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The elastic equilibrium of a serni-infinite two-dimensional medium con-
taining a Griffith crack situated parallel to the free boundary is investigated.
Throughout it is assumed that the equations of the classical theory of elasti-
city hold. Two problems are considered. In the first problem it is assumed
that the free edge is stress-free while in the second the free edge is assumed to
be rigidly clamped. In the case of an axisymmetric loading the problems
are first reduced to a system of simultaneous dual integral equations in-
volving trigonometric kernels and then to simultaneous Fredholm integral
equations of the second kind. Finally, analytical expressions for stress
intensity factor, shape of the crack and the crack energy are derived.

1. INTRODUCTION

In recent years interest in fracture mechanics has focused attention to
the problem of determining stress in the vicinity of cracks. Discussions of
brittle fracture phenomena due to cracks [Irwin (1958) and Barenblatt (1962)]
have been based on the calculations of stress in the neighbourhood of cracks.
The theory of cracks in two-dimensional medium was first developed by
Griffith (1920). Sneddon and Elliot (1946) solved the problem of finding the
distribution of stress in the neighbourhood of crack by considering the corre-
sponding mixed boundary value problem for two-dimensional infinite medium.
They used Fourier transforms technique with the help of which they derived
expressions for stress components and components of displacement wvector.
Following Sneddon and Elliot we shall be using the method of Fourier trans-
form in our study of the problem under discussion.

In the formulation of problems we shall follow the method suggested
in the work of Kuz’min and Ufland (1965). Two problems in which different
boundary conditions are satisfied on the surface of free boundary are discussed.
Each problem is first reduced to a system of simultaneous dual integral equa-
tions involving trigonometric kernels and then to simultaneous Fredholm
integral equations of the second kind. These integral equations are best
solved by numerical methods. The numerical calculations are being carried
out which will be announced elsewhere. However, in the case when %2> 1,
it is possible to solve them iteratively.
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To illustrate the application of the results derived in the following sec-
tions, expressions for stress intensity factor, shape of the crack and the energy
required to open the crack, in the case when the shearing stress on the surface
of crack is zero and the normal stress is constant, are derived.

2. FORMULATION OF THE PROBLEM

We shall consider displacement field in a perfectly elastic medium. With
regard to its mechanical properties the medium is assumed to be isotropic
and homogeneous. In the problem that we shall consider, it is assumed that
there is symmetry about y-axis. For a symmetric deformation the displace-
ment vector U may be taken to have the components (u, v, 0) and the com-
ponents of stress tensor will be represented by o,, 0, and 74y.

YT
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Fia. 1. Griffith crack in a semi-infinite medium situated
parallel to free boundary.

Let us assume that the body is divided in two domains: (1) The layer
—h < y < 0 where h is measured in terms of the distance of the ends of the
crack from origin which is taken to be the unit of measurement and (2) the
half space 0 <<y <. Let the given stresses and components of displace-
ment be denoted by indices 1 and 2 in the two layers. We shall consider two

problems.

Problem 1
The free boundary is assumed stress-free and stresses on the surface of
crack are prescribed. The boundary conditions can be written as

Oyly= —n=0, Toyly=—5="0 for all = .. ..o (20)

Oy ly=0"=012), Tpyly—o = T1(x)
vly wly for —l<z<l .. (22

oy |y = ot = o2(®), Ty |y = 0t = 7o)
78 '
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Problem 2

When the free boundary is rigidly clamped and the stresses are prescribed
on the surface of the crack. In this case we have

Ulye =0, V|y_ _p=0 forallxs .. .o (2.3)
together with the condition (2.2).
In addition, for y = 0, to pass through the region not occupied by the

crack, the values of displacements and stresses should be continuous. This
requires the following additional conditions

Ulymot=uly=o oyly_or=ovly o
|y y vy 1'1/ } forl <z<oo .. (24)
V]g=0t=V{y=0", Tayly=0"=Tuyly—o0"

3. EquaTions or EQUILIBRIUM ¥OR THE ELastic FYELD

The basic equations of equilibrium for an elastic medium in two dimen-
sions in the absence of body forces are

o02u oy 021 0%
0% | 0% 0%
ou  ov
Ty = /.L(@""a—x—) ‘. . . . ‘e (33)
_ 2;; ) ov %}

where p = E/2(14-n); » is Poisson’s ratio and £ Young’s modulus of the
elastic material.

