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Simultaneous motion of oil and water in a cracked heterogeneous porous
medium is discussed for those situations in which the phases have pressure
dependent densities. An analytical espression for phase saturation is ob-
tained by the use of perturbation technique.

§1. INTRODUCTION

Bokserman ef al. (1964) have recently given a formal description of the
motion of immiscible liquids in a cracked homogeneous porous medium, i.e.
medium traversed by a branched system of cracks of varying orientation.
The author (in press) has obtained an analytical solution for a specific prob-
lem when pressure discontinuity between the phases is considered. In this
paper we discuss the motion of oil and water in a cracked heterogeneous
porous medium when the phases have pressure dependent densities. Water
with constant velocity V is injected into a cracked porous seam saturated
with oil. We have obtained an expression for phase saturation by using
standard results of Jones (1946, 1949), Oroveanu (1963), Muskat (1949),
Mattax and Kyte (1962), and Vezirov and Kocheshkov (1963).

§2. STATEMENT OF PROBLEM

Water with constant velocity V is injected into a seam saturated with
oil and consisting of heterogeneous porous medium traversed by a branched
system of cracks varying in orientation. It is assumed that the entire oil on
the initial boundary of the seam, z = 0 (x is measured in the direction of
displacement), is displaced through a small distance due to the impact of
injecting water.

We are particularly interested in obtaining an analytical expression for
phase saturation when the densities are pressure dependent. For definiteness,
the laws of variation are taken in standard forms (§§ 5 and 6).
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§3. Frow ix A CrackeEp Porovs Meprom

The physics of flow in a cracked porous medium have been described in
detail by Bokserman ef al. (1964) (see Figs. 1 and 2).
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Fre. 1. Water impregnation of a cracked porous model at the successive moments 1, 2, 3,
4 when it moves from right to left (region shaded with dots represent oil).
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Fra. 2. Diagram showing the impregnation of a cracked one-dimensional porous seam
(only a portion has been shown here) with water. The numbers in the diagram denote the
following: (1) cracks, (2) completely impregnated blocks, (3) blocks being impregnated and
(4) non-impregnated blocks,
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In a cracked porous medium water penetrating the seam along the cracks
is sucked into the blocks of rock under the action of capillary forces. The
amount of water entering the blocks in an elementary volume of the seam
(being a function of time) is designated by ¢(f) and is called impregnation
function.

Following Mattax and Kyte (1962) and Vezirov and Kocheshkov (1963),
we take the expression for ¢(f) as below:

2 / 2 “t
A sacosex/k,ms(tsacosf’Vk/mB) (<t .. 31

i) = —
$(t) 5 M5Pk i ™

where my denotes the porosity of the blocks; py, the saturation of the blocks
with water at the moment #;; s, the mean specific surface area of the blocks;
o, the surface tension; 6, the angle of wetting; p,, the kinematic viscosity of
oil; 4, a constant coefficient; and k, the permeability of the crack system
which may be regarded constant in eqn. (3.1).

The following integral equation is obtained by Bokserman et al. (1964):

r=17) _ _
[0 er—ronae =g
=tC cos 0 szx/k/mg
T R

o cos 8 52/ kjmg -3
Ho

T
(3.2)
$T) = & mops

where §(T') denotes the delivery of water per unit surface area perpendicular to
the direction considered in the one-dimensional seam, [ is the mean block size
and z = z(r) the seam length impregnated by water at the moment » < ¢.

In particular, if § = constant, the solution of eqn. (3.2) for the initial
condition &€ = 0 at T = 0 is (Bokserman ef al. 1964)

T=at® .. .. e e e (33
where

i (fﬂ s%¢ cos § mBPk\/k/mB)Z
T \4g o
is a constant.

§4. RELATIVE PERMEABILITY AND PHASE SATURATION RELATION

Following Jones (1946, 1949), the relationship between relative per-
meability and phase saturation may be taken as

Bo=8, By=1—aS0 (x=111) PR Y
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where K, and K, denote the relative permeabilities of water and oil and Sy,
the saturation of water (regarded as the wetting phase).

