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In this paper we discuss a new class of integral transforms and their inversion
formula. The kernel in the transform is H-function and integration is
performed with respect to the argument of that function, In the inversion
formula, the kernel is likewise H-function, but there integration is performed
with respect to a parameter.

§ 1. Fox (1961, p. 408) introduced the H-function in the form of Mellin-
Barnes type integral, which has been symbolically denoted by Gupta and
Jain (unpublished data),

Hm n 1{(@1,, a-p)} _ 1 _7— 1 '_BJ JZ (1— !lj+0(-]§) ¢
2 o o) =2 ca D
7 ]—H I'il-— bj-l—ﬁ] ]=_ZZ I'(a a;—o;€)
where {(fr, ¥r)} stands for the set of the parameters (fy, ¥y), . . ., (fr, ¥r);  is not
equal to zero and empty product is interpreted as unity; p, ¢, m and n are in-
tegers satisfying 1l <m < ¢, 0<n<p; 5 (j=1,2,...,0),8(=1,2,...,9)
are positive numbers and a; (j=1,2,...,p); b;(j=1, 2,...,q) are complex
numbers such that no pole of I'(by—pg;s) (h = 1, 2, . .., m) coincides with any
pole of I'(1—a;+oys) (¢ =1, 2, ..., n), ie.
%i(bp+y) # Bu(@i—n~1)
(1, 7=0,1,...;h=1,2, .. .m; i=12 ...,n). .. (1.9

According to Braaksma (1963, p. 278), H-function makes sense and
defines an analytic function of z in the following two cases:

(a) If u > 0, z £ 0 where

w=2B)=Z@) .. .. . o3
1 1

(b) fu=0,0 <|z|< 81 where 5= IT ()% IT (8)P.

i=1 7=1

From eqn. (6.5), given by Braaksma (1963), we have

", n
q,, [x

‘{(“1” ap)} _ «
(b ﬁq)}] = O(|x|%) for small z, .. .. (14
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where

g >0 and a—-Re(bh) (h=1,2,...,m).
k.

From (2.16), given by Braaksma (1963), we get
H:j,qn [x {(ap, %p)}

O(|z{?) for large x, .. o (L.
{(be. Bq}] j#17) for large = 49
” P " {
p>0, D)= 2 )+ 2 (B)—~ Z (B) = A >0,
1 n+1 1 m+1

where

larg 2| < A= and p = Re (@5—1) (t=1.2,....n).
i

The Mellin transform

g(s) = My{ f(2)} = f: eAf@yde .. .. .. (16)
and its inversion formula

0+1oo

flr)y = M3 {g (8)} = —f r~8 g(8) ds .. .. (7
will be used constantly.
§2. In this section, we establish two lemmas which are required in the
development of the present work.

Lemma 1—Let
i 1<m<g 0<n<yp,

(i1} ( B)>U g=12,...,m), Re( )<0 (i=1,2...,n),
§
Re ( - b»—j'c) <0,
¢
(iii) Z(Bj B, +2 (o)— fl (0)+28 = A> 0, |arg x| < $Am,
then
e
o {x (52 (=12 ) e
(b, B} f
" " b t
1T T'(bj+B;s) 13’1I’(l—-Ula'--%‘s)l"(%-E —ﬂs)F(2 )+c 5)
=1=1 = (2.1)
= ?
147 I'(1—=b;j—gss) II I'(a;4ws)
j=mel F=mn4l1

which follows easily from Fox (1961, p. 408).
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Lemma 2—Let
m g #n ?
H1l1<m<g 0<n<p, T(B)— & B+2Z(a)— 2 ()+28=21>0,
1 m+1 1 ntl

(i) |arg 2| < $Am,
&3 ()
(iii) Re > —3, Re§B <38, (t=1,2,...,n),

Re B(byjB) >8 (j=1,2,...,m), Re (v45) > —3,

Re (b+¢—v—s) > —8 where Bo=38 and 8> 0,

then

obte-1 2 oy | 2(d2)8 (1_()_4-_6 ) (}_b+c )

J7 Ms{(l—{—x)b”HH;q[(1+x)zﬂ 2Bl \a— 5 F) Hew an)
1(bg, B}

= H™ n+2[ l(l_”—s’ B), (I=b—c+v+s, ), {{ap, ap }]
P2 {(bg, B}

Proor—On the left-hand side using the representations (1.6) and (1.1);
interchanging the order of integration, which is permissible due to the absolute
convergence of the integrals involved in the process, evaluating the inner
integral with the help of (8) of Erdelyi et al. (1954, p. 233), with ¥ = 1 and
then using Legendre’s duplication formula (Rainville 1960, p. 26) and (1.1), the
definition of the fI-function, we get the result.

