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A model of turbulence which is symmetric about a fixed line in space with
the characteristic of turbulence at any point dependent on its distance from
the central point of entrance face of the tunnel has been envisaged. For
this model the turbulence energy shows the possibility of vanishing with
distance measured from the central point of entrance face of the tunnel as
origin. The study of this model is of interest, as all other models so far
studied fail to furnish us with this possibility, in absence of which the scheme
of turbulence is termed ‘conservative’ and not suitable in too extensive a
region (cf. Bass 1954),

1. INTRODUCTION

The simplest model of turbulence is of homogeneous and isotropic nature.
In order of simplicity, next comes the homogeneous and axisymmetric tur-
bulence as studied by Batchelor (1946) and Chandrasekhar (1950). Bass
(1954) considered, in course of a detail analysis of all types of turbulence so
far studied, another scheme of axisymmetric turbulence which he termed as
cylindrically symmetric turbulence. The characteristics of turbulence in this
type of turbulence have all the symmetry properties of ordinary axisymmetry
(in the sense of Batchelor) and in addition they are dependent on the dis-
tances of points under consideration from a fixed origin measured parallel to
the direction of symmetry. In this work Bass pointed out that the mathe-
matical models of turbulence so far constructed including his model of cylin-
drically symmetric turbulence show no possibility of energy of turbulence
vanishing with distance from its source of initiation.

The present author in an earlier attempt (Ghosh 1968) presented
a model of turbulence which is symmetric about a fixed axis in space, the
axis being considered as the line-source of turbulence energy (obviously this
line is along the direction of mean flow) and turbulence characteristics
depending on the distances of points under consideration from this fixed line.
In that model, too, the turbulence energy did not indicate the possibility of
vanishing with distances from this fixed axis.
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In the current work the model presented is almost of the same nature as
discussed by the author which is referred to above, but here one more parametric
dependence has been introduced. This parameter is the distance of the point
under consideration from the entrance face of the tunnel measured along the
axis of symmetry.

The interesting point in this model is that here comes the possibility of
turbulence energy vanishing with distance from the central point of the entrance
face of the tunnel. In that sense this scheme of turbulence is‘not conservative’
and suitable in too extensive a region.

2. KiNEMATICS
Consider a turbulent medium extending to infinity in all directions.

Let OX be the fixed line of symmetry represented by the unit vector A. P
and @ be two arbitrary space points in close neighbourhood inside the tur-
bulent medium. Let us associate two unit vectors ¢ and j at P and € re-
spectively. PN and @QN’ are drawn perpendicular from P and ¢ on the A-
axis. Further let us assume that the point O on the X-axis is the central
point of entrance face of the tunnel while A-axis directs the direction of mean
flow. Lengths ON and NP as shown in Fig. 1 are denoted by ! and p re-
spectively. The directions NP and N'Q (which are not necessarily in the

same plane) are given by unit vectors Z and Z’ respectively. We have further
denoted NP :; (= p:/:) and N'Q = ;’ (= p’l_/:,) where the magnitude of N'Q)
is taken as p’.
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Fic. 1. Diagram showing the positions of points with their corresponding
components of fluctuating velocities inside the turbulent fluid.
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Next consider «; and uJ as the ¢ and jth components of fluctuating parts

of fluid velocities at P and @ respectively at a certain instant of time. For
the type of turbulence which is symmetric about the fixed line OX (see
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Fig. 1) and whose characteristics at a point P (say) depend on the distances
PN (= p) and ON (= l), the second order velocity correlations F;; are given by

zTu; = Fy = A&i&1+ B8i+CAAj+ DAl s+ BN+ Fdphy+ G+ HE b+ Lpho + Tty
(1
where A, B, C, D, E, F, G, H, I, J are functions of
(f,f):ri’, (f-/\)=8, (§.Z)=q,pa;ndl
in the case of stationary state of the scheme of turbulence envisaged here. It is
worth while to mention that the derivation of the form (1) for Fy; is done
following the well-known procedure developed by Robertson (1940).

