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In this paper we have employed associated Legendre functions to solve the
fundamental differential equation of the heat production in a cylinder.

§ 1. In this paper we have considered the diffusion of heat in a cylinder of
radius ¢ when there are sources of heat within it which lead to an axially
symmetrical temperature distribution. The fundamental differential equa-
tion is then of the form (Sneddon 1951)

%—?=§%(7%)+0(r, ?) .. .. .. (LD

if we assume that the rate of generation of heat is independent of temperature

and that the cylinder is infinitely long, so that the variation of z may be

neglected. We shall in addition suppose that the surface r = a is maintained

at zero temperature and the initial distribution of temperature is also zero.
In particular we suppose that

Or, t) = —II%f(r)g(t) . .. .. .. (1L.2)

where & is the diffusivity and K the conductivity of the material.

In this paper we have considered six sets of values for f(r) and ¢g(¢). It
will be observed that the single function f(r) can represent both sources and
sinks embedded in the system. Whenever the product f(r)g(t) gives a
negative value, it should be treated as a sink.

In section 2, we have established two integrals involving Meijer’s
G-function and associated Legendre function which are required in the proofs
of proceeding sections.

Cases, in which heat is produced in solids, are becoming increasingly
important in technical applications (Carslaw and Jaeger 1959). Space
research and nuclear reactors also give rise to different problems of heat
transfer.
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§2. The integrals to be established are

1
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(2.1)

where
2(m+_n) > p+q, larg z| < (m+n—§p—1ig)m, Re (A+4-28b;) > 0,
Jj=12,...,m; u=0,12 ...

Another set of conditions of validity: p<g (or p<gq and |z < 1),
Re (A4+28b)) >0, j=1,2,...,m; p=0,1,2,...
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2.2)
where

2(m~+n) > p+q, |arg 2| < (m+n—ip—1ig)w, Re(A+28b)) > 0, |
J=L2,...,m; p<l.

Another set of conditions of validity: p<g (or p<g and |z|<1),
Re (A+28b;) >0,j=1,2,...,m; p<1.
In (2.1) and (2.2) 3 is a positive integer and the symbol A(S, «) represents
1 8~1
the set of parameters g, o%— e ,O—c-}'—s~— .

Proor: To establish (2.1), expressing the G-function as Mellin-Barnes
type integral (Erdelyi 1953, p. 207, eqn. 1) and interchanging the order of
integrations which is justifiable due to the absolute convergence of the integrals
involved in the process, we have

1

1 zs[ A28 -1(1 — 22)HI2PH (2)da: dis.
) 0
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J 1T P(by—s) IT T(1=as+s)
1=1
L

?
ﬁ I'l1—b;+s) I I’(a;-—s
j=m+l j=n+1
Evaluating the inner integral with the help of formula (4) of (Erdelyi
1954, p. 313) and using multiplication formula (11) for gamma-function
(Erdelyi 1953, p. 4), we have
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Now on applying eqn. (1) of (Erdelyi 1953, p. 207) the integral (2.1) is
established.

Proceeding in the same way and using eqn. (4) (Erdelyi 1954, p. 314) the
integral (2.2) is obtained.
§3. Finite Hankel transforms.—Let the finite Hankel transform of f(r)

be (Sneddon 1951, p. 83)

Tef] = [ fr)olré) dr = g . B
then in (2.1) and (2.2), putting m =1, n=p =0,¢=2,by = by = 0,8 = 1,
z = é-%;f, x =£ and using eqn. (3) (Erdelyi 1954, p. 434) and eqn. (3) (Erdelyi
1954, p. 439) we obtain

J [,.2o+,\ ~2(g2— r2ju/zPk (2) ]
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[(1+20+)\)/2, (204-)/2 ﬁag]
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Re (A\+20) >0,p5=0,1,2,...,
and
o)
r (1+22o'+/\)1., (20'+A>
= g20+A-p 2
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) D)
7 [(1 +20+42)/2, (20+2)/2 g?ﬁ]
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(3.3)
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where
Re (A4+20) >0, p < 1,

and & is the root of the transcendental equation,

J(ag) = 0. ceee e (34)
By virtue of the inversion theorem (Sneddon 1951, p. 83), we have

r
120 +A~2{g2 —2}u/2 pf:(a)

I‘(1+p+v)r(l+22"+’\)r(2°;’\)
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where the sum is taken over all the positive roots of eqn. (3.4).