§ 3. The transform pair to be established is:

(2.2)

7 more [ [E=v—iw, B), (I=b—cvtiw, B), {(ap. )}]
— H™ +2 [t »s %p
g) fo anll {(bg. By} 1 ar,
3.1)
Bemila-v=1) (oI '
Jaw) = —T—f e~y g(—tu) Q(web) du
bt c—2v)Berite-) (TH0 ,
+( 2;)15 f e g(—1u) Qwe™) du . .. (3.2)
where
) N (Il =0np1—=%ni1, @nga), - oy (1—ap—ap, ap)
Q(wepiy = HI ™ P ”*1[weﬁmf ’ PR TR
et = Hpval (1=bir—Bmis, Bmaa), - -, (1—bg—By, Bo),

(1=B+v+u,B), (l—ay—as, @y),..., (l—an"’“m en)y (1—=B+b+c—v—u,pB)
(1 bl_ﬁh Bl) 1 b '_Bms Igm ]
(3.3)
and the conditions on the parameters are those of Lemma 2.
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Proor—In (3.1), putting w = —u, multiplying both the sides by - and
integrating with respect to u from o—i00 to o-+ico, we have

1 o410
o g(—tu)r=% du

1 0+ioo( © - (I—=v—u, B), (1=b—c+v+u, B), {(ap, a )} ~
o a—mlf Rl {0 B "o d’} o

(3.4)

on the right-hand side of (3.4), changing the order of integration, evaluating the
inner integral with the help of (2.2) and taking

8 1 1)\ #2

we have

— 1
2‘\/173/5(1)-!,_0) B

1\FJ2v-b=-c g(x)
[~ (-]

» bt Lw) ,
=J H*[yt (1_T,5),<2 5P ’{(“”’“”)}]f(t)dt, (3.6)
{
0

p+2,¢

where
1 o410
g(2) = s gl—tw) x %du. .. .. .. (397

2 o—~iw
Using the notation of Titchmarsh (1962, p. 315), we have

® - b-ey¥s-1

'g!’(é‘)=°'\/7—'j [1 yEI 1)%}2v—b-cg(x)d‘y
. (1=

—yE

— -1
M J‘ (]_ __1-) xBS“V‘l(l_!._x)b'fc-l’?ﬁS g(x) dx. .. (38)
0 .

- 2b+e-1~28s

Now substituting the value of §(x) from (3.7), changing the order of integration,
replacing s by 1—s and evaluating the inner integral (Erdelyi ef al. 1953, p. 9),
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we have
ﬁeﬂi(ﬁ—ﬁs—v-l)j“([_):l_'_c "/3+B) ( liif_lg B)
G- -
ke , D(B—PBs—v—u)
xf_. T U= ) P y—p—ut ot 1)

Bemile~B5-7) (I_’ic_ﬁ_*./g) (1 be ﬁ+ﬁ) I'(b4c—2v)
2m

a+10 . ' I‘( By
X f PR r(b+cfv_l.gi—ﬂ+ul)+ﬁs) du. . (3.9)

Also from (2.1)

+

" 1 b
B I G48—p) 1 D01 —0=0go) (—~ —p485)r(342F —480)
R(l—s) = =4 = .
, F(l bi—Bi+Bss) H F(“H"“J““Js)
j=m+
(3.10)
Now, by using the notation of Titchmarsh (1962, p. 316),
o410
l—s
Jw) =-2—;if _ gél_sgw‘sds. .. .. (3.11)

Using (3.9), (3.10) and then changing the order of integrations, we have
mg-v-1) [OF0 _
f(w) =§.e_____f =it gy g(—zu)
L o~i0

q 4
B 1T I'(1=b;—B+8ss) II I'aj+aj—ays) I (B—Ps—v—u)
X Mwe&”: - m+1 . nt+1 du
Ili’F(bj+ﬁj—ﬁfS)1171"(1—aj—otj+°tjé‘)1’(b+c—v—u—/5’+1+/38)

b —9 mi(f—v) a+i00
e e
o~100

291

i§ I'(1=b;—B;+B;s) {)Ylf(dj+°<f—°tj8)1"(/3—ﬁs—v—u)

m-+1
IIII’F(b,--{—ﬁj—ﬁ,s) 11711(1 ~a;—aj+ o) (bfc—v—u—pB414Bs)
. (3.12)
Hence, using (1.7) and notation of Fox (1961, p. 408), we get the result (3.2).
§4. Applications—(i)Setting ;== =1,2,...,p;k=1,2,..., q)
in (3.1) and (3.2) and using the relation

i(zf ﬁiﬂ 36 (

-1
X ‘AA/weB"i du.

