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Tt is shown that Moller’s energy-momentum complex vanishes for & well-
known Rieynannian metric for which Ry == 0 and the nsual pseudo-energy
tensor also vanishes. The space-torsion does not vanish for the metric and
only two of the fourteen scalar invariants are non-zero. The crucial role of
the constant k, which has to be non-zero, is brought out in several contexts.
The space-timie singulurity 1--%¢ = 0 is without an analogue in non-relativ.
istic physies.
1. INTRODUCTION

The physical situations of special relativity are marked by the conditions
of flat space-time, viz. Rpyx =0, as distinguished from those of general
relativity wherein we have Bayr 52 0. The usual sources of gravitation are
T4, the cosmological constant .1 and certain types of field singularities.
Are there any situations of physical interest wherein we have T4 = 0, 4 = 0,
and no singularity, and yet Raeyr£0? The only known metric solution for
which all these conditions are satistied and the usual pseudo-energy tensor
vanishes seems to be of the type presented by Narlikar and Karmarkar (1946),
ViZ.

ds? = di—(L+kt)Pda?— L+ kt)udy2— (1 +kt)rdz2 .. .. (L1)
where

prg+r=2, pgter+rp=0, t2 —1/k .. .. (L2)
The singularity 1-+Af = 0 appears to be without a Newtonian anzlogue. It is
more a space-time singularity than a familiar field singularity; and yet when
k = 0 the space-time is flat. What could be the source of the field producing
gravitation? Could there be an energy distribution which is not revealed
by the usual 7¥% We have to understand the full physical implications of
the fact, k £ 0.

In answer to the above question we consider the new scheme of the energy-
momentum complex discussed by Meller (1961). Meller remarks that the
components of.the fundamental tensor gis are not the true field variables and
considers the tetrad formulation. He has constructed a superpotential U
(which is & true tensor density) from a tetrad of suitably oriented orthonormal
vectors and defines the energy-momentum complex as

fg-_-U{I’*’k .. .. .. .. (1.3)
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in the usual notation. We have examined the solution (1.1) in the light of
this formalism. Our investigations show that even the new energy-momen-
tum complex fails to identify any energy content in the field.

We have looked into some other aspects of the line-element (1.1). We
find that the space-torsion is not zero. We have obtained the tracks of a
test particle in this field, and also get an expression for the relative mass m of
» particle of proper mass mg. In the present case only two of the 14
Narlikar-Karmarkar scalar invariants (1949) are found to be non-zero.

During the course of the above investigation, the author’s attention was
drawn to the line-element

a5t = i S

(d224-dy24-dz2) .. .. .. (14

c2
given by McVitte (1964). (We shall put ¢ = 1). Actually this line-element
falls into the category where the cosmological constant A acts as a source;
because both the pseudo-energy-momentum tensor of Einstein #/ and Meller’s
energy-momentum complex 'r:, which are non-zero, vanish if A = 0.

2. MeLLER’S TETRAD FORMALISM

As a mathematical preliminary we first give the scheme of the new energy-
momentum complex. Moller builds up the complex by first considering an
orthonormal tetrad Ay, defined by

Neow=gudly, MW =g, @)
from which he constructs the tensor Y.
Yar=A"D@r; 1 - .. .. Coo(2.2)

which is a local tetrad tensor such that its components along the directions of
the tetrad are the ‘Ricci coefficients of rotation’,

Y abe) = wu)\f,,,;{',,)x( ST .. .. .. (2.3)

Here and in what follows a semicolon before a suffix indicates a covariant
differentiation.
Though the /\za, given by (2.1) determine the metric tensor uniquely, for
a given gi(x) there is certain freedom in the choice of the tetrads A‘(,) cor-
responding to arbitrary independent rotations of the four-unit vectors of the
tetrad. In order to get the q-:(:v) which is a unique function of the coordinates
for a given physical system one has to specify the relative orientation at
different points of the tetrads entering the expression ‘T:. Hence to single
out the suitably oriented tetrads Meller gives the supplementary conditions
Yo Yt =0 . . L L @4

iB
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which have to be satisfied. Here ¢ follows from

LY
<t
=

¢]¢;='yzi. .o . .. oo (2.

The energy-momentum complex 11 is now defined as

i__ gyt
TP = UZ 3
where

U = U = £ YT A3 20T 25— A ), (2.6)

g = det |gy]
and « is the gravitational constant (for all our purposes we choose x = 1).
The total energy content in any finite volume ¥ is given by

I=-([[dteayiz .. .. .. .. @)

and this is independent of the spatial coordinates used.