For the solution of these partial differential equations (3.1) and (3.2)
we introduce Fourier sine and cosine transforms of w(x, ) and »(x, y). We

define

a(é, y) = T Julx. y), v—>§€] = \/gf w(z, y) sin fxzdz ..  (3.5)
2 W 0

W& y) =T [v(x, y). x> €] = /gf v(x. y) cos Exdx. .. (3.6)
A m 0

Multiply (3.1) by sin £z and cos ¢z and integrate with respect to x from
0 to infinity to get

as _

dz N ‘
[(1—277)@2 —(2—277)52]u——§dy =0 e (3D
di

[2(1—’7)3(2“22—(1"2’?)52]“5@ =0 . (38)
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From (3.3) and (3.4) we get

Toy = D 7ey(@, ¥), 2 > ¢l =p.[g::: —-fﬁ] .. .. .o (3.9)

= 7 o, ). 5> £ = 2 [(1 n)~+nfu] L (3.10)

4, SOLUTIONS ¥OR SEMI-INFINITE PLANE

In this case when the medium is assumed free from disturbances at in-
finity, we are interested in the solutions which tend to zero as y ->co. Hence
the solutions of (3.7) and (3.8) are

@ =[A)+BE) ¢yle ™%, &= [A:(&)+B,(£) tyle—* TN )
where
B(&) = By(&), A(¢) = A(&)+(3~4n)B(®).

Hence the components of displacement vector and stress tensors are
n(w, y) = 7 ,H{AEO+BE) tyle=¥, £ 2] B C X
v, y) = T, [{4:()+B(&) ty}e =, ¢ z] L (43
oy(@, ) = —2u T [{AE)+201—n)B@)+B®) éyle = . &, £ >a]  (44)
Tay(@, y) = —2u 7 J{A(E)+(1=2m)BE)+B(E) éyle™ & £>2].  (45)

5. SOLUTIONS FOR THE LAYER —h <y < 0
The appropriate solutions in this case are
= [{C+DEy+h)} cosh E(y+h)+{B+FE(y+h)} sinh éy+h))/sinh & (5.1)
5 = [{C1+Dé(y+h)} cosh E(y+h)+{B;+ F1£(y+h)} sinh £(y+A)]fsinh £ (5.2)

where C, D, E . .. ete. are functions of ¢ and

D=—Fy, C+E+(E3—49)D; =0 o5
Problem 1
When the free boundary is stress-free we have to satisfy the conditions
oy =0 and 75y = 0 for y = — k. From (3.9) and (3.10) we have
Toy = nh sinh &% {O+Dé(y+h)+F—E;—Fi£(y+h)} sinh £(y+h)
+{B+PEy+h)+D—C,—D(y+h)é} cosh éy+R)] .. .. (54)

1 = e =) o+ Dly+1) +-F) B+ Fly+1)8) sinh £(g-+1)
+{(L=m)Br + 1G4+ Dy) 4 0(C+DE+M)} cosh Eg-+1)]. (5.5)
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These equations imply that
E+D—0;=0 .. .. .. .. .. (56
(1—n)(B;+Dy) 470 = 0. (X )
From (5.3), (5.6) and (5.7) we have
E=(1-2)D, €, =21—nD
By= —(1-29)D;, C=—2(1—n)D, }

Hence the expressions for the components of displacement vector and
stress tensors are

