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Hydromagnetic Couette type flow with small uniform suction at the sta-
tionary plate has been considered in the present paper. The basic equations
have been solved by reducing them to second and third order non-linear
differential equations under appropriate boundary conditions. The longi-
tudinal and transverse velocity profiles for A = 0-1, R = 100 and different
values of M are drawn. It is noted that at a distance, depending on the
Hartmann number, an adverse pressure gradient develops which causes a
back flow. The pressure increase in the main flow direction decreases with
the increase of Hartmann number. The coefficient of skin friction decreases
with the increase of suction parameter or with the increase of Hartmann
number. '

INTRODUCTION

Hartmann (1937) has done pioneer work in the study of steady magneto-
hydrodynamic channel flow of a conducting fluid under a uniform magnetic
field transverse to an electrically insulated channel wall. Cramer (1959) and
Lilley (1959) have studied the problem of porous wall Couette type flow with
superimposed axial pressure gradient. Mehta (1963) has studied the Couette
type flow of an incompressible, viscous and infinitely electrically conducting
fluid between two equally porous parallel planes under the assumption that
the rate of suction at one wall is equal to the rate of injection of the fluid at
the other wall.

Verma and Bansal (1966) have studied the Couette flow between two
plates with small suction at the stationary plate. They have reported that
due to suction at the stationary plate an adverse pressure gradient is devel-
oped which causes a back flow at large distance from the mouth of the channel.
In this paper we have discussed the shear flow of a conducting fluid under a
uniform magnetic field transverse to electrically insulated parallel plates with
small uniform suction at the stationary plate. The problem is treated for
small values of suction parameter, neglecting the induced magnetic field. It is
seen that due to suction at the stationary plate an adverse pressure gradient is
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developed which causes a back flow at a distance from the mouth of the chan-
nel which will depend on the Hartmann number. The longitudinal and trans-
verse velocity profiles, the axial pressure increase and the variation of co-
efficient of friction at the stationary plate are shown graphically.

1. Basic EQUATIONS

The equation of motion for laminar flow of an incompressible, electrically
conducting fluid in the presence of a transverse magnetic field is, in the usual
notation,

dav
P = —grad p+pV2V+(J X B) .. .. (J.1a)

where J and B are given by Maxwell’s equations and Ohm’s law, namely

curl H = 4aJ, divB=O}
curl # =0 divE=0|
’ . .. .. .. (L1b
and J (1.19)
J =o[E+V X B]
The equation of continuity is
div ¥ = 0. .. . .. .o (L1

When a conducting fluid moves through the magnetic lines of force, B,,
the positive and negative charges are each accelerated in such a way that
their average motion gives rise to an electric current j = oV x B, where
B = By+b. The quantity b is the magnetic induction resulting from the electric
current j in the fluid. In this analysis b will be considered as a perturbation
on the basic field strength and negligible in comparison with By, i.e. B,> b.

The fluid is assumed to be ionized and thereby an electrical conductor.
However, within any small but finite volume the number of particles with
positive and negative charges are nearly equal. The total excess charge
density (f) and imposed electric field intensity (#) are assumed to be zero
(Rossow 1958).

Let us consider the shear flow of a conducting fluid between two parallel
plates. The upper plate is moving with uniform velocity U and the suction
at the stationary plate is uniform and small. Let y, be the distance between
the two plates, » and v be the components of the velocity in the x and y direc-
tions which are along the stationary plate and perpendicular to it respectively.
A constant magnetic field of strength H, is applied perpendicular to the plates
and fixed relative to them. The following assumptions are made:

(a) Electrical conductivity o, of the fluid is sufficiently large so that the
displacement current is neglected,

(b) no external electric field is applied,

(c) the secondary effects of magnetic induction are neglected.
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With these assumptions, (1.1a)-(1.1c) are reduced simply to

ou  ou op 0%u 0%
"(“55 ”ég)=‘a+ (x2+3y2) wcbou, oo (D)
dv, dvy  Op 0%y %
p(ua-{-v-a—y)_——-gz‘/-l’fi(a?‘}'@z‘), . .. .. (1.2)
and
ou 0
aZ+a; (19

where p is the pressure, p the density of the fluid, p the coefficient of vis-
cosity, B, (= p.H,) the electromagnetic induction, u, the magnetic permeability.