Congider the line-element’ (1.1). Before going into the encrgy consider-
ations we note that the possible values of p, ¢, » satisfying conditions (1.2)
can be expressed as

P, (1—{p) £ (1+p—Ep?)t. e . (2.8)

This general case does not seem to have been noticed by Petrov (1962). 1If
the roots are to be real, we must have each satisfying a relation of the type

—-3<p<2 I )

Since the product pygr <0, we tind that one and only one of them must be
negative.

While presenting. the solution (1.1) Narlikar and Karmarkar have
observed that the line-clement, besides satisfying the field equations By = 0,
bas all the components of the pseudo-energy-momentum tensor {# vanishing.

We construct the following tetrad at each world point, which satisfies the
conditions (2.4)

Ny = {(1+70)=72, 0, 0, 0} 1

)\fz) = {0, (L4+kt)-92, 0, 0} .10)
m = {0, 0, (Lke)=riz, o} | e
(4) = {Uy 0: U: ) 1} “

Using (2.6) direct compumtmn leads us to the fact that out of the 24
independent components of UY only three are non-vanishing and they are

given by
UM = -k (1}-’) , U=k (fi]—’> , Ut= (p“"q) (2.11)

2
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Since k, p, ¢ and r are all constants we find that the derivatives of Uik all
vanish identically, Hence we get

=0 R ¢ 8 )

The total energy E as given by (2.7) is, therefore, zero.

3. Some OTHER ASPECTS OF THE LINE-ELEMENT

We shall next consider the torsion of the 4-space defined by the line-
element 1.1. In general the torsion is given by ¥ defined in (2.2). Using
)&a) given in (2.10) we find that there are only three independent non-vanishing
components of the torsion coefficients, viz.

Ep(14-It)r—1 kq(14-kt)a~-1 kr(L4kt)r-1
7141=p(——;)”‘“, ,},242:_9(__2_)*’ y343=i(_4_:2__)_.___ (8.1)

Further the Ricei rotation coefficients are given by

Yaa = Qﬁ—]%_{j, Va2 = 2—(‘11(_%@ s Vigas) = Q—(—li——;kt) . - (3.2)
Moller (1965) remarks that for a completely empty space we have to assume
that, besides the curvature, the torsion of the tetrad lattice also to be zero.
But here we seem to have a situation wherein we are getting a ‘completely
empty space-time devoid of all energy but still some components of the
curvature and torsion are non-zero’. The curvature and torsion components
are mutually related as given by

Buie = Ynig; &—"nik; 1Yot 3= YotV N G 1))

Here we place on record the values of the six independent components of
Rpyr which are non-zero for the line-element (1.1).

R = Bpg(tkpre2 o kep(p—2)(14-kep-2
1212 & T ‘4—_*—- s 1414 = 1
k2pr(1 +ktyptr-2 E2q(g—2)(1+Ft)a-2 . )
RBigiy = — "‘ILL—[L‘h v Bogeq= il 4)( ) (3.4)
Rygsy = — A (LARTTE = =2 LR
2323 = 1 ’ 3434 = m .

Geodesics—The geodesic equation for a test particle in this field has the
first integrals as given by

dx 61 dy Csy dz _ ¢4
ds~ (I+ktyp’ ds~ (1+k)8’ ds (1+kt)f)
2 2 2 ) (3.5)
a ¥ I % Cy % }
& =V armet arm AT
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where c¢;, ¢q, c3 aTe constants. In order to get the tracks we shall assume that
k = 1/T, where T is sufficiently large so that (/T and higher powers may
be neglected. Then the parametric equations of the tracks are

r = b - ‘1 9— ¢ £
Vit 2T/ 1xe\’” 21+ ]
ok G2 2 l

W= = . q__..AQ74 i 3.6
T V4 iy Txe T 2+ey) T o e 38

= “E—’%t:h — % (- @ )tz J
VAR 20/ TF¢2 2(1+¢?)
where
= ('f-{— c§+c§, Q= pcf+qc§+rc§ .
Considering the projection on the zy plane we get the parabola
{2(cgrq—c1yp)(1 %) —Q(cor—0c1y)}2 = 8T c10o(14c2)¥2(p—q)(c3r—~c1y). (3.7)
If we make the assumption p =g, (8.7) reduces to the pair of coincident
straight lines '
(car—cyy)2 = 0. . .. .. .. (3.8)
On the other hand transforming 7' to the other side and making it to tend to

infinity we get the straight line
(eox—cyy) = 0. . - .. o (3.9

The last case is obvious, for in this case the line-element (1.1) reduces to
Minkowski’s form.