§5. VARIATION IN PHASE DENSITIES

Regarding the liquids to be slightly compressible in the problem under
investigation [as is frequently the case in problems of oil-water flow streams,
encountered in petroleum technology (Muskat 1949, p. 634)], we may write,
following Muskat (1949, p. 186), the densities of water (p,) and oil (p,) in
the form

Pw = Aj[1+u1p], Po= Ag[l+azp] o - (8.1)
where A;, 4,, ; and «, are constants. The last two are small quantities.

§ 6. HETEROGENEITY IN Porous Mepium

The variations in porosity m and permeability k of the medium are taken
in the following standard forms (Oroveanu 1963):

1

m=m) =,

k= k(x) = ko(l +a2) .. .. (6.1)

where a, b, k, and a, are constants. In order that the functions m(x) and

k(x) remain finite, we assume further that 0 < 2 < %’ .

§7. FUNDAMENTAL EQUATIONS

Darcy’s law gives the seepage velocity of water and oil as

— Kw dp

vw——ﬂ_wka_x .. .. .. .. (7.1)
— Ko dp

vo__p—oka—;: .. .. .. .. (1.2)

where k = k(x) is the permeability of the heterogeneous crack medium, &,
and K, are the relative permeability of water and oil, which are functions of
Sw and 8, (Sw and 8, are the saturations of water and oil) respectively, p
denotes the pressure of both water and oil (capillary pressure is neglected),
while #, and #, are the constant kinematic viscosities of the phases.

Following Ryzhik (as in Bokserman 1964), the equations of continuity for
the_flow of water and oil in the cracks with allowance for the capillary suction
may be written as

m 2 CuS) s P HHT—rB] =0 .. .. (13)

m ‘g't (Posa)'f'% (Povo)—d[T—7(£)]=0 .. .. .. (74)
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where m = m(x) is the porosity of medium and p, and p,, the densities of
water and oil respectively, ¢[7'—=(¢)] is the capillary suction function de-
fined in § 3.

From the definition of phase saturation (Scheidegger 1960, p. 216), we

have
Sp+8,=1 .. .. .. .. (7.5)

§ 8. EQUATION oF MOTION AND ITS SOLUTION BY PERTURBATION
MEeTHOD

Substituting the values of r, and P, from eqns. (5.2) and (5.3) in eqns.
(7.3) and (7.4) respectively, we get

)
[mSwAlozl a{—{-m 4 (1+oc1p) at +va1cxla A
+A1(1+°€12’) F ]+¢[7 —7&]=0 .. (&I)
and

[7)’18 Azag a-+7I7A2(] +0(2])) —'—+'L70A2(X o g/)

+ 451 ) 2 ] —g[T—r(8)] . (8.2)

Putting the values of v, and v, from eqns. (7.1) and (7.2) in eqns. (8.1)
and (8.2) we have

[m% -2 (Kw Bp) +oy {mS . Lymp al

ot Ox \py ¥ ot ot
Ky ap 0 Kw a})) }]
and
o8, 9 [K, ap) { 880
[m—ai——aw(“oka +°‘7lmSo 8t+m

0 0 0 0
+K k(agc)) paa:b(K kaﬁ)f] —¢[T—7(£)1=0. (84)

Elimination of time derivative for saturations from eqns. (8.3), (8.4) and
(7.5) gives

§ op ?S_ Ky (ap) d ( w ap)l
[ 180 5, Fmp +_ \5z) 25\, *3:)
p aS E, 2 (&, ap)$

"’“2{"’8"& Hmp o4k (a_x‘) ax( L

ax}g(ﬁw+}zo)kg§” 0. .. .. .. .. @85
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The non-linear nature of some terms in (8.5) renders further analysis
much cumbersome. This difficulty is, however, overcome by noting that
oy, oy and m are small [¢; and «y by virtue of §5 and m by virtue of
Bokserman ef al. (1964)] and hence the analytical solution is attempted by the
perturbation method.

