+(A—An)m‘1+ .. .. (10.6)

Since
(L=2aF)® = A=2n)FO—Ff, [Ddsl(a) = 0 (j =1, 2) and [O](b) = 0 (k= 3, 4),
we have
(L=ApF () = 0, (L= FY by (%) = Fh(z), . . .
and
(hidsl(a) =0,7=1,2and ¢ =m, m—1, ...
[Ridr}(0) =0,k =3, 4and i =m, m—1, ...
Hence by Thm. (3.1)
[hehg](a) = O and [hhs](0) = 0,7, 8 =m, m—1, ...

Thus it follows from Green’s formula that

| 1 Py d = 0.

Hence hy = 0. ‘

This holds for all f, hence ¢(x, A) has at most a simple pole.
Dy(x, A)
By(a, A)) be defined by (9.1) and A be a
complex parameter. Then by lemma (10.4), the poles of @(z, A) are all simple.
From the definition it is obvious that the singularities of ¢(z, A) are at the zeros
of D(A). Let us now calculate the residues of @(x, A) at the zeros of D().

If A be a simple zero of D(}), then the residue at A = A, is given by

Lt (A=2,)0(x, A).
A=Ay

§11. Let the vector &z, A) = (

After a little manipulation, the residue of @(x, A) at A = X, comes to be

b, ) [ W10 WE @) By, . . (L)
where
¢1ﬂ(x) An)
Yl dn) = (*ﬁzu(x, /\n))

are the normalized eigenvectors (7.6).
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If 2 be a double zero of D(A), by considering the Lt (A—Az)d(z, A) the

A=Ay

residue comes to be

b da) | " 92t MWEF) dy-+92(z, 20) | W WEW) Ay, (112

where

o ( ﬁ.’) _ i@, )

V) v AW
and

’

(2
¢(2) — ( ln)) - Ly1¢o(x, An) —=I190¢1(x, An)
oo\l {Ln(Iules—I5)

Iy having the same definition as given in (7.12), are each normalized

eigenvectors in the sense of (7.7).
Also

b
fsbf)TF‘/'f)dx:O- R ¢ § 1)

§12. Bessel’s inequality in our case takes the form

w0

Zc§<J:fTFfdx, R 5 )

b -
where ¢, =f gl::Ff dx is the Fourier coefficient of f = (;1), Jn being the
eigenvector corresponding to the eigenvalue Ay,
Following exactly Titchmarsh (1962) we now have the following expansion
theorem and Parseval’s formula.

f1(2)

Theorem 12.1. Let the vector f(z) = ( 1 (x)) be twice differentiable, f”(x)
2

be L2[a, b] and let f(x) satisfy the boundary conditions (1.5) and (1.6) at z =a
and x = b respectively.
Then

o0

flz) = Z Cnifn(2),
the series being absolutely and uniformly convergent in [a, b].
Theorem 12.2. Let the vector f(x) be such that f7(x)Ff(x) belongs to
Lla, b]. Then

i ci = f:fT(x)Ff(x) de.

— 0

REFERENCES

Chakravarty, N. K. (1965). Some problems in eigenfunction expansions I. Q. Jl. Math,
62, 135-150.

Coddington, E. A., and Levinson, N. (1955). Theory of ordinary differential equations,
McGraw-Hill Book Company Inc., New York.



174 BIKAN BHAGAT: EIGENFUNCTION EXPANSIONS

Courant, R., and Hilbert, D. (1953). Methods of Mathematical Physics, Vol. I. Interscience
Publishers Inc., New York.

Everitt, W. N. (1957). The Sturm-Liouville problem for fourth-order differential equations.
Q. Ji. Math., 30, 146-160.

Hilbert, D. (1912). Grundziige einer allgemeinen theorie der linearen Integralgliechungen.
B. G. Teubner, Leipzig and Berlin.

Kodaira, K. (1950). On ordinary differential equations of any even order and the corresponding
eigenfunction expansions. Am. J. Math., 72, 502-544.

Mirgky, L. (1955). An Introduction to Linear Algebra, Oxford.

Neumark, M. A. (1960). Lineare differential operatoren. Academieverlag, Berlin.

Riesz, F., and Sz-Nagy, B. (1956). Functional analysis. Blackie and Son Limited, London.

Titchmarsh, E. C. (1944). An extension of the Sturm-Liouville expansion. @. JI. Math., 15,
40-48.

(1962). Eigenfunction expansions associated with second-order differential equations,

Part I. Oxford, 2nd edn.

(1962). Theory of functions. Oxford University Press.