The results (3.5) and (3.6) will prove useful in the verification of the
solutions.

§4. Solutions of the problem.—We apply finite Hankel transforms (3.2)
and (3.3) to obtain the solutions of (1.1). Its solutions obtained as (Sneddon
1951, p. 203) are

ra +u+v)F(1+22°+A)F(2“; A)

I+2a+/\+;&—v)1,(2+20+/\+p.+v)

ulr, 1) = 20 A=Y =1
F(l—p.-{-v)P( 5

3
k (1420432, 20+2)/2 e 5‘2} Tk
a¥7¢ Zst [l, (1420 4+A4pn—v)/2, 2+ 204+ p+v)/2’ =1 | &)’ (6, )

(4.1)
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and
F(1+g;+a)r(2az-px) .
u(r, t) = 2a20+A-u-2 - D=
F(1+Qa+)(—-,u,—v)r(2+20+)t—y,+u) K
2 2
14+204A)/2, (20+2A)/2 2 ;
DI v oz A Y I
L (1+20+2—p—v)/2, 2+20+A—p+v)/2 4 1 [J(ad)?
(4.2)
where the sum is taken over all the positive roots of the equation
Jolags) = 0 R 1
and
! b2t
higs, 1) = fog(v)e L T

We shall evaluate (4.4) for some heat sources of important character,
§5. Verification of the solutions.—From (4.1), and (5.2.4) and (5.2.5) of

Lebedev (1965, p. 100), we have

2a2a+)«+p—2'(.—1)I4F(1+M+V)F(l+220+A)F(20;-/\)

k9 (Tau) _
ror\ or] — —
ror\ or F(l_M+V)F(1+2g+;+,L v)l, (2+2a+a+p+v)

2
B [(1+20+A>/2, (20422 gfaz] £7,06)
K £, (14204 A+ p—0)/2, 2+ 20+ A+p+0)2° ~ 4 1 [J1(a)]
¢ ~ kg2t -
x | gty T Y 1: % §'
0

From (1.2) and (3.5), we obtain

0 % , - P(l+u+v)F(l+22°'+A)p (20;-/\)
(r,t) = z otA+a-2(— ] )u
I'(l—p+4»)I (1+20‘+2)\+M—v)1,, (2+2g+2}\+"+y)
% Z » [(1 +2042)/2, (204-))/2 gfaz] T
8 1, (1+20+/\+p.-lv)/2, (2420 + A+ p+v)/2° e W .

(5.2)
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And from (4.1), we get

2020+ X+ H=2(— 1)L (1 - o) (1"'2““)1“ (2"“)

u 3 5
I(l—p4)I" (1 +2“+21\+1L-—v)11 (2+20+.))‘+P«+v)

&

1, 14204+ At p—9)/2, @420+ A+p+)/2° — 4 1T (a)]?

x[g(t)—kgf f:g(f)e"‘ﬁ("”df]. O -1

x kS ., [“ +2o N2, (2o )2 aﬁé?} Tolrtd)

Substituting the above values in (1.1), the equation is satisfied.

The boundary condition u{a, ) = 0 is satisfied, because Jy(ags) which is
present in every term of wu(a, ¢) is zero. The initial condition is satisfied
because h(&, 0) = 0.

We see that (4.1) converges uniformly when ¢ > 0, and so the function
u(r, t) represented by it is continuous when 0 <7r < a.

The term-by-term differentiations are justified because (5.1) and (5.3) are
uniformly convergent, when ¢ > 0 and 0 < r < a.

Similarly solution (4.2) can be verified easily.