(5.8)

u@. y) = F I{DE(y+h)—2(1—n) D1} cosh (y+h)é+{(1—29)D—Dé(y+h)}
X sinh (y+r)€)/sinh £h; £~ 2] .. (69
vlx, y) = J J({2(1=n)D+Dié(y+h)} cosh (y+h)é—{(1—29)Dy+ Dé(y-+h)}
X sinh (y+A)¢)/sinh éh; £ o] .. (8.10)
oyl®, y) = 2u [({(D+D:é(y+h)} sinh (y+h)§—Dé(y+h) cosh (y+h)é)é/sinh £k .
E—>a] .. (5.11)
Toy(@. ¥) = —2uF [({D1—DE(y+R)} sinh (y4-h)é4-D1€(y+h) cosh (y+h)¢)¢/sinh éh.
E>z] .. (5.12)
Problem 2
In this case we have to satisfy the conditions w =0, v = 0 for y = —h.
These conditions imply that
=0,=0. FE=3—49)D, E,= —(3—49)D,. .. (5.13)

Hence we have
w(w. y) = T [(Déy+h) cosh (y+h)E+{(8—49)D~Dy£(y+h)} sinh (y+h)é)/sinh £h;

&— 2] .. (5.14)
v(x, y) = ¥ [(Dif(y+P) cosh (y+h)é—{(8—4n) D+ DEé(y+h)} sinh (y+h)€)[sinh £h;
& — ] .. (5.15)

oy(@. y) = —2uTF [({(1~2n)D—Dy(y+h)¢} sinh (y+h)¢
+{D(y+R)E+2(1—n)Dy} cosh (y+W)E)¢/sinh £k £>2] .. (5.16)

Toy(@.y) = —~2uF [((D(y+h)E—D1(1—2n)} sinh (y+h)é
+{Ds(y+R)E—2(1—n)D} cosh (y+h)é)&fsivh ks £ >a]  (5.17)

6. REDUCTION OF THE PROBLEMS TO A SYSTEM OF SIMULTANEOUS
TrrrLE INTEGRAL EQUATIONS

Problem 1
We still have to satisfy the boundary conditions fory = 0. For the sake of
simplicity we assume that 7,(%) = 75(z) = 7(x) and o0y(x) = og(x) = —p(x).
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Hence for 0 < x < 1, we have

J [Dy éh+D-—D £h coth ER]E cos £z dE
0

wP(x)

= -—jﬂ [A42(1=9)B]¢ cos fx dé = — Si—m)

[

f [D1—D éh+Dy £k coth £R])€ sin £x dé
0

_ [ _ : = @
= fo [A4+(1—27%)B)é sin fx dE = Ty p—
where
Foq_ Eo(l—
P(o) = (S) 20 ), 1) = (,—2;) =9,

and for 1 < z < o, we have

j: [Dy £h+D—D gh coth £h+A+2(1—m)B)E cos &xdf = 0
fw [Dy—~D ¢h+Dy ¢h coth gh— A—(1—27)B]¢ sin Exde =0 ..
0

f ” D eh—2D;(1—)} coth ¢h+(1—~29)B—D, &h— A] sin £x dé = 0
¢}

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

f " [{2(1~n)+D, 4} coth gh—D Eh—Dy(1—2n)— A—(3—47) B] cos & df = 0 (6.6)
¢

From (6.1) to (6.4) we have
X = D(1—z coth 2)+ Dz = ~[A+2(1—9)B]
Y = —2D+D {14z coth 2} = [A+4+(1—29)B]. ..
Let us write
M = D{z coth 2+ (1—29)}—D;{z+2(1—n) coth z}—4
N = D{2(1~7) coth z—2}+D,{z coth 2— 142y}~ A4 —(3—49)B

where z = £h,
From these equations we have
41— X = N+I)N+J ()M
—4(1—n)Y = M+K(z)M+L(Z)N
where
I(z) = —(1+22+222)e722.  J(2) = L(z) = —2:2~22
K(2) = —(1=2s4-229e .

