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Assuming displacements are small, the elastic problem is solved using the Airy
stress function and a Laplace transform, for which two unknown boundary
conditions are expressed in terms of infinite Fourier series. The equation
for the heavy beam is solved separately and then, assuming that the beam
and the elastic strip remain in contact everywhere, the reaction between the
two can be found in principle. An infinity of simultaneous equations is
obtained for the unknown Fourier coefficients and, after assigning suitable
values to the parameters, numerical results are found by trunecation, the
convergence being particularly good.

1. INTRODUCTION

A simple two-dimensional model consists of a thin heavy beam (—I <2z
< o) resting on an elastic foundation (0 < & < co0) which is such that the
reaction is proportional to the vertical displacement v, measured downwards.
Applying the usual boundary conditions and solving the beam equation
(Timoshenko 1952) it is found that for 0 <& <

v = %7{1 +/3le'ﬁ’[(2+ﬂl) cos Bx—Blsin Bz} .. .. (L.L)

where B, k and W are constants determining respectively the rigidity of the
beam, the reaction of the elastic foundation and the weight per unit length of
the beam. Tt is easily observed that v and, therefore, the vertical reaction
have a maximum value at * = 0.

The more complicated situation which will be considered here in detail
consists of the same heavy beam resting on an elastic strip 0 <z < o,
0 <y <h with y and the vertical displacement » now measured upwards.
The elastic plane strain problem is solved using the airy stress function
¢ and a Laplace transform with respect to z as was done by Bentham

a8y

2
(1963), who expressed the unknown boundary conditions on %x‘_ﬁ and 38 At

# = 0 as infinite Fourier series in y. Requiring that there be no vertical
displacement at the base of the elastic strip, and neglecting the weight of the
strip in comparison with that of the beam, it is then possible to treat the
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problem as one half of a situation symmetric about the z-axis with consequent
simplification of . The vertical displacement v, at y = & is found in terms
of the vertical stress (W--f(x)) there, and assuming the heavy beam and the
elastic strip remain in contact for all z > 0, the equation of the beam enables
the displacement term to be eliminated and an expression found for f(p),
the Laplace transform of f(@), the required change of stress due to the over-
hanging portion of the beam.

f(®) is then the sum of an infinite number of residues at the poles of
k(ph--sin ph cos Ph)+2p3 sin2 ph = 0 in the half plane rep < 0; these contain
the Fourier coefficients which in turn are given by the infinity of simultaneous
equations obtained by equating to zero the residues of f(p) at the poles in the
half-plane rep > 0.

Numerical solutions are found by assigning suitable values to the para-
meters k3 and I/ and truncating the Fourier series; comparison is made of the
results for f(x) and the convergence —v(2, k), obtained by solving 8 and 12
simultaneous equations on a digital computer and the agreement on the
dominant term is extremely good. The maximum value of f(x) does not
oceur at x = 0 as in the simple model.

With the elements of the infinite determinant satisfying the necessary
convergence conditions (Riesz 1913), a unique solution for the Fourier co-
efficients is assured. Thus f(2) is determined as a sum of terms of the form

¢™""(4 cos pix+ B sin ;)

where (py--ips) is a solution of k(ph-+sin ph cos ph)--2p8 sin? ph = 0;
since this is true whatever particular boundary conditions ave imposed at
=0,y =0and y = &, one can only deduce that the above set of functions
are in some sense a complete set. However, an attempt to obviate inverting
the infinite matrix by expanding f(x) in terms of these eigenfunctions and
solving for the coefficients fails because there are no suitable orthogonality
relations.

This same difficulty has faced previous authors who have considered the
semi-infinite elastic strip with stress-free sides and an arbitrary end-load
(the problem considered by Bentham). With  an even function of x, the
eigenvalue equation is sin 2k+2%k = 0 with eigenfunctions &, ¢¥* where

Dy = [(cos 2k—1) cos by—~2ky sin ky] (rek < 0).

