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A study of heat transfer aspect of fully developed flow in MHD channel
under crossed-fields is presented. Closed form solutions for the temperature
8, Nusselt number Nu and the mean mixed temperature T, are obtained
under the following two conditions:

(i) Walls at different temperatures.

(ii) Linear variation of temperature along the walls.
Numerical values for 8, Nu, Ty, are carried out for different values of M
(the Hartmann number), e (the loading parameter), ¢y+¢; (sum of the
electrical conductance ratios for the upper and lower walls respectively) and
P,RA (product of Prandtl number, Reynolds number and a non-dimensional
number defined in the text). Some of the important effects of these parameters
on the temperature field are brought out during the course of discussion,

1. INTRODUCTION

The phenomenon of heat transfer is encountered almost in all branches of
technology. The MHD aspect of heat transfer in channel flow has been
discussed by many research workers. Siegel (1958), Alpher (1961), Gershuni
and Zukhovitskii (1958), Regirer (1960) and Yen (1963) have treated the heat
transfer problem in case of fully developed flow, whereas Nigam and Singh
(1960) considered the heat transfer at the entrance region of the channel.
The effect of magnetic field on heat transfer in a channel flow between conduct-
ing and non-conducting walls has been considered in all these papers. MHD
channel flows have a number of important applications such as MHD power
generator, electromagnetic flow meter and electromagnetic accelerators. The
last device has been used extensively in connection with nuclear power
reactor to pump liquid sodium as a coolant. The channel works as a generator
or an accelerator, depending upon the value of the loading parameter ¢ = K/
UB. The power output in the system is given by

P=J.E=JE
in a crossed-field generator or accelerator.

Since J = ouB(1—e), we have from above

P = ou2B2%(1—e).

If e < 1, P is positive which means that the system delivers power to the

load and this is consistent with the fact that the Lorentz force tends to
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retard the flow. Conversely, if e¢> 1, power must be supplied to the
system, and the Lorentz force tends to accelerate the fluid, and the device
may be called an accelerator. For e =1, the power is neither supplied nor
extracted from the system, and hence under this condition, the device is called
the flow meter. In all these devices, heat is generated through viscous dissi-
pation, joule heating and sometimes heat flux at the walls. So to get a good
account of heat transfer problem in such practically used devices, in addition
to magnetic field action, the action of electric field through loading parameter
must also be considered.

Recently, such an attempt was made by Erickson ef al. (1964) to study
the effects of magnetic field, electric field and viscous dissipation on heat
transfer in the entrance region of the channel with non-conducting walls.
Heat flux at the channel walls was also not considered by Erickson ef al. But
under working conditions, the non-conducting walls of the channel do become
conducting and hence the conductivity of the walls must also be considered, in
order to obtain the full account of the heat transfer aspect.

Hence, the object of this paper is to study the effects of magnetic field,
electric field and the electrical conductivity of the walls on the heat transfer
in a fully developed channel flow, in the absence of externally imposed heat
flux at the chamnel walls. To account for the electrical conductivity of the
walls, the boundary conditions are propoéed by Shercliff (1956) by assuming
the continuity of the tangential electric field across the boundary between the
fluid and the wall, which in the non-dimensional form are

dH 1

dy by Y

dH 1

e TH=0aty=—1
Ay~ y

where the electrical conductance ratios ¢y, ¢7, for the upper and lower walls
respectively are defined as
¢u — wu - lu ¢z - Tw,l - l}
O'fL ’ Of « L
with oy as the electrical conductivity of the wall, the suffixes % or 7 denoting
the upper or lower wall respectively, and 7 denotes the thickness of the wall.
When the walls are non-conducting, ¢, = 0 and hence the boundary conditions
in (1) reduce to H =0 at y = 41. But as pointed out by Sutton and
Sherman (1965), this will only be the correct boundary condition in the event
that the net current flow through the channel is zero, which occurs only for
the open-circuit condition, regardless of the amount of current flowing in the
" channel,
Recently, it has been observed by Chang and Yen (1962) and Yen (1963)
that, in case of channel with conducting walls, the flow field and the tempera-
ture field are affected not by the individual electrical conductance ratio of the
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wall, but by the sum of the electrical conductance ratios of both the walls.
Hence, the particular solution obtained in case of non-conducting walls, by
putting éu+¢; = 0, corresponds to open-circuited case, i.e. for e 2 0. Hence
while comparing the two cases, viz. ¢u+¢ = 0 and ¢u+¢; 7 0, the short-
circuited case should be avoided, when the effects of loading parameter e on
the temperature field are to be discussed.

In §2, the problem is suitably posed, and expression for velocity is derived.
Then the energy equation is integrated with the following two assumptions:

(1) The two walls at different temperatures.