Equations of Continuity
The equations of continuity for an incompressible fluid applied at P and

Q give us, after usual process of averaging,

0 ]

EFﬁjzo and a—*x,F'L]‘=O,
where the coordinates of the points P and @ are respectively denoted by (x;)
and (z;) with origin O and the z-axis along X-axis. The two equations of
continuity stated above are reducible to the forms

0 d
(/\ia—l-l'-llll"a—'p)Fi/:O . . .o . (2)
and
g Fu=0 3
5, o = €
] &0 0 0
where the operator 3, means =+ Ajé;"’"l’j g’

Substituting the expression for Fy; given by (1) in eqns. (2) and (3), we
obtain
04 @D K6 94 oI 0B 9C 6 OE OE oG
fi[s—a—l+ﬁ+q%+%]+)\j[—a—l+—a—l+sﬁ+!l% 51—)]
oF oH 0B, ¢H oJ
+¢‘j[ﬁ+3 ﬁ+5§+q%+5}-’] =0
and
04, 04 ©0A 10B so0E o6E qdH 0oH
fi[4A+fW+8 -a-;+q-a?+; Tttty 5t E]

9B s oC  oC oD

s 0C q OF BF]
+Ai[_a§+r or +$+3D+TW

oD @D
+85§+q3—q+E+; _8;+7q_

0B s 3G 9@ oI , oI 9l qoJ aoJ|
+*/’i[-a‘q—+; 5;+£+H+3I+T—a—r+8 $+q§§ +; E‘+E] =0
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Thus for arbitrariness of &, A;, ¢; and &, Ay, ¥y, we getb

aA oD, 04 oI
az“‘ +q +8p

3B 3¢ oE 9E ¢
ﬁ+ﬁ+sw ap-'—ap 0 .. .. .. (4)
oF  oH 0B 0H 0]

atateytisnts, ="

and

94 24 94 10B s0B 0B q0H 0H_
ttrotes gttt ettt e T ey =

9B s 9C , aC aD D q OF oF R

TR S & 2 S +s + FRERET = } (5)
9B s 3G , 3G oI, oI ,qaJ  aJ
wtr ot +H+3I 47 + sttt =

From the geometry of the configuration given in Fig. 1, we write

"= —sAtpu+st
which is equivalent to X (6)
GRS S 4
p p P

The consideration of e at P and uj at @ and taking the ensemble average

of the produect, viz. uiu is the same as to obtain u;w which one gets from

the consideration of 'u.j at @ as first point and %; at P as second point and
taking the ensemble average of the product. Although the result looks trivial,
yet consideration of P as first point and ¢ as second point in the previous case
and consideration of @ as first point and P as second point in the subsequent case
with components of fluctuating parts of velocities at the two points same in both
cases supplement additional relations. These relations are said to be the out-

come of the symmetry of the geometric configuration. Accordingly Tg: of the

first case is to be replaced by —¢, n of this case to be changed to p’ with suffixes
¢ and j interchanged to give us the same picture that we realize in the second
case. Consequently

A&+ By CAdy+ DX+ B+ Fhghs+ GApby+ HE g+ 1éppi +Jieds
= A/ (=N —E)+ B S+ C AN+ D M(—E) + B (— EAs
+ PN+ G A H (— )+ (— 80 AT, .. . (T)



450 K. M. GHOSH

where A=A(%s89;1 D)
and A, = A(rzj —s, q’ y l+8: P’),
g’ being (= —Z ;;’ ) Such functional relationships are also true for pairs of

defining scalars (B, B'), (C, "), (D, D'), (E, E'), ete.

Substituting the geometric relation (6) in eqn. (7), we easily obtain the
following relations by comparing coefficients of corresponding elements on
both sides of simplified form of eqn. (7):

HI II Jl
A=A'"-——S4+—
p p p*
B =B,
P
p' pl p/2
&  sH’ S
D= —-F+—4+——=J
+p P p?
F' sI s
R
+2’ P p2 |
F=pG,—f£J’ .. (8
! plz
G=p1':_p_'§J,
P
Py, P 5
P p'E
_ P 5 P 4
D° o
T=p

3. LmvitEp EXPANSIONS OF DEFINING SCALARS IN POWERS
OF 7, § AND ¢

In § 2, we have derived all the kinematical relations that are possible in
the stationary state of the scheme of turbulence discussed above. For further
simplification of these kinematical relations, we take help of limited expansions
of defining scalars in powers of 7, s and ¢ correct up to second order in r (i.e
inr,s and ¢, as s and ¢ are of the same order as 7). This simplification of
the whole analysis will give us somewhat a true picture of the phenomena as
we know that in the case of measurements in wind-tunnels the correlations
of fluctuating velocity components at widely separated points asymptotically
vanish. Accordingly the points P and @ are to be chosen in sufficient close
neighbourhood of each other to' give us non-zero correlation values and in
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that context results correct up to second order in r can give us a true picture

of the phenomena. Hence for the expression of Fy; to be correct up to second
order in r, we set

A= A4,, B= By+Bis+Byg+Bur?+ Begs®+ Bysq®+2By38q
O = Co+C15+Coq+ 01172+ Cggs2+ U350+ 20389
D = Do+Dys+Dyq