To start with, we will neglect terms involving «;, 25 and m so that eqns.
(8.3), (8.4) and (8.5) become

9 (K., op\ _

% (Tw k a_) = ¢[T—(4)] (8.6)
9 (K,0pm\ _

ox (/‘o 81’) = —d7=)] &9
9 §(Buw, Ko\, 001 _

Integrating (8.8) with respect to x we get

R Iz_o a]’__
(wa-l- ﬁ;)k 3 = B() - .. < (RO

1

where B(t) is an arbitrary function of time which is evaluated as follows. We
note that

at x=0, K,=0 foralltime .. .. .. (8.10)

(since the entire oil from the initial boundary of the formation, z = 0, has
been displaced for all time by the impact of the striking water).

Further, since the striking water (at x = 0) maintains a uniform velocity
V, we get from (7.1)

, . Xw g]_’ _
10, 1) = -(-M—;A B.v)mo =7V. S .. (811)
Eqns. (8.9), (8.10) and (8.11) give

B{ty="V. I (- N £:))

Substituting this value of B(t) in (8.9) we have

ap v
b QR - . .. .. (8.13)
aw (Kw/:uw+ Ko/:u'o)]\"r(él')
Combining (8.6) and (8.13) we get
V-] —2—— | = —¢[T—+(6)] .. .. (8.14)
a, o
v I—{—‘g k+&’k

Py Ho
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Since £, and K, are functions of S, and S, (i.e. 1—8y) we may write
from (4.1) and (4.2)

Eolte rs
V8] = (kw/#w+1<,,/#o) P8 +1—af, P toltg. . (8.15)
Differentiating (8.15) we get
3PS’ —2PuS?
7' (Sw) = m- (8.16)
From (8.14), (8.15) and (8.16) we get
3P8%—2PusS? ) 8,
{MJ SET—T@®1=0 .. .. (817)

where

(o cos 8452 \/k/mg)
BP

$[T~7(¢)] = D[T—(&)]=, D= =

N{ o

(D is a constant because the permeability k is to be regarded constant here
according to the remark in § 3),
From (3.2) we have

a

-r=d§2=12x2. .. .. .. .. (8.18)

Putting this value of #(£) in (8.17) we get

{ 3PS —2PuS® } as, D

e T e (e 8.19
(P82 +1—as8,)2| 9= A/T—Ra® (©19)

where

R =

Sl =

Since, recently, Evgen’ev (1965) has shown that P (ratio of viscosities of
oil and water) in most cases of practical interest is very large therefore we take
1/P as a small quantity. Keeping thisin view, we get from (8.19) on integration

—alS, D +\/R
— | = —= sin~! g . . 2
() e (VA o
where E is an arbitrary constant which is evaluated by noting the following
condition from (8.10) and (4.2):

1
Sp=—at w=0. .. .. .. .. (821

For this condition we find that £ = 0 so that (8.20) becomes

V\/R' (x\‘//;f) (l;gg'”). . (822)
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Simplification of (8.22) yields

x-—A/ﬁs {M( ‘“f’”)}. L (829)
PS

Partial differentiation of (8.22) gives
as, DPx S,

0T — 2Val \/T—Ra2 (8.24)
From eqns. (8.13), (4.1) and (4.2) we get
o _ U (8.25)

(PSS 41—, k(I +ag)

Solving (8.23) for S, and remembering the remark about 1/P we get

vy 1
Sw=<ﬁ)g. .. .. .. (8.26)

Substituting this value in (8.25) we get
op oD

o BT
Integrating and using the condition that the pressure at initial boundary
of the formation (x = 0) is considered as constant, pg, for all time,

(x—a @24 .. ). .. .. (8.27)

HoD 51,2 3
=pgp=— —=)" —a; =+ ...0. 8.28
Differentiating with respect to 7' we get
ap _ HeD {a;z 23 5
'a—T*—QkOTg 72——@1—?+...}. .. . . (8..49)
o8y, op op
If the values of Sy, 77 P 5.0 37 and m(x) from (8.26), (8.24),