(6.7)
(6.8)

(6.9)
(6.10)

. (6.11)
.. (6.12)
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Eqgns. (6.1), (6.2), (6.5) and (6.6) together with (6.9), (6.10) to (6.12)
lead to a system of simultaneous dual integral equations

f:M(g)singxdf=o, l<z< 613

f:N(g)cosgxdg=o, l<z<o oo e (614

J [N(E)+I2)N(E)+M(E)J(2)]€ cos Exdé = — gP(x), 0<x<l (6.15)
0

f [M(&)+K(2) M)+ L(2)N(£)]¢ sin fxdé = gT(x). D<z<l. (6.16)
]

Problem 2
The conditions (2.2) and (2.4) and exactly similar procedure, as for prob-
lem 1, leads to the relations
X = D{z coth 24+1—29}+D,{2(1—n) coth z2—z} = A+2(1—2)B
Y = —D{2(1—%) coth z+2z}+D,{z coth z—1+429} = A4+(1—29)8
M = D{z coth 2+3—4n}—Dz— A4
N = —Dz+4-D{z coth z—3+49}—A4—(3—47)B.

Hence
4(1—m)X = —[N+NI()+MJ(2)]

4(1—n)Y = —[M+MK(2)+NL(z)]
where

I(z) = 2(b+2+22)e~22/(3—4n), 1
= 3{5—12 2
K(z) = 2(b—z+2%)e-22/(3—47), b B ;5({10 T’z” }
J() = Liz) = 2(2+0)f(3—4n), © = 2UTmI=2)
Once again we are led to the system of simultaneous dual integral equa-
tions (6.13) to (6.16) with the functions Z, J, K and L having the values given

in (6.17).

. (60T

7. Some Uservr REsuLTs

We list here, for ready reference, some results that we shall use in future
sections. All these results are well known and can be found in Gradshteyn
and Ryzhik (1965). Here H(t) is Heaviside’s function.

[ Jolet) cos o dg = (2—a¥)~4H(t—2) LAy

0

[7 olen sin gwdg = (o2 —12)-4H(z—1) LA
0

f : J1(€t) sin £x df = wt-1(t2—22) - H (1) L3
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‘ ks
f (12—22)~% cos fx dé = —2—J0($t) .. .. .. o (1.4)
0

t
f (t2—22)~tx sin fx df = 127 tJ1(ED). .. . .. (1.5)
0

The solution of the integral equation

7 .
f(w) = fo mjﬁ. dt . . . . (7())
18
2.4 ( @ f(x)
8. SOLUTION OF THE SIMULTANEOUS DUAL INTEGRAL EQUATIONS
We have to find solutions of the integral equations
fwM(g)smgxdg_—.o, l<az<® .. .. .8
0
I:N(f)cosfxd£=0, Il<e<w .. .. .. .. .. (8.2)
f [N(@)+LEN (@) +J (@) M(E)]é cos fxdé = — T P(a) (8.3)
0 & 0<a<<l,
o ” \,} z=§¢h.
f [M(E)+E(R)M(E)+LZ)N(§)]E sin gxdé = 5 T(2) | (8.4)
0 2

where I, J, K, L, P and T are known functions and M and N are the unknown
functions to be determined. We shall presently show that these equations
can be reduced to simultaneous Fredholm integral equations of the second

kind which are best solved by numerical methods. However, in the case when
h>1 and the integrals

<«
f wrl(w)du, n=0,1,2, ...
0
and similar integrals for J, K and L are convergent iterative solution can be
derived.

Let the trail solutions be

1 1
M(¢) = f m) T (&) dt = — Tg—).}‘,@)%f n' () Jo(¢8) dt, m(0) =0  (8.5)
0 0

N(f)-—-f:n(t)Jo(gt)dt. L e
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With the help of (7.1) and (7.2) it is easy to see that (8.1) and (8.2) are satisfied
for these choice of M(¢) and N(£). We can write (8.3) and (8.4) as

f N(§) sin fx dé = P(x) = — —P f [LR)N(€)+-J(2) M (€)]1€ cos Ex dE
(8.7)

f M(£) sin éx . Edé = $(x) f [K L(z)N(£)]¢ sin Ex dE.
(8.8)