. S .0 . .
Since there is uniform suction, - = 0, therefore v is a function of y only.

’ ox
From (1.3), we have
0%u
= =0. R ) 7))
From (1.1)-(1.3), we have
du oOu 5
( E™ +v ay> ax—l-pa 5 —0eBu .. .. (1.5)
ov 02v
o= = tug (1.6)
and
ou  ov
aTﬁa}‘O S ¢ I )

with the boundary conditions

u=0, v=—rvy at y=0
and } (L.8)
u=U, v=0 aty:g!o, ’
where v, is the velocity of suction.
Let us introduce the following dimensionless quantities:
s=® gm¥ gl GV 5D
x—?lo’ v= Yo’ u—U’ v —v’ b pU2’
oo\} Uy,
M (Hartmann number) =y, H, yo(f) , R (Reynolds number) = =,
pv
A (suction parameter) = O—yo , where » is the kinematic viscosiby.
From (1.5)-(1.7), we have
o0 A _9a_  op, 1% ME
A S bt o Wl N it 1.9
Y% TR T " mTRpE R (1.9)
Moo _ B A .. .. ... (110)
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and
04 A 0%
- Ra=" o o o o (1D
with the boundary conditions
G=0,5=1 at g=0
and % (1.12)
d=16=0 at §=1
Let

B(Z, §) = po+p1(Z, ¥) 1
W@, §) = uo+ui (@, §)
o) = v(y)

where p;, u,, v; are the perturbations caused by the suction and p,, u, are
the known quantities for the flow when there is no suction (i.e. plane Couette

flow under transverse magnetic field) satisfying the equations

(1.13)

1

2
%o _ o, %o _ g, % _ g ang T _ppe, o0,
0% oy

0% 07>
Therefore, we have

Po = constant)
and
_sinhMgY' .. .. .- .. (1.14)

Yo = Sinh M

From (1.9)-(1.14), on dropping the bars, we have

sinh My ) dur A (M cosh My aul) _ Opy, 1 0%y M2
(Tnh ) % "R\ Tamw Tl T " wm TR & Y
)\2 a'Ul _ apl A 321)1
—R‘évla—yn_—a—y—.ﬁw .. . . (116)
and
aul A a?)l
~a—;—ﬁ~gg—0 .. .. - . .o 1
with the boundary conditions
u=0,v=1 at y=0
and } . (1.18)
=90, v;=0 aty=1
2. MerHOD OF SOLUTION
Let
v = fy) R 7% )
therefore, from eqn. (1.17), we have
A
Uy = sz’(y)—}-F(y) .. o .. 2.2)

where f(y) and F(y) are to be determined.
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Putting the values of %, and v, in (1.15) and (1.16), we get

sinh My A , A | cosh My A
[smhM R f+F] J _Rf[ sinh M f+F]
__apl 11A rrr " Mz A ’ ] <
= _a;+R[»Rxf +F]——}T[Eazf +F .o (23)
and
/\2 ’ a /\ ”
B == =@l e

In the absence of external pressure gradient, from (2.3) we have

, M cosh My sinh My A
¥ —MW+A[f—-——~+ f—f e —-Ff] =0. .. (25)
Differentiating (2.4) with respect to z, we have
9%p1 _ 26
3z 0y 0. . .. .. ..o (2.6)
Now differentiating (2.3) with respect to y and using (2.5) and (2.6), we get
d
Gl M= =0 2
or
Fr =M M ff —f2 = . . .. (28)

where C is the constant of integration to be determined. Now we are to
solve eqns. (2.5) and (2.8) to get f and F with the following boundary condi-
tions:

and (2.9)

foOy=1, fO)=0, F(0)= O}
fQ)=0, fA)=0, F1)=0)