(2) Linear variation of temperature along the walls.
Temperature profiles are shown graphically under different conditions. Ex-
pressions for Nusselt number and mean mixed temperature are derived and
their numerical values are entered in the tables. In §3, comparative discussion
18 presented in case of channel with conducting and non-conducting walls.

2. MATHEMATICAL ANALYSIS

The steady, laminar flow of a viscous, incompressible, electrically con-
ducting fluid between two infinite and conducting parallel walls in the ;-
and z;-directions is assumed here. The separation between two parallel
walls is assumed to be 2L. The fluid is supposed ‘to flow in the direction of
x,-axis, where z;-axis is taken along the centre line of the channel. A
uniform magnetic field is assumed to be applied transversely to the direction
of flow and parallel to y;-axis. The magnetic permeability #, and the electrical
conductivity oy of the fluid medium are assumed to be constant scalar quan-
tities. In the steady flow problem considered here, the displacement current
vanishes identically.

Under these assumptions, the governing equations in non-dimensional

form are
d2u dH
Rmd_g/E+M7ig_—P .. . .. 0
du d?H
md +dy2_0 .. . .. o (2
where
z=1x,/L, y=y /L, H=HgH,
opP
u=wu /U, p=p,pU% P,= ox
PUL L

= —PlRRm, R = — ;
g (

3
M = pH,L ((’—rf) , Hartmann number

Ry, = 4wpcorLU, Magnetic Reynolds number.

Here Gaussian system of units is used.
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. The non-dimensional form of boundary conditions are
u=0aty=+1

dH
H=0aty=1
¢u Yy 4)
dH 1
— —— H=0aty = —1
dy ¢ avy

where
¢u = O’wlu/ ofL

é1 = aylijosL.
Solving eqns. (1) and (2), under the boundary conditions, we have the
expression for the velocity as

u=ﬂ3[cosh M —cosh My] .. .- .. 3
By,

where
M{(dy+¢1) M cosh M+2 sinh M)’

Integration of Energy HEquation

Case I—Two walls at constant temperatures.
The energy equation in usual notation is

o BT () ]
d2+y(dy)+—- 0. N (i)
By Ohm’s law,
j = (Tf(E0+[l.cU1H0). .. .. .. .. (7)
If we assume
Ey= —eUB, O )
By = peH,
then eqn. (6), by virtue of relations (7), (8) and (3) becomes
& 0’+PE[( ) + M2 (u— )] =0 .. .. ..
where .
. T‘—'T% “Cp U2
St e SEAA Skhairn g o)

Here cp, K, Py, E have their usual meaning and 7';, T’y are the temperatures of
the upper and lower walls respectively. Then the boundary conditiors cre

f=1aty=1 }
0r=0aty=—1} (10)
Substituting for « from (5) in (9) and simplifying, we get
2
O o _ P,E[B,+B, cosh My+4°M? cosh 2 My] .

dy?
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where

P
Al:F

m

B = MzAf cosh? M+ M2e2—2¢A4,M? cosh M
By = 2(ed,M* — M*4? cosh M).

The solution of eqn. (11), subject to conditions (10), is given as

0 = y+1+PE[&(—1—2——)+ii(coshM—coshMy)
A2
+—41(cosh 2M —cosh 2My)]. .. . (12
The Nusselt number is defined as
L aT
vt (),
Tl Ty \dy: Y=L
db;
= | . .. .. .. .. (13
(d?/)y_—_—} (13)

Henee, from eqns. (12) and (13), we have

2

A 5
Nu, = P,E (B1+% cosh M4 sinh QM) FLo L4
The mean mixed temperature is given by
1
f ubdy
Tim =T (15)
f udy
-1

Hence, substituting for « and 6; respectively from eqns. (5) and (12) in eqn.
(15) and simplifying, we get

[M cosh M —sinh M+ P, E{ ! (sinh M+ M (M2—1) cosh M)+B (( +cosh 2 M

3Mz2

A
_3 81;131[21‘1) +—2 (8M cosh 2M cosh M —4 cosh M sinh 2 —sinh 4M+1)}]

Tim, = 2 (M cosh M —sinh M)

(16)

The values of 6; are plotted against y for different values of M, ¢ and
du-+¢; in the Figs. 1, 2 and 3.
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Fia. 1. Temperature profiles (M = 5, 10; ¢ = 0-2, 0-4, 0-8; b+ =0, 3, 6).

Fia. 2. Temperature profiles (M =5, 10; e = 1; ¢y+¢1 =0, 3, 6).

The values of Nu; and Tim, are recor(ied in Table 1.
Case II—Linear variation of temperature along the walls.
The energy equation in this case is

ar T jdup\?, 2
O k(T L L |
poptts - Kdyi-}-p.( dyl) o 17)

For varying temperature, we assume following Siegel (1958),
T = r2,4+6(y). .. . . .. (18)
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Fia. 3. Temperature profiles (M = 5, 10; ¢ = 2, 4; du+¢; = 0, 3, 6).