(8.28), (8.27), (8.29) and (6.1) are substituted in terms involving m and «; in
eqn. (8.3), viz,

08, { o o8, Kw (ap) 0 (Kw ap) }]
I:em—a—f,+ot1 emSwaT-i-em a'T+?w_ B Py wkax (8.30)

€= o c0s 04/ k/mg . s2[tt,,
then (8.30) becomes some function of Sy,  and T, (Sy, 2, T') say [t has been
changed to 7 by (3.2)]. The method of perturbation consists in substituting
$(8Sw, x, T) for terms involving «; and m in (8.3) and obtaining solution of
the equation of motion so obtained.

where
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Replacing terms involving «; and m in (8.8) by (S, 2, T'), the equation
of motion becomes

1 2
| 3PSE—2PuS] | 28,

e R T/ (o Sy, 2, Ty =0 .. (831
P AT—asy) on THT O ) (8.31)
where
_ 2 (fi L ) _p 0 Rare \_ [ 3P8,—2PuS;
or \p " 0r ) — " Ox \Ryfpe+Ko1t, (P82 +1—~0a8,)
and

D
[T —=(6)] = =T

from (8.14), (8.15), (8.16), (8.17) and (8.18).
Eqn. (8.31) is an ordinary differential equation of the first order whose

formal solution is easily obtained.

§9. SrLicuT HETEROGENEITY IN THE MEDIOM

Let us assume that the heterogeneity in porosity and permeability is
small. Then it follows from egns. (6.1) and (6.2) that b and a; are small
quantities. Besides, we know that 1/P is also small.

Substituting the values of Sy, %gxi”, Ps %’,% and m(x) from (8.26),

(8.24), (8.28), (8.27), (8.29) and (6.1) in (8.30) and considering the order of small
quantities in the light of the above remarks, we have (retaining only the first
order small quantities)

1
‘/‘(Sw, .'l’f, T) = F

m [{N1€+M1°‘1 + Loy }— (N e +003)85p

1 1
+“S1—‘7;J {dzl)NQE+M2G.ZKJ} —_— ? {2(1bN2€+2M21“1}

1
+6—-’3 {])N2€+M2m1}] . . .o . .. (9.1)

where
1 14 VA/T
M= 20414/ T Ny = 20a2PD Ny PDa

1 b VA/T
Mi=¢e—nr s M =M, - —==
1 EQm\/TpE 2 1, PD

Ly =Vaps.
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Thus our problem reduces to obtaining the solution of (8.31) with
(8w, x, T) replaced by (9.1), so that the equation of motion for saturation
becomes

( 3PS%—2PuS? | 28, I

\(PS3+1—aS,)t| & ~ ~ A/T—Fax

1 1
- (N1a€+ adl) Sw+ (MszzE'I“ Mga2a1) S'— b (2mbN26+2M20c0c1) S’E

w

I:{A"le + M0y Lyxy+ D}

w

1
+(sze+M2a1)§]. O X5

Simp]iﬁcation and rea,rrangemen‘o gives

14 08, 1
zzp[ 43 3+83 4+ 0 + 5 (,+ o ]ax Vi O

where
8; = —2a2(Nietay), 8= Njoe+3oo;—2u0; My—20u;L,—~20D,

83 = 3(N1e+ Moy + Lyoy + D) + 203 (b N ge + Moy,
84 = —70(2(b.N2€+.M2M,1), 85 = 80((6.N2€+]”2G1),
86 = —3(bN2€+M2(X1), Z = (N1€+M1¢1+L111+D),

Eqn. (9.3) is an ordinary differential equation of the first order which on
integration gives

s w5+ (@) i+ () () i () ()

L oo [¢VE
'\/ﬁ sin ('\/T) oo (94)

where G is the constant of integration. For the initial condition

+

1
Sp=—-at x=40
o

the value of @ from (9.4) is

TR

Putting this value of ¢ in (9.4) we get the solution of the equation of

motion for saturation as
33\ 1 34) 1

7T . |VVE 1), (8:)\ 1
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e e G (o2