Hmn[

@y, ..~4, ap>
.. .. (41
bl’ PRPR q ( )
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where B> 0, we get the transform pair:
m, nt2
) = Bf s (e,

em(B v~=1) a+io . !
fw) = —— f e u g(—iu)GF D pontl (wﬂewi
g=ic

—v—iw, l—b—c4-v+4iw, ay, .

Y %
by, ..., b )f(t) dt oo (42)

l_aﬂ+1_ﬁ! vy l—aP—B:
1—bmg1=B, ..., 1—=by—B,

1-B+v4u, 1—ay—B,..., 1—ay—B, 1 —B+btdc—v—u
1—-b6;—8,...,1=b,—8 )d

—2p)emia—v) [H® 1
+(bi_2v_')e—f e‘”i"g(—zu)(zq m, p—n+tl (wﬂem

U

1'"“n+1"‘ﬁ> very 1“‘1’1)"/3,
l—bm+1"",8> R l—bq—ﬂ’
1-B4+v+u, 1—a;—B, ..., 1—a,—p, 1—B+b+c—u-—u)
1—by—B, ..., 1—bp—f

2me p+2,q

o=~100

du.

(4.3)

(i) In(4.2) and (4.3), taking g8 = 1, we get a known pair [Bajpai (in press)].
(iii) In (4.2) and (4.3), putting b+c¢=2v and =1, we obtain the transform
pair due to Wimp (1964-65).

(iv) With b+¢ = 2v, 0 = 0, 4 = iz and in view of g(x) = ¢g(—w=) from (4.2)
and (4.3), we have the transform pair:

Gmn+z(
g00) BJ ez \" o,

jemiB=v-1) ¥
f) = —— ze™ /A wﬁem
K 0

iemitB-v=1) [ o
- ze~m3 /]| whem
m 0

l—v—iw, l—v4iw, a1, ..., @

”) fyde, .. (44

1—B+v+iz, —,3+v—iz) g(z) dz

1—B4v—1iz, 1—ﬁ+v+iz) g(z) dz,

(4.5)
where
rs) = Q12 m, p- n+1( l—agp—B, ..., 1—ap—5,
!r]J 2} = p+2, ¢ l—bm+1—ﬂ, o, l—bq_ﬁ’
71, l—al—ﬂ, ceny L—ag—p, ,-2) o
1—b;=B, ..., 1—bp—p - (4.6)

(v) In (4.4) and (4.5), putting n =p =0,m =g =1, b, = t—v—Fk, using
eqns. (9) and (8) given by Erdelyi ef al. (1953, pp. 209 and 216 resp.) and

1,0
Gl, 2 (w

My _m(xe™) = elm=Hmipf g o(x) .. . .. .. (4.8)

w 8+y-1

x Ew 2
- - .. &
5) T I(I4y—8)I'(@—y) M«—”—“‘—;ﬂ, Lol (w) 4.7
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and (1.7) of Slater (1960), i.e.

Wi mix) = m { My, _m(®) _ My, m(x) }
k) = sin 2ma \TG+m—k)T(1=2m) ~ T'(3—m—k)I'(1+2m)

= Wk-, _m(x), .. . .. . .o . .. (4:9)

also replacing B by 1/8, we arrive at the transform pair:

o By,
gw) = BT (=k+iw) D3 —k—ie) [ e 27 Wy qt-9) () dt .. (4.10)

¢ 2B a1+ -1

flw) = fo z sinh 2r2) Wy, (w8 g(z) dz. .. . (411)

w2

(vi) In (4.10) replace ¢t by 1/t, in (4.11) replace w by 1/w and then replacing
et? By -1)-2 f(-1) by f(t), we have the transform pair:

§) = B —kkie)(h—k—iv) [ W ) fO .. (12)
Flaw) =“’;::1 J:zsinh @m2) Wi () g(2) dz. oL @13)

(vii) Putting £ = 0, using

Wo,,n(x)=J§Km(g) N TR )

18
and replacing {t/_: f(t) by f(t) in (4.12) and (4.13), we have the transform pair:
w

glw) = G+ w) '} —iw) fm Ky (%B) f@od, .. .. (4.15)