TasrLe I

Values of Nur and Tim,

—

5]

M éu+ q’)l\\‘e 0-2 0-4 0-6 0-8 1 2 4 6
\
Nu,y
5 0 13-5029  10-9025 8-7021 6-9018 5-5014 4-5000 32-5000 106
3 1-1429 0-8017 0-8605 1-3193 2-1781 12-4721 63-0600 153
6 0-9001 0-7000 0-9000 1-5000 2-5000 13-4998 65-5000 156
10 0 12-1000 7-3000 4-1000 2:5000 2:5000 26-5000 194 522
3 0-6144 1-8894 4-7644 9:2394 15-3145 696895 297 686
6 0-6708 2:-1416 52125 9-8835 16-1545 71-5094 301 692
15 0 9-7666  3-9666 1-7666  3-1666  8-1666 87-1667 514 1302
3 1-3197 5-5282 13-3368 24-7453 39-7538 168-7000 696 1584
6 1-4672 5-8933 13-9194 25-5455 40-7716 170-9000 700 1590
Tim1
5 0 6-2241 4-9926 3-9226 3-0138 22664  0-9492 104146 36-0129
3 0-7628 0-5715 0-5415 0-6728 0-9655 4-8488 24-7150 60-7142
6 0-6570 0-5307 0-5657 0-7620 1-1197 5-3280 25-8442 62-4934
10 0 50014  3-0215 1-6289  0-8236  0-6055  8-3240 67-8056 186
3 0-5192 0-9531 1-9742 3-5826 57783 25-5656 109 251
6 0-5421 1-0539 2-1529 3-8392 6-1127 26-2894 110 253
15 0 3-9115 1-6155  0-6000  0-8648  2-4000 29-3418 179 457
3 0-7707 2-2427 4-9951 9-0278 14-3410 60-1125 247 563
6 0-8263 2-3802 5:2145 9-3292 14-7243 60-9054 249 565
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Substituting for 7' from (18) in (17), we get by virtue of the relations (3),
(7) and (8),

dz6 du\?
P.RAu = —oTyg+P,E [(@) +M2(u——e)2] .. .. (19)
where
A =-'Z-Z~;, 011=0f01

6,
where 6, is a characteristic temperature.
Substituting for « from (5) in (19) and simplifying, we get

d?

= Ay— Az cosh My—A, cosh 2 My .. .. (20

where
Ay=P,.R.A.A, cosh M—P,EM?(A} cosh® M +e>—2eA; cosh M)

Ay =P, .RA.Ay+ M2 . P, . E(2eA;—2A% cosh M)
A, =P, E.M2. A%

The boundery conditions on 8y following Siegel (1958) are now assumed

as
bu=0aty=4+1 .. .. .. .. 2

(the temperature of the fluid and the wall is assumed as the same),
Then the solution of eqn. (20), subject to the conditions (21), is given bv

Oy = ‘% (y—=1) 4s {(cosh M —cosh My)

iz
+5H4§ (cosh 2M —cosh 2My). .. .. .o (22)
The Nusselt number is defined as
Nug = = 97(% (g%)y1=L
=._6—(10—)<:§~—Z)y=1. .. .. .. .o (23)

Hence, from eqns. (23) and (22), we get
Ny = 2M(24M =24, sinh M — 4, sinh 20) e
24, M2 —444 [cosh M —1]—~A4, [cosh 2 —1]
The mean mixed temperature is obtained from eqns. (15) and (22) as
[844(M(3—M?2) cosh M —3 sinh M)+643(4 cosh® M —3 sinh 2M 4-2M)
+.4,4,6M(2 cosh M —sinh M) cosh 2M —3 cosh M . sinh 2M
Tomy = +ginh 3M+3 sinl% My
24 M2(M cosh M —sinh M)
The values of 8;; are plotted against y for different values of M, e, P, . RA
and ¢y -+ in Figs. 4-7.

