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In this paper a new type of non-measurable set & has been constructed with
some of its properties. Some mathematicians, Bose Majumder (1962),
Jeffery (1951), Kestelman (1959) and Natanson (1961) have shown that a
measurable set may or may not be an S-set (or an R-set). It has been
demonstrated in this paper that a non-measurable set has also the same
properties, Taking F to be the complementary set of ¥ in [0, 1] which is
also non-measurable, we have also discussed the nature of outer and inner
measures of the sets £ and ¥ and also the measure of the sets By, £, F'y, F’
and T where E, C K is a set of maximum measure and E’ C E is the remaining
non-measurable component (with similar meaning for F; and F’) and 7T
which is B’ U F” is found to be measurable with a positive measure.

INTRODUOTION

A well-known example of a non-measurable set 4 is dealt with by some
authors, Jeffery (1951), Kestelman (1959) and Natanson (1961). Van Vieck
(1908) has also constructed an example of & non-measurable set. We have
constructed here another non-measurable set £ of a different type where we
used the ratios of points instead of the distances between pairs of points as
used by the above authors.

Norarions AND TERMS

A set B is defined to be an S-set, if its distance set fills an interval with 0
as its left-hand end point. A set B may also be defined to be an R-set, if its
ratio set fills an interval with 1 as its left-hand end point.

(1) Lebesgue measure of any measurable set X will be denoted by | X|.

(2) Exterior and interior measures of the set E are denoted by m(E) and
m(E).

(3) Union and intersection of any two sets are denoted by A+B and
A . B respectively.

(4) r, 71, 75. . . stand for rational numbers.

A NEw ExaMPLE OF A NON-MEASURABLE SET

Let I denote the interval (0, 1) and for xel, let R(x) denote the set of
numbers ¢, for which ¢/x is rational, where 0 < £ < 1.
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Properties of the class of sets {R(x)}.—(i) If =z/y is irrational, then
R(z) . R(y) = 0. For, suppose, there is ¢ such that £eR(x).R(y). Hence

£lx =ry, £y = rp and xfy = :~2 = g rational. This contradicts the hypothesis
1

that x/y is irrational and hence (i) follows.

(ii) If z/y is rational, then R(x) = R(y). ¥or, suppose, ¢e R(x) with
¢/x =r;. Hence ¢fy=¢/x.xly=r Xr=arational, where r = zfy. There-
fore, £e R(y). Similarly, if ¢¢ R(y), we can show that £¢ R(x). Hence (ii)
follows,

(i) If RE(x) and R(y) have one point common, then they are identical.
This follows easily from (i) and (ii).

Thus we see that as x moves over I generating the sets of {R(z)}, the
members of this class are distinct. That is to say, to each ze I, there corre-
sponds a single set R(z). The correspondence is not, however, one to one; for
example, by (ii) every rational number of I generates the same set.

Let E be the set forméd by choosing one element ¢ from each of the
pairwise disjoint sets {B(x)} according to the following procedure:

(iv) If zisrational and x ¢ I, choose E . E(x) to consist of the single point 1.
If z is irrational and 0 < 2 < 4, we choose E.R(x) to consist of a single
point ¢ (obviously an irrational in (0, 1)), such that ¢/x = a rational > 1. If
z' is irrational and § <2’ < 1, then } <2'/2 <} We have R(x) = R(z'/2)
and hence F . B(z") = E . R(z'[2).

(v) Let Bu(E) = raE] be the set of all points {rpz} where xe¢® and
rs is the nth rational in the enumeration of all rationals in [0, 1].

If m £ n, we propose to show that Rn(E).R,(E)=0. If possible, let
% ¢ Ru(E) . Ru(E).

Hence x = rpé and = 7,7, where £ ¢ £ and 7 ¢ £ which gives 7/¢ = -:’—" =
n

a rational number.

Let £e¢R(z') and "¢ R(y), v’ eI, yel. Hence ¢/x’' =a rational and
M/y' = a rational. Therefore y'/z’ = a rational. Hence R(z') = R(y’) by (ii).
Thus we have chosen two points ¢ and » from the one and the same set R(z')
for R(y’')] which is not permissible. We conclude that Ru(Z). Ry4(H) = 0 if
mEn.

(vi) Let x € [0, 4], then there must exist at least one set Ry(E), for which
x e By(E).

Proor: For an irrational e [0, 4] there corresponds a set R(x). Let the
unique point contributed by E(z)to E be §£.

Then £z =a rational r > 1 by (iv) = 1/r’ (say), when ¢ is a positive
rational << 1. Therefore, x = 7'¢.

Hence ' (< 1) is an 7, and thus x = rp¢. It follows that e Ry(E).
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If z is rational 0 <z <} then R(x) contains 1 and 1¢E. Obviously
1/x = a rational (> 1) = 1/r', where ' is & rational < 1. Hence x = ¢'.1
=1y .1 for a certain m where 0 < rp, << 1 and 7y is the mth rational in the
enumeration of rationals in [0, 1] and 1e¢Z. Therefore, xeRy(E). Hence
the property.

Theorem 1. The set E constructed above is non-measurable.