Their properties have been studied in two papers by Buchwald (1964 and
1965); the most rapidly converging numerical technique has been developed
by Gaydon and Shepherd (1964) who expanded the @ in terms of an ortho-
gonal set of functions and solved a set of 40 equations for 20 unknowns by a
method of least squares, With the elements of the truncated infinite deter-
minant tabulated, they have reduced the problem to a routine computation.
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2. THE BEaM EQUATION

The equation for displacement of the beam in the overhanging section
—1 << 0is
dty
T =
(see Timoshenko 1952), where F is the modulus of elasticity in tension or com-
pression, I the moment of inertia about the z-axis, W the weight per unit
length and » is measured upwards. The boundary conditions to be imposed
are that there shall be zero bending moment and shearing stress at the free
end, i.e.

El T N e 3 §)

a2y d3e
Then the solution of (2.1) is
y = J% (A4 Br—}i22 =1 I8 = 1, 24) @2

where A, B are constants still to be determined. TFor the rest of the beam
{(x > 0) the equation corresponding to (2.1) is

d4v

where, since f(x) is the change in vertical stress due to the overhanging portion
of the beam, the upward reaction of the elastic strip is W--f(z). Applving a
Laplace transform with respect to x and using (2.2) to make

Y T da? a dx3

continuous at x = 0, it follows that
W 1 -
P = 7 {(ApS+Bp2—1} lzp—-l)—i-—E,—If(p). .. o @23
After solving the elastic strip problem in the next section, this equation will be
used to eliminate the vertical displacement term.
3. Tur Evastic STRIP: SETTING UP OF THE PROBLEM

The two-dimensional static equations of isotropic elasticity in the strip
0 <y < kb, x > 0 under the influence of gravity are

aaz a‘f _

R

or  doy _

a —87 = pg , .. .o (3.1)

where oy, oy are the stresses in the z, y directions respectively, r is the shear
stress, p is the density and g the gravitational acceleration, The equations
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relating to stresses with the displacements w, v in the x, y directions
respectively are

u
op = (A+2,L)a—;‘+)\§§
% ov
7

where (see Muskhelishvili 1953) A and u are the Lamé constants.

The boundary conditions to be imposed are

(iYaby =0, +=0and»=0,

(i)atx =0, oy=1=0,

(i) aty = h, oy = —[Wf(@)], = 0.
(Alternative conditions at y = 0 and y = % conld be imposed, but would not
radically affect the solution).

Then, since

Uz_l\p_%g/“aay-—/’(l,/,'f—-ﬂ w =0, v (:(_]:_/3”)

is a particular solution of (3.1) and (3.2), it is possible to introduce the Airy
stress function by writing

aw, A

=5 3y W) !

02 ;
ay = T‘ﬁ —W gy (3.3)

02y
T dx oy i

In this way,  will measure the change of stress due to the overhanging
section of the beam and the stress-free end of the elastic strip. The boundary
conditions (i), (ii) and (iii) are easily shown by suitable choice of the three

arbitrary constants to be equivalent to

(i) at y = 0, -g%’/=o OO £ 71
SZ‘;’ 0 .. .. ... (35
(i)at e =0, ¢= 2(/\10) (W= bpgy) o e e .. (36)
‘;‘ﬁ O £ X3
(ifi) at y = &, g‘fy’ /\f‘z (7 — bogh) L 8
B _fa)mpgh. e e e . (39)

a2
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Since ¢z, oy and = can all be expressed in terms of « and v, the horizontal
and vertical displacements appearing in eqn. (3.1), a further equation must
exist and this is the compatibility condition (Muskhelishvili 1953, eqn.
{27.6)), which on substituting from (3.3) becomes

V4 =0. P ¢ 3 (1)

The problem has now been set up in such a way that the Laplace trans-
form methods of Bentham (1963) can be used. As in his case, there can be no
stress singularities at the corners of the strip. However, it should first be
observed that the equations and boundary conditions on ¢ are, except for
the gravity term in (3.6), such as to make ¢ an even function of y. It is
here assumed that the weight of the beam is much greater than that of the
strip and so the gravity terms will be neglected.