. (25)
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Fie. 5. Temperature profiles (P,R4A = 0; e = (-2, 0-4, 0-8; M = 5, 10; ¢y--¢d = 3, 6).
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Fia. 7. Temperature profiles (¢y+¢; = 3,6; e=1; M =5; P.RA =0, 0-2).
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The values of Nug and T'ym, are given in Tables IL and II1 respectively.
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NUMERICAL CALCULATIONS AND DISCUSSION

3.
In order to study the effects of different fields represented by their res-

pective parameters, numerical calculations for 6, Nu and T'ym are carried out
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0, 3,

, PrE = 02, PpRA = 0, 02, 0-4, ¢yt

5

for P/[Rm = 10, PR =
5, 10, 15, and e

6

0-2, 0-4, 0-6, 0:8, 1, 2, 4, 6.
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Now when ¢ < 1-0, the channel flow corresponds to a MHD generator.
The efficiency of a MHD generator may be defined as the ratio of the electrical
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power to the flow power, which is identical to the value of the electric field
factor e. But as pointed out by Moffatt (1963), the value of e for the maxi-
mum power is 0-5. In general, a reasonable compromise is, therefore, re-
quired between the conflicting requirements for maximum efficiency and the
maximum power; e = 0-8 is the generally accepted value. Hence some values
are chosen which are greater than 0-5. The Prandtl number P, for electrically
conducting fluids can at most be of order unity and, for the validity of the
assumption of incompressibility, the value of the Eckert number £, must
also be very small. Hence the value of P.Z is chosen as 0-2. The case corre-
sponding to the value ¢,4-¢; = 0 is that of a channel with non-conducting

walls.

Temperature Profiles

The results for ; (case I) are shown graphically in Figs. 1-3. In Fig. 1
temperature profiles in case of MHD generator are shown. We have the
following observations:

1. In case of non-conducting and conducting walls, for ¢ = 0-2, an in-
crease in Hartmann number M leads to a decrease in 6;, but for ¢ = 0-8 an
increase in M leads to an increase in 6;.

2. For e = 0-2, M = 5, an increase in ¢,-1-¢; leads to a decrease in ;.

3. For M = 5, ¢y+¢1 =0 or 3, an increase in ¢ leads to a decrease in 6.

In Fig. 2 temperature profiles in case of MHD flowmeter are shown.
We have the following observations:

1. In case of non-conducting walls, an increase in M leads to a decrease
in 6; whereas, in case of conducting walls, an increase in M leads to an in-
crease in fy.

2. For the same M, an increase in ¢,--¢; leads to an increase in ;.

In Fig. 3 temperature profiles in case of MHD accelerator are shown.
We have the following observations:

1. In case of conducting as well as non-conducting walls, an increase in
M leads to an increase in ;.

2. For the same M, an increase in ¢4+ leads to an increase in f;.

3. Yor M =5, éu-+¢1 =0 or 3,'an increase in e leads to an increase

in 01.

Nusselt Number

Case I—1. In case of MHD generator, for low value of M (say) = 5,
an increase in ¢ leads to an increase in Nu; when the walls are non-conducting
but, in case of conducting walls, there is first a decrease and then an increase
in Nu,, as e increases, but at high M, say M = 15, there is a decrease in Nu,
first, and then the trend is towards an increase in case of non-conducting
walls, whereas for conducting walls, an increase in ¢ leads to an increase in Nu;.
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2. In MHD accelerator, an increase in e leads to an increase in Nu,,
both in case of conducting as well as non-conducting walls.

3. In case of generator, an increase in M leads to a decrease in Nu;,
in case of non-conducting walls, but in case of conducting walls, it decreases
first and then the trend is towards the increase, for small values of e.

For e = 0-8 and ¢,+¢; = 0, as M increases, there is first decrease in Nuy,
and then the trend is towards increase. But in case of conducting walls, an
increase in M or ¢,+¢; leads to an increase in Nu,.

4. In case of accelerator, an increase in M or ¢,-¢; leads to an increase
in Nu,.

Case II—1. In case of a generator, for small values of M, and P,RA4
=0, ¢u--¢1 = 0, an increase in e leads to an increase in Nu,. But at high
values, Nus first increases and then the trend is towards the decrease,

2. In case of an accelerator, an increase in ¢ leads to a decrease in Nu,.

3. In general, an increase in ¢y,¢; leads to a decrease in Nus.

4. Also, an increase in PrRA leads to an increase in Nus,.

Mean Mixed Temperature

Case I—QGenerator: 1. For low values of M, an increase in e leads to a
decrease in Tym, in case of non-conducting walls, but at large M, it first de-
creases and then the trend is towards the increase. But in case of conducting
.~ walls, it increases with e.

2. For e=02, 04 and ¢u+¢ = 0, as M increases, Tipm, decreases.
But for e = 0-8, it first decreases and then increases. For ¢,-4¢; = 3, for
e = 0-2, it decreases first and then increases. But for e > 0-2, Tip, increases
with M,

Accelerator: 3. An increase in ¢ or M or ¢4-+¢; leads to an increase in
Tim,.

Case II—QGenerator: 1. In case of non-conducting walls, 7'p, de-
creases as e increases for small 3 but, for large values of M, it decreases first
and then the trend is towards the increase.

2. For M = 10, 15, an increase in ¢, -¢; leads to an increase in Tym,.

Accelerator: 1. Tim, increases with M, e, ¢y+¢; or Py. RA.
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