Eqn. (9.6) gives the desired result.

where

§10. DiscussioN
The following deductions can be made from our discussion:
(1) Cracked Heterogeneous Porous Medium without Variation in Phase Density

For deducing this case we put 6540, a; 7% 0 and «; = 0 in eqn. (9.6).
This gives

VR 5\ 1 (3 5\ 1
= a2 () () () )
8; 1 8; 1
[ )a ()] - oo

where
| = —2a2Nye, 8, = Njae—2uD
8, = 3(Nye+D)+2u3bNse, 8, = —Ta2bN,e
8, = 8abNge, 8, = —3bNge, Z' = Nie+D
and .

G;=—{ (a)+( )oc2+( )oc3+(81)oc4+(8/)oc5+(%é)oc°}~

(ii) Cracked Homogeneous Porous Medium with Variation in Phase Density

For deducing this case we put b = 0, a; = 0 and «; 3 0 in eqn. (9.6).
This gives

=i [ bl {2 ) )
el o] - o

where
8, = 3(Nye4 Moo+ Loy + D) + 268 M y0r;,
8: —Toa2ay M,, 8; = 8u2a; Mg,
8; = -—3M2d1,

7

e~ (s o (o (G (e}

and 8;, 8, and Z have the same value as in (9.3).
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(ili) Cracked Homogeneous Porous Mediwm without Variation in Phase Density

For deducing this case we put & = 0, @; = 0 and «; = 0 in eqn. (9.6).

This gives
N 2V X S RN AN B LA e
@ = Jﬁ sin [72? & (Eu)+(‘2' gris)gtty] - 103

8, = 3(Nie+D)

¢ = — {S;m-}- (%)az-i- (8%)«3 $
and Z', 8, and 8; have the same value as in (10.1).

We will now show that the deduction for homogeneous porous medium
without variation in phase density from our discussion is equivalent to the
result arrived at by Bokserman ef al. (1964) for the motion of immiscible
liquids in a cracked homogeneous porous medium without considering the
variation of phase density.

where

Bokserman et al. (1964) have obtained the following relation:

y(sw)=—%,f¢[1’_¢(§)]d§+p L 104

where ¢[T'—=(¢)] and o(Sw) are the same as in (8.17) and (8.15) respectively
and.F is the constant of integration. To evaluate ¥, we note that the condi-
tion of our problem, viz.

8y =

KR | =

at =0,

is equivalent to (as is evident from eqn. 8.15)
(S =1 at z=0.

Substituting the value of $[7'—=(£)] from (8.17) in (10.4) and evaluating
the integral for the condition just stated we get

sin~1 (”\\//ijf) .o .. (105)

Y(Sy) = 1—

D
VR
where

a
R= l'-2‘ .
For deduction of these results from our analysis we put b= 0, a;, = 0

and «; = 0 in eqn. (8.31) and neglect em %” on account of the smallness

(following Bokserman et al. 1964). This gives the equation of motion for
saturation as

VVI(Sw)'a—gi'v+¢[T—T(f)]=0 . .o .. (108)
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where y'(Sy) has been written for
3PS —2P0S?
(P8 +1—a8,)

by virtue of (8.16).
Putting the value of ¢[{7-—7(£)] from (8.17) and (8.18) we have

’ —_ D — é
¥ (8y) dSy = — fl_\—/z_’———_—wdx’ R=35. .. (10.7)
Integrating and taking »(Sy) = 1 at x = 0, we get
D X\/I_B)
Syp) =1-— = sin~! = I .. .. (108
(80 = 1= 50 sin (3 (10

Our contention follows from the equivalence of eqns. (10.5) and (10.8).

§11. CONCLUSION

An expression for the phase saturation in a cracked porous medium of
specitic heterogeneity has been obtained when the phases have pressure de-
pendent, densities. Deductions for heterogeneous medium without variation
in phase density and homogeneous medium with or without phase density
variation have been made.
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