E=E¢+E;s+Eqyq

F = Fy+F15+ Fag+F11r?+ Fos2 + Fagq2+2F 5989 .o {9)
G = Go+G 18+ Gog+G1172+ Gp52+Ggaq? +2G08q
H = Hy+H,s+Hyq

I=Iy+18+1Iy

J = Jo+J 18+ Toq+T 11724 T 5952+ 3392 +2J 9359

where A4y, By, By, ..., Jys are functions of [ and p.
Now using the expansions (9) in eqns. (4) and (5) we obtain

aDO al, _
aAo aD1 zur1

4.1’

3D2 aAo aIz
ol T op o op

ago +a§l° +aai° o)
a£1 +aaol1 +a§2’0 +aG,
a£2+a02+an+a_G2= 0

3By, 30y 3 _ o\
o Ta ap /
aglgz +ac'22 +8E1+6;;22 o

K2 AT

6023 aE2 aE, aags
T E ta Tt 0

(4.2

6323
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0F, 8B, , 8J, _
T eptap T
aJy

+__

oF, K oH, 0
op

o T
oF,
¥

2B,
op
0H, 0By  aJs _
p tapTap 0
0Fy;; 0By, 00y _ .
8l+ap+ap =0 .. (430

aF22 aHl aBzz anz _
o T T tap

+

4

0F3; 0H;  0B3y , 0J33

0B
op +2 dap

dF, 0H, oH,

3J23 _
= Tt 2 k3

and
440+ 2By+ B+ Hy =0 R (: # &

By4-C143D0+Ey+Fy =0
2B22+2011+2022+4Dl +E1+2F23 = O s . (52’)
2Bgy+2025+4Dy+ B+ 2F,,4+-2F 5, = 0

B2+G1+H0+310+J2 = 0
2323+2G11+H1+4—[1+2J23 = O . .. . (53’)
2Bgs+Hy+41+2J 114233 =0

The geometric relation (6) is in vector form. Now we reduce this in
scalar form and expanding the resultant binomially and keeping terms
correct up to second order in » we find

1
p e p+q+% (r2—s2—g2)
(10)

7

1
o e ~ (r2—82— 2
q q p( 72)

Introducing the limited expansions (9) and geometric relation (10) in the
set of equations given in (8), we derive after Taylor expansion round about
r = 0 the following relations:

PHo+I)=Tg .. .. .. .. (81)
1 0B 1 0B, .
Bl=§—lo; Bz=§'—pf" .. .. .. (8.2)
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190, 1
CI—QW—%(F0+Go)
Y
Ca=3 op

10 J
F1+G1— 2— B‘l(Fo—l-Go)—l-—ZTo =

10 1
Fot Gy 5 52 (FotGo)+— (Fo+6o) =0

G
Dy+Ey = po
9F, 186G, 1 Ho _Jy

Dy =— +E1+p SOt =5 i)
.
Byt Dy =2
E1=—a§°+D1+; aé?’—; rele-%
Fy=G,
F %‘;_0 Gl—‘%’
Fy= —-«-I-%— 2
Fiy=—55 G’o+2lp aai" lG2+G11
+Gloo— 2aéfl°+ Jy
Faa= Q%G"“ % ?a%”f% %fz"’ % aG2+G33
Woy=— 115 aa(io*‘gz;}; @—aa%—agma%
L2, 1 6J0+ 7.

p2° " p op
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(8.4')
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(8.6")
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G = F, \
6= 5 —Fi= 2y
Gz=——‘+%—F2
Gll:_ZII’Z 0+21p 391;0 %F2+Fu '(‘: (8.7')
Gzz:?zlo'zp"_élﬂg‘gg p) a;zﬁ;() 3F1+ FotFyp— aéfl°+ Jy
2023:—%ng)+gl§;+})—_%%‘a§l’2+2F2s+ Jo— 1 aai)°+]1)Jg/:
H0=_Io+%
H1=—%’+Il+}3 %’—l"-—‘% .. (88)
-
11——%—‘43&%%’—‘% (89
Jl:é % 8.10/
Jum 7o 100 B0
p 2 dp

4. Fixarn RESULTS OBTAINED FROM CONTINUITY AND SYMMETRY
CONDITIONS

All the relations that have been obtained by virtue of continuity and
symmetry conditions and subsequent limited expansions of the defining
scalars of the second order velocity correlations can be combined and put in
the following forms:

D,=E ____fal"dl+f1( R § 5 )

Fo= Gy
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By = 8[)0+D1+;) o, —%F1+% —-%‘:j
E 186G 1, Hy J (-2
. o o [ _Q Yo
T al +0 P al+ p+p2
ol
do=—1, fgidl+f »
P (11.3)