Proor: If possible, let E be measurable with measure | Z|. Hence Ry(E)

is measurable and |By(E)| = ro|EZ|. Now Ru(E).Ru(E) = 0, where m#%n
and also R,(E) C [0, 1] for all n.

Therefore
S Bl = S BB <1
o n=1 n=l
|B| Z rm<1. But Zrn— . Hence |E|=0
and thus | Ba(E) | = 0 for all n. "
Therefore
imnw)]:o. O 4 )
But i "
> Bu(E) > [0, }] by (vi).
Hence "

o«

Z[Rn(E)[gé. N )

But (2) contradicts (1).
Hence E is non-measurable.

Theorem 2. The set F is not an R-set.

Proor: If possible, let £ be an R-set. Let r (> 0) be any rational and,
if possible, set £/m = r, where £ ¢ £ and 7e E. Hence £ and n must have come
from some sets B(z) and R(x') respectively where ¢/x = a rational and 9/’ = a
rational. Hence R(z) = R(z') by (ii).

Thus £ =« and, therefore, r = 1 which is a contradiction as r is any
rational. Hence no two points of E are in the ratio of a rational number.
Therefore £ cannot be an R-set.

Corollary 1. The above demonstration gives an alternative method to
prove that the set E is non-measurable.

For, by Bose Majumder’s theorem (1962), a set with positive measure
must have infinite pairs of points in the ratio of rational numbers. Hence if
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E is measurable, then its measure | £ | must be zero (as E has no pair of points
in the ratio of a rational number),

That the set F is non-measurable can now be completed as is given in
the concluding part of Theorem 1.

Corollary 2. A non-measurable set may or may not be an R-set.

‘We have seen above that the non-measurable set ¥ is not an R-set.

Let us now take a non-measurable set G = E-+F where F is an arbitrary
set with positive measure.

Obviously G is an R-set (as it contains a subset F with positive measure
(Bose Majumder (1962)).

Hence @ is a non-measurable R-set.

Note: We thus see (since an R-set may be of measure zero, may be of
positive measure or a non-measurable set) that nothing definite may be
said about an R-set, so far as its measure is concerned. Put in another way,
we may say that when in future, a necessary and sufficient condition for a
given set to be an R-set is found (this problem still remains open), it will have
nothing to do with the measure of the set.

Under ‘Introduction’ we have mentioned about the well-known non-
measurable set A, which is formed by taking one point from each of the
mutually exclusive sets {B(x)}, where B(x) is the set of points {£} and £{—=
= & rational number, x and ¢ being points of the interval (0, 1).

Theorem 3. The set A4 is not an S-set.

Proor; There exists no rational number which is the distance between a
pair of points of 4. If possible, let there exist a rational number d, (0 < d
< 1), which is the distance between a pair of points ¢ and n of 4.

That is, let é—n = d.

Therefore, there exist points  and ' of (0, 1) such that B(z) contributes
¢ to A and B(x’) contributes 5 to 4.

Hence ¢é—x=1r, and 5—z = r,. Therefore, the rational number
4=ty = ({—2)—(n—2')+2—2 = ry—ro-(2—2")

It follows that #—a' = a rational number.

Therefore, B(x) = B(z') and, thus £ and % come from the same set which
is a contradiction.

Hence no two points of 4 are at a rational distance.

Therefore, A cannot be an S-set.

Corollary 1. The above demonstration gives us an alternative method to
prove that the set 4 is non-measurable.

For, by Steinhaus’ theorem (1920), a set with positive measure must have
infinite pairs of points at rational distances. Hence, if 4 is measurable, then
its measure | 4 | must be zero (since we have shown above that the set A has no
pair of points at a rational distance).
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That the set 4 is non-measurable can now be shown as given in the
concluding part given by Jeffery (1951).

Corollary 2. A non-measurable set may or may not be an S-set.

Proof is the same as that of the Corollary 2 of Theorem 2.

Note: The same observations may be made as in the note after
Theorem 2.

Having shown that E is non-measurable, it would be interesting to
investigate about the nature of its exterior and interior measures, 7 (E) and
m(E) respectively and also #7i(F) and m(F) where F is the complementary set
of B,ie. F = [0, 11—E, and obviously ¥ is also non-measurable.

Let E = E;--E’ where Eis a measurable subset with maximum measure
and E’ is the remaining non-measurable subset of & (Van Vleck 1908).

Also let F = F;-+F' with similar meanings as above.

Obviously 7' = E'-F' is a measurable set.

Theorem 4. To show that

(i) m(&) = 0, (i) WM(F) =1, (iil) m(E,) = 0, (iv) 7A(E) = m(H') = m(F")
= m(T) = 1—m(Fy), (v) 0 < m(B) <}; 0<m(T) < }; m(F) = }; m(Fy) = }.

Since no two points of E are in rational ratio, hence by Bose Majumder’s
theorem (1962), it follows that m(#) = 0 which is (i).

Hence, since, m(E) = 1—m(F), m(F) == 1 which is (ii).

The other results may be easily proved by using some of Van Vleck’s
(1908) results.
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