With ¢ now even in y, the problem can now be treated as one half of a

oy AWh 0%

situation symmetrical about the x-axis, with 3 T At 2 and o = — J(x) at
y = —h. When a Laplace transform with respect to x is made, the values of
02 2

PR 421 and ¢ 5 at @ = 0 will be required and these will be expressed in Fourier

cosine series with unknown coefficients. Now the period of ¢ with respect to
y is 4k and in the interval (h, 3h), for instance, all stresses are reversed.
Hence in the Fourier expansion of (§);_o, only terms of the form cos

(m+3) l ¥ appear, and thus at x = 0,

h
o2 < *
8:;{’ Z A cos (m—+1) %y }
m=0 (3.11)
By - |
03 Z s (m+3 )] )

where the coefficients Ay, Bp(m > 0) are to be determined. It is to be
expected that either all odd or all even terms disappear as the entire set is not
orthogonal in (—2, &).

4., Tur Erastic STRIP: SOLUTION BY LAPLACE TRANSFORM

When a Laplace transform with respect to x is applied to eqn. (3.10) the
end conditions at & = 0 are given by (3.6), (3.7) and (3.11) and the result is

Wy B oy AW S = AW
G T =T (A+2")+"Zn (pAm+Bm) o08 (m+9) T y+2p 170
where ’

B(p) = f: P(x)e 2% dx,
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Hence
7 AWy2 < (pAm+Bn) ™ l
- — - ) L Y y .
& :Zp(/\+2,.¢)+ 2 M*—-—Tﬂ s cos (m+3) ky+(/ cos py +Dy sin py
m=0 p2_(,m+%)2];é

[78))
choosing only the two complementary functions which are even in y. The
new boundary conditions are obtained by transforming equs. (3.8) and (3.9)
and are

dif AWh
—— = —— at = /’
fw)y, AWhe '
= =t at = ]
A rrsm R L
As was mentioned in the Introduction, the aim of this section is to tind an
expression for (#)y a, the transform of the vertical displacement at ¥ =h,
and use it with (2.3) to find f(p). With § now known, 4 can be found fairly
easily; from (3.2) and (3.3) with p =0
de ; AV y2 } d2f  dulud))
4 S0 e (A2p) | pri—p AT T de(atd)
l‘(l“""\) dy (A+2p) [1’ —p 2(A+2p) ’\,[yz pA+2w)
after applying a Laplace transform and using the end conditions (3.6) and (3.7).
This can be integrated to give

dplp+2) - S (Pdm+Bw) _ hp2 LT b sin
o U= - PR e sm(m-{—g)k y+Cp sin py
A+ i) /N BIPY 112 ™ +2)
p2—(m+1) i

. N A A dplptd) Wy
+D (sin py —py cos py)— oAy 2w p
The constant of integration is zero in order to make & an odd function of y

and O, D are determined from (4.1) and (4.2).

Hence

4p(p+2) < (P«’im‘l’Bm)("l)m_{ hp? (Sin ph cos pk—ph) (m+%)ﬂ}
(

(B)y=n= 2 1 P ;
A+2a) )y Z [p2—(m+%)21r~2J 43w ' \sin ph cos ph+ph h

2f(p) sin2 ph Wh

= p(ph-+sin ph cos ph) ~ p

The last term represents the constant displacement due to the weight of the

beam and would not have appeared if only the change in displacement due to

the overhang of the beam and to the boundary conditions at # = 0 had been

considered. However, a corresponding term will appear in the constant A in

the beam eqn. (2.3) and so, when (¥)y=» is eliminated, the net result is the
same,

(4.3)
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5. INVERTING THE TRANSFORM

Assuming that the heavy beam and elastic strip remain in contact every-
where, then (§)yes in (4.3) can be equated to 9 in (2.3). Further the con-
stants 4, B can be evaluated from the condition that f(p) >0 as p -
through real values since it is & Laplace transform. Thus

dp(u+dr) W Ap+B) > —Wihp+ Z(pAm+Bm)(«1)"‘h

(\+2p) "EI & (m+3)m
Putting £k = i /\Iig-‘;g)l and equating coefficients, it follows that
7] o= — Amh
kW Wh+ ,MZ(, (m+ e
(=1) Bm;'
KWB = Z Sy

These values of 4, B vould have been obtained directly by working out » and

g;; at the corner ¥ = 0, y = h. Hence (2.3) becomes

4p(p+2) kp (=1)(pAn+By) ,
iz PO =n = — WS +== Z k2 W4 +1) 412,

Then, combining (2.3) and (4.3) as described above, the equation for f(p) is
J(@)k{ph+sin ph cos ph)+2p3 sind ph)