Substituting the values of M(¢) and N(¢) from (8.5) and (8.6), changing the
order of integration and the use of (7.2) gives

a (" n(t) e
@foa‘z:ﬁ)}dt—"/’(*) .. .. .. (8.9
f gz—%dbwm ce e L (810)
0
The solutions of these integral equations are
2
alt) = ,th (t;ﬁ_(_xxz)%dr A C A 01
t
, 2 d
m'(t) = - (7,2_"0 (t:f.(;i’))*d (8.12)
Integrating (8.12) we have
2 1
m(t) = ;JO (t:f(;))xd (8.13)
Since
%tf (2 x2 (tz xz - [f ”(“)J £I(z)J o (€u)
7)o (05— pn

x f (_;;ié?)—dxdg du+ f f £ J(@)J () (t‘;f“ 5”) de d¢ du]

o (! vy ) ¢
;JO(;i(;))idt—j (txz @ )d += [J m(“)j £ K(2) Jl(‘fu)f v Sin 2;d x d€ du

+f u)f ¢ L(z)J o ¢w) Z”t;‘“f“)”d dfdu].

By using (7.4) and (7.5) it is seen that (8.11) and (8.13) are the integral equa-
tions

1 t p
n(t) 4 fo [n(u)C(u, t) +m(u)d(u, t)] du = —t JOGE—(%)—&dx .. (8.14)

(ST

1 4
m(t)+ f [ () Ty (u, t) +n(u)dy(u, t)] du = éﬂ”%—&d .. (8.15)
0
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where
® t u
Tu, t) = f 2 1(2)J (—z)J (—z) dz
Rt ), VN ARAV
S(u t)——t- de(z)J (Ez)J (@z) dz
> 72 o 0 h 1 h

for the determination of the unknown functions m(t) and n(#).
When % > 1, one can write the expansions of Bessel functions in power
series to get

T, t) = %+Ih—f(1¢2+t2)+0(h‘6) S (816)
S(u, 1) = ‘%+J}1§’t (u2+202) + O(h7) oL (817)
Tyfu, 1) = ]L}‘;i—‘fq-K}‘:;tz (R +O0(R8) .. .. (8.18)
8,(u, 1) = %4-%:2 (t24-2u2) + O(h~7) L. (819)

where

Io=f z I(z) dz, J0=¢l)f 22J(2) dz, Ko=if 23K (z) dz, L0=%f 22L(2) dz
0 0 0 =VJy

o

1 [~ 1 ("
Il=—1f 231(2) dz, J1=——l—6f 24J (2) dz, K1=——3l9 28K (z) dz
0 0 Yo

0
1
= — 4
L, 6 JO 24L(2) dz.

The values of these constants for the problems under discussion are:

Problem 1
3 3 . 21
10='—'é, J0=L0=——1, A0=—§§
45 45 15
Il 3—2, Jl Ll—fﬁ’ K’=_1_6
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Problem 2
_ 2b+1 . c+3 3643
fo= T 43—4n)’ °“L°—4(3—4n)’ KO“T6(3—4n)
Joo_  Bb+0 o 6otdd . 15(2b+15)
VU163 —4n) 1T YT T BB —4y) 1T T B2B—4n)
Suppose that the solutions of (8.14) and (8.15) can be written as
n(t) = no(t)+ "l(t)+”2( )+ +7—Zé(i) +O(R8) .. .. (8.20)
m(t>=rno(t)+m‘Tm+ﬁ,§§,i)+.‘. "’5()+0(h 6 . .. (8.21)

Substituting the above values of 2(t) and m(t) we get
S " Pz i '
no(t) = — ﬂ‘—“(ﬂ—:c?)% iz, ny(t) =0
1
no(t) = —Iotf ng(u) du
ng(t) = —Jotf umg(u) du
1 1

ng(t)y = —Igt { Ro(u) d'u—Jotf umy(u) du—14t f (u24t2)ng(u) du

- 40 0 v 0

1 1 1
ng(t) = —1Igt fo ng(u) du—Jyt fo umg(u) du—Jt { u (w24 2¢2ymg(w) du

v 0
t
U E
me(t) = f (—t%—_%))—%d‘r
0
my(t) = my(t) =0
1
ng(t) = — Lot? [ no() du
Jo