2 4 4
!
0 ol 1 oF
D do+Is) di = Fo— = =0k }
2 f 3 (do+1g) dl+fs( =+ i +1)2 "5 ap 7 1L
8B, L, 106G, G, f
_/,__.___Qo s —
T o9 p2 T p Op p
!
] oG
By = —f —%"dz+f4(p) .. .. .. (1L
!
) ) oG .
Bi+C1+Ey = =3Dy—Fy = — f *a—pidl"rfs(ji)
. 1 aC 1
Ci=5 57 — 35 Fotbo) ‘ - (119
L 1Ay
Cy=3 N |
!
108 , i . 0 . .
3 a])°=32= = Hy—3Iy—J g = _cz_f 5y Bot o) dtfy)  (1L7)
Cpy= —=Bgy==Cgp—2D) =3B —Fy3 ’
:
" 26 ) (11.8)
= —B;~ J “5“0615+f7(1)) j
oG
b2>+(22+E1—— - f 22(Zl+fg .o .. (119)
9By, = —Hym4lym2J 1y~ 2J 5 )
" : . (11.10)
= —2(,’33—-2—[ s (Bat+G33) di—2fo(p) )
2(B23+023)+E2 = —4D1—2F11—-2F33 )
} . (1L11)

1
=—f%WﬁwMW%M)

Jo = p(Ho+Ip) = —By— JaFodp+¢1 . .. (11.12)
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oF,

?
Ho+By+J; = —f o p+es) -

? 9
Bgo = —J 25— f le(F22+H1) dp+i(l)

P oF ),

_4124-2[B11 +J. =B dp+¢'3(l)]

?oF

2Byy+2J 93+ Hy = —2G 1 —4I,

U]

1 o
LB _j_ f 2 Pyt Ho) dp+4a0d)

b4
= _J aal(21V’23,+Hz) dp+¢o(l)}

3G, J,
Fi+Gy =50 —0
1161 Y P
Go aGo
FytGp= — M+~
2+ 2 p+ap
_ an_aH()
Hl—Il—“"gl"“—af
Fu=6n=—gptty, 5 5%
_ Ll p L3, 1
TR 2p op Tpt
. 1 9G, , 132G, 3G, G,
F22_G’22"§§ég0_2—p?};—+2 ol —W-‘-—};
Y p 1 0F 10F, 0F, F,
=—grity, Tt 5
3 3 0G, 10%G, Gy 06,
FoCu =32 %252 5 o
_ 3 3 aFo lazFo Fz aFZ
=—pfty T Tiee Tt
193G, 926, G4 3Gy 0G, J,
Wos=C) =~ T *apt s " " 7
_13F, 2R, Fy 3F, 3F, J,
pol odldgp p dp Op p
1 an 3J0 J2
Ho—Iy=-Iy— ——~4—5 — =
2 2‘ P 0 ap+p2 D
=Ly 4o 30 Vs

P op = p?
6B

r

. (11.13)

. (11.14)

. (11.15)

. (11.16)

. (1L17)

. (11.18)
. (11.19)

. (11.20)

. (11.21)

. (11.22)

.. (11.23)

. (11.24)

. (11.25)
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It is to be noted that while solving the eqns. (4.1') and (4.2') we have
introduced ten arbitrary functions of p, namely f,(p), fa(p), fs(p), fu(p), f5(p),
Jo(p), (p), fs(p), Jo(P), f1o(P), f11(P), f12(p), and while solving the eqns. (4.3")
we have introduced six arbitrary functions of 7, namely ¢1(?), ¥s(l), ¢5(0), ¢4(?),
¥i5(1), Pg(l) respectively.
5. Concrusions

From eqns. (11.1) to (11.25) we may draw the following conclusions:

(i) The tensor F;; is not symmetrical in its indices 4, § even up to second
order in 7, s, ¢, as the pairs of coefficients (D, E), (F, G) and (H, I) are not
equal even up to the order of r, s and ¢ as given in (9).

(ii) The energy parts associated with three component directions j\t «,Z 7(
(X being azimuthal direction) at a point within the turbulent medium are
respectively given by

i
PAFGl—o = Bt Co = — [ FRa+f
(cf. eqn. (11.5))

_ __ [Tar,
WahiFylr—o = Bo+Jg = — i dp+1(l)

(cf. eqn. (11.12}))
b4
[XeXs Fg5lr—o = By = 2 f B, dp + a function of { alone

(cf. eqn. (11.7))

(iii) The energy parts associated with three component directions at a
point in the turbulent medium so envisaged have the possibility of vanishing
with distance from the origin which is here the central point of the entrance
face of the tunnel. Thus the scheme of turbulence proposed in this work is
‘not conservative’ and is suitable in too extensive a region.
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