AY

2p2 gin ph cos ph

T
[p—om 1273 |
+EW3lp+1)ph+sin ph cos ph). . . .. . o (5

The inverse transform is given by

(
1)217 Z (=1)"(pAm+Bm)m+1}) | ph4-sin ph cos ph+
m=0 [pZ (m +%)2 kg] 1

fe)=gus [ feorereay

(Doetsch 1961) where ¢ is real and such that f(p) is regular in re p >¢. By
inspection, f(p) has no poles at the points p =0 and p = + (m+3) 7 bub

has, for arbitrary values of Am, Bm, poles at the zeros (p # 0) of k(pk—f—sin
ph cos ph)+2p® sin® ph. Clearly if p is a zero of this function, then so also
is —p, § and —P; thus let py(j =1, 2,...) denote the zeros in the first
quadrant.,
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Now, in order that f(z) shall tend to zero as  — oo, the residues of f(p)
at all poles in the half plane re » > 0 must be zero because of the exponential
terms in the integral, i.e.

9% Gn wih cos s
| ) 27 sin pih cos pik
< prh4sin pgh cos piht =2 .

2 n?
[0t T3

+EW U p;+ ) psh+sin pih cos peh) = 0 . . .. 6.2)

2 «©

p;m Z (=1)(psdm~+ BuYm+1)

h 2 1)2 n?
m=0 [pj—(m+§) Ki]

for all p;. Taking real and imaginary parts, this gives two equations for exch
7 and the same pairs would be obtained by considering the residues at the
poles f;. The infinite set of equations (5.2) is, in theory, sufficient to solve for
the infinity of unknowns Am, Bn. However, in practice, only a finite number
of terms of each series can be retained.

The residue of f(p)e?? at —py is

%[kh cos? pj7z+3p;’? sin? pjh+2pfk gin p;h cos 1)‘1]&]?16_# ”*

2p° sin pjh cos pik
pik+sin pih cos pih+ Py P 121
2 7

[Pj —~(m+§)2 —hz]

P S (=1)™(pydm—Bm)(n+}
X TZ 3 = m,,z 2
m=9 [pj—(m+%)2h-2]

+EWI(3lp;—1)(psh+sin psh cos psh)

which in virtue of (5.2) reduces to
—[kh cos? p;,-7¢+3pf sin? ]);h+2pjsh sin pyh cos pih] e~
h & ( 21'? sin p;h cos )-hl
g)ﬁ& Z L:l_)@m,(’fi.%) pihsin i cos prht =2 g 127
2 _l21_ri p?_(nl_‘_l)zz_
m=0 ])]—-(’m-i-g) 7.2 (] 2)” 73

ki

»

+EW(psh+sin pih cos pih) |-

Both the equations (5.2) and the residues above can be further simplified by
using the fact that '

4

k(psh-+sin ik cos pil)+2p] st psh =0 (G=1,2,...).

The residue of f(p)e?® at —py is clearly the complex conjugate of that
at —py and hence their sum is given by twice the real part of the above
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expression. The inverse transform f(z) is then the sum of the residues at the
poles in the left-hand half-plane re p < 0.

Further, to find the vertical displacement v at y = A, elimination of f(p)
from (2.3) and (4.3) shows that, after the equations (5.2) have been satisfied,
o(p, h) only has poles at 0, —p;, —B; (=1, 2,...).

It is easily shown that
(i) the residue of &(p, h) at —p; is (PIEI)"! times the residuc of

J(p) at —p;;

(A+2
(ii) the residue of #(p, k) at 0 is — Whd+2w) _ _ Wh

dp(p+)) T kED’
displacement existing without the overhanging section of the
beam and the conditions at = 0 (§4).