1
my(t) = — K yt? fo umg(u) du

-1
mg(t) = -—LOIZJ

1
g (u) du—-thzf (E242u®)ng(u) du.
0

U

We are, however, interested in the case when the shearing stress on the surface
of crack is zero and the normal stress is constant. This implies that 7'(z) = 0
and P(zx) = P. Hence

ng(t) = — }—)2— , Np(t) = ng(t) = ng(t)y =0

, Pnl’t [ pnt
nalt) = PTIEy = —2Tl0 DB ey
LgPnt2
mo(t) = my(t) = mg(t) = my(t) = 0, my(t) = #
2 T 2

8 4
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9. Tur StrEss INTENSITY FACTORS

Expressions for stress intensity factors are of great importance for workers
in fracture mechanics. We shall now derive analytical expressions for them.
They are given by the relations

X= 1im+(x—1)%[oy(x,0)],,>1 O (%
z—>1

{= lim (z—1)¥rpylz, 0]y >1. .. e e (92)
xz—>1

It is easy to show that

(—ZEB (I=n)oylz, 0) = f [NE@)+NEI(ER)+M ()T (ER)E cos fxdé  (9.3)
0

(2m)t

(L —=n)rzy(, 0) = f (M &)+ M(E)K () +N(E)L(ER))E sin éx dE.  (9.4)
0

Substituting the values of N(¢), M (&) we get

B (1 )ay(z, 0) = di f n(t)f sin £x Jo(&1) d¢ dt
M TJo 0

1 1

® z 2
m(t) fo zJ(2) cosﬁxJ‘)(};t) dz dt

(9.5)

n(t)f zI()co& Jo( )dzd£+}%
0

0

1 ©
.z z

0n(t) fo z L(z) sin };xJo (B)dzdt.

(9.6)

1 T e®
1 . .z z 1
+}ﬁf07n(t) fo 2 K(z) sm]-lil(ﬁt> dzdt-{-ﬁ

Substituting the value of m(t) and n(f) and evaluating the integrals with the
help of results given in section 7, we get

x I, 1y 1
[oy(x, 0)]x > 1= P[{ (@E—1)t "'1} {1 0732'*'4}14}‘*'2}32 4h4+

al, fo(3a2—1)
—gﬁ{m—%h%}] N T )

I1

pl{ 222=1 Ly Lol L, 21)119 2Ly
[Tayl, 0]z5 1= 5 [(m ) (kg 2h50 i 7 3h5 (22243)
2L, fdxt4a2—2 .
+375 {w —90(4m2+1)—2}+0(h ). .. .. (9.8)
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Hence the stress intensity factors are given by the following expressions :

2

81
X= \/zg = 4};)4 SO0 6)} 09
£=2_\%%%_L010+2L1 (h)7§. ... (910)

10. SuaPE oF THE CRACK

We shall consider the case when the free edge is stress-free. The other
case can be dealt in the same way. It is easy to show that the components of
displacement vector can be expressed as
(2m)H1=nju(z, 0) = [ (O —n-+{1—n)(1=2p) +ple~]

(O —n+{G—n)(1—2p)+-p2e %) sin fxdé .- (10.1)

@ (L—noe, 0) = [ (MEE—7+{ut— (=) (1= 2p))e-2

+NEN—n+{(1—n)(1+2p)+p2le-2]) cos Ex df, p=¢h
(10.2)

Substituting the values of M (¢) and N(¢) and after some calculations we get

I 1 L, (1—
[u(@, N]o<z<1= %}f) [(1-— )(2—}32—1) (4“";;7)_!_ 0 (kl3 ) (1—x2)§+0(h—4):|

. (10.3)

41, 2 41 oI
[v(z, 0)]o<z<1=%[(l—n)(l—x?)*{S— ﬁm(lﬁ— 31) T 2}
1 I 7—4 L
_(5_477)(%— kg) + s @D+ (1= 20)(1— 2x2)] (10.4)
11. Crack ENERGY

The energy required to open the crack is given by
1
W=2f pv(z, 0) de. A B )
0

Substituting the value of v(z, 0), after some calculation, we get

. 2
—"ZPZ _ _ Io _{0___ Il }_ - 1 Io)
V=5 [“ "’{1 et g~ O\~ %

(71— ) |

ST 12h3(1 2)] (11.2)

+
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