§6. Heat source of general character.—Let

g(r) = goe oYLt — )P L F [ P 7/t] S (8])
then using (8) (Erdelyi 1954, p. 400), we have
TLP (v +p—=0—B) _spyip-y
O Tly+p—a)I(y+p—B)
9 [p, yrp—a—f
i lyte—o ytp—p’

h(éi,8) = ¢

(z—R£?) t] . (6.2)

where
Rey >0, Re p >0, Re (y+p—a—8) > 0.

Substituting in (4.1) and (4.2) from (6.2), we obtain

IO v+p—2=B) ooy
I'(y+p~)I (y+p—B)

P (L pt)T (1 +220+A)P (20'-24—/\)

: — 2
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and
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Obviously u(r, 0) = 0.
7. Heat source of polynomiul character—In (6.1) and (6.2), replacing «
by—mn, 8 by 1+4-a--B+n, ¥ by 1+« and using (Erdelyi 1954, p. 268), we have

9(r) = goe ™ rHi=7)""1 1 +a) Pl 3)31—%5} A )
and
T+ I'(p)I'(p—p) o
MEw ) =00 NiL kg mTlp— - "
szz[fl” _:;fp+n, B’ (z_.kg'f)t] oo (12)
where

Rea>—1,Rep>0,Re (p—B)>0
From (4.1), (4.2) and (7.2), we have

LA+ (P)'(P—PB)

w1 = 20 P fafprm) e —B—m) &7

[(+ptn)l (1+220+A)I, (20;-)\)
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and

T +a)(p) (o B)

= e—2tip+
u(r) ) 2901-(1+u+p+n P B st
F(;_Jr_zeﬂ)p(zm)
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Obviously u(r, 0) = 0.
In view of the expansion property of orthogonal polynomials (Szego
1959) the heat source of this character may yield several eases of interest.

§8. Heat source of exponentigl character—In (6.1) and (6.2), putting
o = f =0, we get

g(r) = goe~ 7Y -1({—7)P-1 ‘e .. .. (8.1)
and
Méw ) =y (Dot ouBy [0 k)] . . (B2)
where

Rey>0,Rep>0.

In (8.1) and (8.2), taking p = 1, we get the heat source obtained by Bhonsle
(1966) by applying convolution theorem of Laplace transformation.
Further putting ¥ =1 and z = 0, using (Lebedev 1965, p. 271), viz.

z_
Fil3s 7] =e——1, we get the heat source acting for a finite interval of time
4

obtained by Bhonsle (1966).
Substituting in (4.1) and (4.2) from (8.2), we have

u(r, 1) = 299 IS(?’)'{'(;))) e~ Eyip~1

P(l+p+v)F(l+220+/\)P(2U;_/\)

X (__])pa20+).+,u—2

204A —v 242042 v
F(l_y+v)l,(1+ +2+u ))F< + +2 +u+ )
— (142542),2, (20+2),2 af-’g?
2- 1, (3420 4+2+p—)2, @+20+A+p+y) 2 4
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X [P e
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and
P(1+20+A)F(2o+,\)
I(y)lp) _ - 2 2
’t =2 ztty+P 19204 -u-2
u(r, t) = 29, To¥p) @ P(l+20+A—/L—V)P(2+20+/\—p+v)
2 3
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=N LUF C oo
szz 3[1,(1+2a+/\—ﬂ—v)/2, 2420 +A—p+v)/2’ 4
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Obviously u(r, 0) = 0.
§9. The behaviour of f(r).-—From (3.2) we have

fir

~—

= r204A-2{g2 —y2)u/zPh (Z)
a

_720+A—2(—1)F(a+r)l‘ —v, 14» r
e (et 2l NIRLAER 5 § (9.1)
Tet o = 0, v =1, then
r20+A-1
f() = — - .. .. .. .. {9.2)

Now we have
f(r) =0 when r = 0.

Similarly the behaviour of f(r) from (3.3) may be discussed.

If g(¢) > 0, then the inner cylinder will enclose sources, while the volume
between two concentric cylinders will contain sinks. If g(t) < 0, then the
sources and sinks will interchange their roles. From (6.1), (7.1) and (8.1), we
notice that g(t) = 0, if p2 1 and ¢(t) %0, if p = 1.
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