Thus the final expressions for f(x) and o(x, ») are

fry=2re {Zres f(—p]-)e"’f"] |

2 os f(=p) —pi]  Wh{’
v(x, h) = 377 T [Zﬁf—f;—p—’)c p!] - IZE'-} (
j J )

the constant

(5.3)

An immediate observation here is that for small displacements, £I must be
large with LEI> W.
6. NumERICAL WORK
The roots of the equation
E(ph+-sin pk cos ph)+4-2p3 sin2 ph = 0

were calculated by Newton’s formula. Three values of the dimensionless
parameters kh3 were considered and in each case the four roots in the first
quadrant with the lowest real parts were found. The values of ph were as

follows :

kh == )}

kb3 =1

ki3 = 10

0-39744 4-10-39740
3-14241 4-40-07110
6-2833 --0-03557
9-4246 4-10-0237

0-70404 -20-70263
3:149224-40-22315
6-284184-40-11230
9-42507+-40-07495

1-23275+41-17759
3-19454-4-70-67105
6-291804-40-34883
9-427554-40-23508

An idea of where the roots lie in the complex plane can be obtained by
order of magnitude considerations. When (kA3)* is of order 1, there is a

. e\t o7
root approximating to p = (ﬁ) *i, As |ph|increases, sin ph must become
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small in order to compensate for the (pk)3 factor, i.e. the roots are close to the
multiples of #. This suggests the possibility of a series approximation to the

. 1
roots in powers of 7n 2nd it is easy to obtain by the usual methods

. 773\ 3
oh = g L th3+ kh3 i #(\/kks) '

2 dndad 124/2\ 7=

For n = 1, 2, 3, this formula gives

kh3 = 0-1 kER3 =1 kh3 =10

3-142404+40-07116 3-14965--40-22318 3-222224-40-65166
6-28328140-03558 6-28419-+40-11230 629326+ ¢0-34837
9-42480+490-02372 9:425074-10-07496 9-427764-40-23502

The agreement with the known roots is remarkable, the only big errors being
in the case n = 1, kA% = 10 when the series for ph does not converge quickly.
Certainly, further roots can be written down with ease.

It will be seen that, in each case, for the first root the factor (p;k)4 in the
terms of »(z, k) (eqn. (5.3)) is close to the negative real axis, whilst for the
remaining roots it is near the positive real axis. The contributions to the
change of stress f(z) and the convergence —uv(z, k) from the residues at the
first pole are, because of the exponential factor, dominant except near z = 0

kNt 47
and, since the first pole is approximately (7;) ¢'T, are almost related by the

factor h/kEI, the same as that appearing in the convergence term due
to the heavy beam along (eqn. (5.3)). Thus these leading terms are almost
the same as those obtained in the simple model outlined in the introduction
in which an elastic foundation is considered. The small deviation from direct
proportionality and the existence of further terms, in which corresponding
terms in f(x) and the divergence v(z, k) are almost propertional, is the result of
using the full equations of elasticity and imposing the end conditions on the
elastic strip, something which the simple model cannot do.

For numerical calculations, only a finite number of equations in the
system (5.2) can. be used with a corresponding number of unknowns Ay, B
The calculation of the coefficients is laborious and can ohly practically be done
on a desk calculating machine. Taking the parameter k4% to be unity and the
ratio I/h to be 1, 2 and 4 in turn, 12 equations of (5.2) were solved simul-
taneously on a digital computer with the following results:

2



392 A, M. J. DAVIS

. 1-802 0101
ﬂuaf,—) = ¢~ 070N ”‘[ { 4-570} cos 0-70263x/h — { 1-176} sin 0-70263x/h]
13-007 6-248

0-637
1-642
5102

0-389
0-840
2-657

4-241
9-954
28-162

14-854
35-836
10475

_ o B 10227/

i
i

} cos (-22315x/h — } sin 0-22315x/h]

— BRI } cos 0-11230x % { } sin 0~11230x/h]

—-9~42507z/h[— 10-015 ( 1732y
te 0-053 ;- cos 0-07495z/h— { 6-302 | sin 0-07495z/%
0-196 24-017

-

0-008
} cos 0-05615z/h— %

0-029
—0-107

1-718
6-050
—24-87

-12 566&\71/}1[ {

} sin O-O5615x/h]

s rasosen] (0005 1-503
g 1 TOR0RE go-ms} cos 0-045002/h — { 5~798} sin 0-045002/h
0-067 22.88

where the choice of three in each bracket corresponds to the values I, 2 and 4
respectively of the ratio I/h. Also solved on the computer to test the con-
vergence of the process were eight equations of (5.2), giving

J(x) - 0-70404x/k 1-803 0-101 .
W= 4:572 } cos 0-70263x/h— { 1-176 sin 0-70263z/k
13-010 6-2475
[ (0-728 4-869
— o~ 3149222/n { 1-883} cos 0-22315x/h— {11-619} sin 0'22315x/h1
L (5478 30-76

