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The unsteady flow of viscous conducting liquid between two parallel plates,
when one of them is set in motion parallel to the other by a periodic force, has
been discussed by using the methods of Laplace transforms.

1. INTRODUCTION

The problem of flow of conducting liquids—both steady and unsteady—
between parallel plates traversed by a magnetic field is considered to be an
important problem in magneto-hydrodynamics and, chiefly because of this, it
has engaged the attention of several researchers, namely Yen and Chang
(1961), Pavlov and Tarasov (1960), Kapur and Jain (1962), Sukla (1963),
Vijay Kumar (1966), Rathy (1963), Jagdeesan (1964). All these problems
may be described as attempts to accommodate magnetic fields in purely
hydrodynamic problems and hence to study the effects of such fields on the
hydrodynamic motions. An important problem in hydrodynamics, vide
Chaudhury (1962), is the flow of viscous liquid between parallel plates, when
one of the plates is set in motion by a given force and accordingly a magneto-
hydrodynamic analogue of this may be thought of by having a magnetic
field in the direction perpendicular to the parallel plates. The solution of
the problem has been achieved by Laplace transform techniques for a periodic
force.

2. ProBLEM, FUNDAMENTAL KQUATIONS AND BOUNDARY
CONDITIONS

Let us take the x-axis along the plates in the direction of the flow and
y-axis perpendicular to the plates. There is an original magnetic field of
strength B, perpendicular to the plates. Let the plate at y = 0 be at rest
and that at y = k be set in motion at time ¢ = 0 by a force ¢X along the
x-axis, where o is the mass per unit area of the plate at y = h. Our object is
to investigate the motion when the prescribed force is periodic in character.

The governing equations of the problem are constituted by (i) the equa-
tion of motion of the plate and (ii) the equation of motion of the liquid in the
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presence of a magnetic field. Then for the motion of the plate we have

au pv
O_xim®)
and for the unsteady motion of the liquid between the parallel plates, we have
ou o2u o o
'—az=vé§§—;B0u, O<y<h,t>0 . .. (2)

where u is the velocity of the liquid; U, velocity of the plate; p, density of the
liquid ; », kinematic coefficient of viscosity; and ¢’, conductivity of the liquid.
The derivation of eqn. (2) is given in Al Bulent Cambel (1963) with full
explanations of the terms involved and need not be repeated here, taking
into account, of course, the fact that the pressure gradient is zero as done by
Rossow (1957), Ong and Nicholls (1959). The boundary conditions are

=0 when y=20
t/ }

u=U when y=~r (3)

3. SoruTiON OF THE PROBLEM

Let us write X = « sin wf where « and w are real constants. Then in
this case (1) becomes

aUu

ou
= smwt-{-— (ay)yzh . .. o 4)

Let us introduce Laplace transform f(p) of f(t) given by

foy= [ e
0
The Laplace transform of (4) is given by

. ot di
U= - . .. .. (5
: o p2+w2+ (dy)yzh ©)
and the Laplace transform of (2) is given by
. d*u o _a_
pUy=v (Ez il —‘; Bou .
Therefore,
d2a _
[—‘zz’/'é—(fl-*'B_p)u:O . SN . . (6)
where
: 5
4=22° p- Ly
p v v

The boundary conditions (3) become, when transformed,
@=0 vwheny=0
=0 wheny:h} @
The solution of (8) is

@ = ¢; cosh (y4/ A+Bp)+c, sinh (yv/A+Bp)
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where ¢, and ¢, are constants.

By @Me=0 =g (k\[jﬂfp)
o = U sinb (y/ 4+ Bp) (8)
sinh (A/ 4+ Bp)
(g—j)y_h =UA/A+Bp coth (1y/A+Bp). .. .. (9
Then from (5) and (9) we get on simplification,
b= 2owu sinh (h/4+Bp) . (10)
7" L p sinh (/A5 B)— & / AT Bp cosh (/A5 Bp) |
Substituting the value of U in (8) we find
I sinh (5 v/ T 5p) .
P p sinh (1 AT Bp) — A/ ¥ Bpoosh (0 /A Bp) |

Therefore, the velocity u(y, t) of the liquid is obtained from (11) by applying
the inversion theorem, vide Carslaw and Jaeger (1962), and is given by

y+ic
e e* sinh A+ BA)dA
y—ieo (/\2+w2){)\ sinh (h4/4+BA) — = A/ A+BA cosh (h \/A+B/\);
12)
The integrand of (12) is a single-valued function of X with simple poles at
. “© 4
A= Fiw and at A=—55—3 (s=1,2,...)