0

fw) = @1;5 j " sinh (272)K, (’%B) g@dz. .. .. (416)
0

8
(viii) In (4.15) and (4.16), setting B = 1, replacing g(¢) by t—sigh_a;t g(2),

Ku(%)) by Kiu(w), f(x) by x-1 f(x), then using sin mz = f"(z)—lzz-l—‘:z—) , we obtain
the Kontorovich-Lebedev transform pair (Erdelyi ef al. 1954, p. 173):

ot0) = Zg 0 sinh o [ CeRG@f 0@, . .. @)
0

) = f Kulw) 9(2) dz. N TR T
0
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(ix) In (4.4) and (4.5), taking n = p — 0, m = Lg=2,by=}—v— m+n

m—n
by = %_-H.T ; using the relation

i o
ay, G j=1p(1+bl o) Ltbyi—ay, 1461 —ay; (—1)ntly
by, bs) 2 F 1[1 by—b ]
P(14b—by) 1T Iay—by) Ll+bi—be

j=n+1

1,5
Gz, 2 (’E

. . (4.19)
and replacing 8 by 1/, we get the transform pair:

Br (%+zw— ﬂi‘)l“(%-—iw— m;-n)
Ti=m)

g{w) =
m==n

—20~m—n +iw— y F—iw— T/'j:—n —t#
x‘[ $18(1-2 )ZF][% ) At 2 7 fityde, (4.20)
0

1—m;

B i
5 (1+2v-m+n)~1 = (n-m
w? 82( )

flw) = 7 T(L—m)

[ il U I it
x ]
o L

P(g~iz+m;'") r(?_%+7'z+m"")
m—n M1

Lemiz— ie— ; —uf
X o'y 2 2 g(=) dz. .. .. (4.21)

1—m;

(x) Now using the relation*

_n mn mt+n 1—z
n 2 —k———, 14k— ——; ——
P = 28(z+1) Fl[ 2 2 2 } .. (4.22)
1

m 2

r(1—m)(z—1)2 —m;

(with z replaced by (26°+1) and % replaced by (¢w~— %) in (4.20)) and the relation
(Kuipers and Meulenbeld 1957, p. 440)

" me—n m—n 1-—-z
2 1+k- g 3 —'k :
(z)_____l__(z"'l)szl[ 2 2T } .. (4.23)

I'l—m) (z—1)2 l—m;

Pm, "

k

* (4.22) follows from (4.23) in view of the transformation

Fla, b; c; a) = (1—2)°"*"%Plc—a, c—b; ¢; x)
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(with z replaced by (2w®+1) and k replaced by (iz—3%) in (4.21)), we get the
transform pair:

m—n 8 v »
glw) =2 2 BP(%Hw—- m;")r(%-m_ ”‘;f”) f 2" ey
0

x PL" (2P 41) f(t) d . .. .. .. .. .o (4.24)

0’”2‘" ’;(n m) (1+2v+n) 1

(w+1)

f) =

™

xr {(emr(%—fz— n) _ Sl Gl )}
R G

X P2 2uP 4 1)2g(2) de. R O -5

(xi) With m = n =k, (4.24) and (4.25) reduce to the transform pair:

(1 -2y~ g

Y0482 PE L @e41) f) dt,

. (4.26)

= BI(}—k+iw)l(} k-—qwf 2

a

z sinh wz P, {20 +1) g(z) da. .. (4.27)

lz—

flw) = b A1 (B4 1) wa
0

™
k
(xii) Now in (4.26) and (4.27) replacing f(z) by x #¥0-2-M(1 {af) 2 f(x)

7 g(x)

and g(x) by %7 8

Sz ek on Ve get the transform pair:

2Bw sinh mw
kis

gl = rg— k+w)]"(l—k—zw)J w3 (268 +1) f(t) dt, (4.28)

f(w)=wﬁ"lJ:sz_}@wﬁ-}-l)g(z)dz. e a29)

(xiii) Setting 8 = 1 in (4.28) and (4.29); in (4.28) replacing 2¢+1 by ¢; in

(4.29) replacing 2w--1 by w and then replacing f ( ) by f(z), we obtain the
generalized Mehler transform pair (Rosenthal 1961):

w sinh 7w

g(t0) = ———"= I} —ki00) [}~k —io) f P _.0f@®)dt, .. (4.30)
1

fiw) = J-:sz_*(w)g(z)dz. L @s
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