0-326
0-798
2102

_ 8—6-284183:/}1

i

§ cos (-11230z/h — {

18-46
44-91
121-77

} sin 0-11230x/A

- 0.42507h F (00157 1-715 ) )
+e 0-052 » cos 0-074952/h— { 6-268 % sin 0-07495x/h |.
| (0193 | 23-89 ]

In both cases, the computations were made to 6 sig. fig. and the results have
been rounded off; the exponential factors are given more accurately as they
were not involved in the calculations. It will be noticed that agreement
between the first terms is, for each value of I/h, well within 0-19%, whereas, in
the second and third terms, discrepancies of up to 209, occur. However,
due to the much lower exponential decay, the first term is dominant in f(x)
except near x = 0 and, therefore, it would appear that the stress distribution
can be accurately determined from a small number of equations of (5.2),
unless the stress near x = 0 is required in which case certainly more than
12 equatiens of (5.2) must be retained in the computations. The assumptions
2B
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of plane strain and small displacements probably break down in this latter
region anyway.

The corresponding results for the convergence —uv(x, k) are obtained from
(5.3); the decay of successive terms is heightened by the factor p; and with

3
kh® = 1, the condition kEI> W becomes (WF:,—};) < 1. Thus, with 12 equa-
tions of (5.2)

= ] — e~ 0T0404%/h 411?5%: . 0-:0963)
= —=1- . cos 0-70263x/h— ¢ 1-183 § sin 0-70263z;A
13-314 6-330

1 _s1u000m S 0-058 " 0-428
+1—(—)e 0-121 } cos 0-22315x/h+ < 1-008 % sin 0-22315x/h
0-298 2-865

1 —geneen| (0043 0-951
+156 b {0-110 } cos 0-11230x/h + { 2-294} sin 0-11230x/h

0-3095 6-707
1 T (0005 0-203
~ 7006 ¢ 42607 {0-019 } cos 0-07495z/h + { 0-798 } sin 0-07495x/h
000 0072 3-042
1 i 0-009 0-689
IR { 0-032 } cos 0-05615z/h+ { 2426 } sin 0'0561595"71]
10000 —0-221 —9-890
1 R 2469
——— 0-080 b cos 0-04500z/h+ é( 9-524} sin O-O4500x/h].
100000 [ i( 0-320 } 37-577
With 8 equations of (5.2), the result is
v(z, k) ( whs\ ™
n \'EI
1-842 0-096
= ] 000 5( 4-676} cos 0-70263x,h— { 1-183 } sin 0-70263x/h
13-317 ' 6329

1 0-066 ) 0 491
e o= 31492254 ) 0,744 { 008 0-22315x/h+ 4 1-176 5 sin 0-22315z/h
10 0-335 3127

0-064 1181
ok mozsEeh {0-155} cos 0-11230/h+ { 2-874} sin 011230z}
100 0423 7793

1 0-005 1 0-217
_ o= 9428072/h { 0-019 & cos 0-07495x/h+ < 0794 § sin 0-07495x/h | .
1000 0072 ) 3-026) -
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The discrepancies between corresponding terms are the same as for f(x); how-
ever, the factors 107! and 1072 in the second and third terms.mean that the
percentage variations in the total displacement are correspondingly smaller,
whilst the factors 10~% and 1075 in the fifth and sixth terms reduce them to
within the accuracy of the computations and they, therefore, cannot be
justifiably retained.

FRACTION OF W

STRESS f(x) AS A

»

FRACTION OF (Eﬂlﬁ-)h

CONVERGENCE —¥(rh) AS A

Fia. 1

The results are shown graphically in Fig. 1, from which it can be observed
that

(i) the maximum stress f(z) does not occur at = 0 as in the simpler
model ;

(ii) for I/h =1, 2, f(x) > — W for all x and, therefore, for the particular
value of kh® chosen, the beam and strip remain in contact as
assumed. However, the assumption breaks down when I/h = 4,
indicating that a less rigid beam, i.e. higher value of kA3, is then
appropriate.

Considering the time taken to do the above computations, it did not
seem worth while to repeat them for other values of khS.
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