where o,’s are the real positive roots of the equation,
A A Py
(W+§) sin ocs-}-; og cos ag = 0.
We next choose the contour of integration as the part of the straight line

A=y and a part of the circle |A| = R, no pole being on the circle. Then
the integral over the part of the circle tends to zero as R tends to infinity

2
and the residues of the integrand at the pole A = — s _ 4 are

2
%s 4

()
2povh?BaZe ('FB B/ gin (y“f)

o2 2 '
{ (,7%+%) +w2} { o%(a2+ Ah2)* +(a2+ AR2) aspavhB+u§p2vzahsBz_2a§pwsz} sin ag

(13)
4B
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The residue at A = 1w is
¢t sinh (y A/ A+ Biw) (14)

2iw {iw sinh (h \/ A+ Biw) — ’—"-; A/ A+ Biw cosh (h4/4 +Biw)}

and at A = —iw is
~twl oy .
e sinh (y 4/ 4+ Biw) . (15)

iw {iw sinh (h \/A—Biw)-l—%v A/ A=Biw cosh (k A/ 4= Biw) }

P4

Therefore, from (12) we have
¢t sinh (y\/ 4+ Biw)

uly, ) = 5 ;
iw sinh (h\/ A+ Biw) ~ % v/ A¥ Biw cosh (hA/ A+ Biw)
3 e~ ginh (y4/A—Biw)
*2

* jw sinh (k\/A—Bz‘w)-}-e; v/ A=Biw cosh (h/ A= Biw)

a2

_(._5_4.{1 ¢
5 k2p B . [
a’e sin {y. -

s “h

— 2awpovh?B z 2\
s=1{( : +E) o }{aQ(af+Ah2)2+(af+Ak2)a8pavhB+

h2B
+as2p2v20h332—2afpavh23} sin o .. (16)
2
()
-l =+2 )
#E 4] Gin (y off)

"k

o ale

= Aa sin (wt+¢)—20wpovh?B Z CRRIY:
as

=) +efx

X {02(13-(— Ah2)2+(m?+Ak2)agpavhB +aZpt2oh3 B2— 2a§povh23} 8in ag

(17)
where
s .M
A=VIHME, ¢=tanl

. Cﬂl—Dal _ 0“1+Dﬁ1
L=-tgpr M=~"gypr

v . 6 v 7
C = waz—-%kzy sin —23 —%—kgs cos—zl

v 0 . 6
D= w,82+% koy cos —2—1 - %‘—' k28 sin

-
2
®; = €os (yk2 sin %l) sinh (ykz cos %)

&y = CO8 (hk2 sin %) sinh (kk2 cos %1
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8 =sin (ka sin

ky = wiBH1+43)}

A
Ll__B
{1
01=tan1(—). a8
k

Also for the velocity of the plate at any time f, we have from (10) with the
help of inversion theorem,

y+i0

o e ¥ sinh ( h\/A+B)\ )dA )
=5
™ ymieo (A2 2) {A sinh (A\/ A+B))— \/A+B)\ cosh (h\/A+B/\)(

(19)
The integrand of (19) is also a single-valued function of A and has the same

poles as those of the integrand of (12). Therefore, using the same contour
as in the previous case and calculating residues we get finally,

U ¢i“t sinh (hy/ A+ Biw)
iw sinh (hV 4+ Biw)— %’ /A% Biw cosh (hA/ A+ Biw)
+ﬁ et sinh (hy/A— Biw)

% i sinh (hy/A=Biw)+2 /A= Biw cosh (/A= Biw)

2
% A)
o2 (FE*E !
—20wpovh2B E

?  B\*
s=1% (hO;B+Z) +“’2}

X {o?(a2+4h2)2+ («24h®)ospovh B+oZptiehB—2aZpovh?B} .. (20)

2
msA
""2—+—t
ote W#p B

4 (h23+§)2+“’2}

% {02( °‘s2 +Ah? )2 + (a? + Ahz)oc,pov hB+ afp2v20h3.32 - 2a.szpovk2B} (21)

= A'e 8in (wt+¢")—wpavh?B Z
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where
’ ’ ’ ! - MI
A ='\/L2+M2, ¢=tan 1—L~,
o O,Bz—Daz ' Oa2+D[32
V="geype - M=="Capz~

and C, D, ¥, 8, a, g, By, Pz, k1, ko, 6, are the same as in (18).
The expressions for u and U bring out their characteristics, viz. each of them is
partly periodic and partly transient with respect to time. The case for a
transient force can easily be derived from the previous result by replacing sw
by —n (n > 0).
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