A test particle at rest initially will continue to be at rest. It is clear
from (3.6) that the force terms responsible for the parabolic path automatic-
ally disappear if the velocity constants c;, ¢ and ¢z vanish. Since it is for-
bidden to have p = ¢ = r the force terms persist when ¢;, ¢3, ¢3 7 0.

Consider now a particle of proper mass m, at the point (x, y, z) at £ = 0
with velocity % = w = (constant), § = 2 = 0. Ifs relative mass m is then
given by

dt wr \¥)
7n=77202l—s'=m‘)(1+m) ‘_ B

(3.10)
m = my(l—u2)~t. )
At any arbitrary time ¢ the relative mass for a similar motion is given by
u2 M
m = my { l+m [ -
Thus the relative mass decreases or increases as time progresses, according as

p>0,0r<0.
Narlikar-Karmarkar scalar invariants—It is well known that there are
only 14 scalar differential invariants of order two. In the present case we

.. (311
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find that only two of the 14 in the notation of Narlikar and Karmarkar (1949)
are non-zero. They are

Jy = AppgMgt, Jo = Bupghgt®
where

Apiir = CnipgCrsng? g%
Buggk = CnipgArsprg®rg?s

R
Cnige = B —3(Roggni+ Enasj— Brggoe— Bingng) + 5591190 — gnigue).
Using the components of Rpex given in (3.4) we get
Joo _ 2war o skopgne
SRR T IEW 7T I A 1] oy T
pqr = 0 leads to flat space. In the case of interest pgr < 0, so that
Ji>0, Je<,

4. MoVirre’s EXAMPLE
Before we conclude this paper we consider the line-element (1.3) for
energy considerations. McVitte has shown that this line-element has non-
zero curvature components but all the components of 7'% vanish. As we
have remarked earlier T¥/ itself is not the complete source for a gravitational
field. In fact for this case we find that the pseudo-energv-momentum tensor
t# has the following non-vanishing components:
111 — 22 - 433 — _%Ae‘z\/}r/f—%t }
14 = — A, % = 0@t £ j).
To caleulate the Meller’s complex we choose the tetrad,
Ny =eo VBG4 1,2,3}

(4.1

@ = © (ay’

i of

A(4) - 8(4)'
Ensuring that this tetrad satisfies the condition (2.4) we find that there are

. & .
three non-zero independent components of U as given by

DU = U2 = UM = —geVedr. . L L (43)

. (4.2)

Henee we get

1 2 3 3 V34
Ty =Tp= Ty = —2/34e t} (4.4)

7o =0, 2] = 0( % j).
The total energy content in any finite volume is zero but there are certain

non-vanishing stress components which have no Newtonian analogue, depend-
ing entirely on the cosmological constant A.

5. CoNcLupiNg REMARKS

In McVitte’s example we find that the expressions for pseudo-energy-
momentum tensor all vanish when 4 = 0. Similarly there is a crucial part
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played by the constant £ in the solution (1.1), as is clear from the expressions
(3.1), (8.4), (3.6) and (3.13). But the important point is that the presence of
k does in no way show any energy distribution in the field, even with the
new definition of Maller. We considered Synge’s recent formulation (1967) for
the pseudo-energy tensor, but found that it does not help for the cases when
T% = 0. One would have expected an energy field to co-exist with a curved
space-time. But the above example makes one doubt such a co-existence
and brings out clearly that there is a role of space-time singularity in general
relativity which is quite distinet from the field singularity which may exist
even when the curvatures are negligible as in the case of electrodynamics in flat
space-time. The physical significahce of the singularity condition (14-#4¢) = 0
deserves attention, particularly because of the current interest in Mach’s
principle and the role of singularities in general relativity and cosmology.
The existence of a metric like (1.1) is contrary to the spirit of Mach’s principle
or of a field theory according to which we equate geometry and physics.
However, it is interesting to put &k = 1/T in the above example, T being large
like H-1 (H, Hubble’s constant) or the age of the universe. The results may
then assume some physical significance for a portion of space-time excluding
1-+kt == 0 which is linked with metrics for other portions of occupied space-time
by appropriate boundary conditions. The material field in these external
regions may then be considered responsible for the odd properties of the
metric (1.1).
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