3. SoLUTION FOR SMALL A

The solution for eqn. (2.8) can be expressed for small values of A by a
power series developed near A = 0 as follows:

f=fotXNit o X .. .. .. .. (3D
C = Co+AC1+ ... +X"Cp . .. .o (3.2)

and

where fr’s and Cp’s are taken independent of A.
By substituting eqns. (3.1) and (3.2) in (2.8) and equating the coefficients
of like powers of A, we have

fo =M, =0 .. .. . e (83)
and

fl’”_szl’.i_fofg_fo’z = (. .. .. .. (84
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The boundary conditions are

fo0)y =1, fu{0) =0 for n>1
Sa(l) =0 for n>0

f.(0)=0 and f,(1)=0 for n >0
From (3.3) and (3.5), we have
fo = K1+K2y+K3 cosh My+K4 sinh My

where
K. — CoM—M? cosh M—C sinh M
e M3(1—cosh M) ’
C
Ke=~11
K. M3—CoM+Cq sinh ¥
87 T M3(1—cosh M)
Co
K4 = —M—'s
and
C M3 sinh M

0 = 71 sinh M +2(1—cosh M)"
From (3.4) - (3.6), we have

O+ Ky— K- K
Jf1 = ay+ay cosh My-+oy sinh My— { 1T (& 4)}y

M2
+(7K2K4ZJ?{MK1K3) 4 cosh My+(7K2KSZ;IMK1K4) y sinh My

— I%-Ig y2 cosh My— KZK" y?% sinh My

where
AOHE K~ K} (KK, —2M KKy~ MERKy) o o
17 T (1—cosh M) 4M(1—cosh M)
sinh M KoKy M?—2K K M3— KoK M3—TK K M
—mﬁza —2K, K, M3— KoK, M3—TK,K,
+2M2K K3+4{C:+Ko— MHK:— K%},
g = ~— %y,

4{C,+ Ko~ M2(Ki— K} —TM K, K ,+ 2M2K Ky
%= yE

(3.5)

(3.6)

(3.7)
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and

M sinh M
1= 4[M sinh M+2(1—cosh M)] [cosh M(2K,K ;M +2K K M —TK,Ky)

+sinh M(2K, K M+ 2K, KM —TK,K,) +{7K2K3—2K1K4M+ 5K, K M

_ - _— 2 —cosh M)
2K, KsM2— KoKy M2—4K +4 MK — )}] i smh F 4 2(1— oosh )]

x[8K.—8MYK2—K2)+5K,KaM2—2K K M3~ K, K, M3).
Thus, for the first order perturbation, we have

[KoM2— 20— MK+ AM2 (K2~ K]

) = (Ki+2ay)+ 3 y+ (K34 )as) cosh My
+ (K 4+ 2ag) sinh My+2A (7K2K4Z§IK1K3M) y cosh My
+A (7K2KL—W2K1K4) y sinh ﬂlg/—-/\liifé’:g/2 cosh J.lly-—/\K‘“’K4 42 sinh My
(3.8)
and C = Cy+1Cy. RN

Now, the solution for eqn. (2.5) can be expressed for small values of A by
a power series developed near A = 0 as follows:

F = FobAFy+ . . . 2 A0F,, oL (810)

Putting the values of F and f from (3.1) and (3.10) in eqn. (2.5) and equating
the coefficients of like powers of A, we have

F,—M2F; =0 .. . .. .. .. .. .. (3.11)
and
” M cosh M ; smh M
FI—M2F1+—gEm—ﬁfO—-F0fo yfo —Fof;=0 .. (3.12)
with the boundary conditions
Fn(0)=0 for n>0 313
Frn(l) =0 forn>0%' - (8.13)
From (3.11) and (3.13), we have
Fy=0. R G R P15}

From (3.6) and (3.12) — (3.14), we have

K, 3K,
Fy = A; cosh My+ A4, sinh My~ Semh 1Y sinh My+my cosh My

K
—_— 2 _ 2 8
smh ir? smhMy-{-MsinhM .. .. .. .. .. {3.15)
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where
A4 =— K
177 Msinh M
and
_ (2K3+Ks)  (BKp—4Ky) K3
4z T 4M sinh M ~ 4 sinhz M cosh M — M sinh2 M°
Therefore, from (1.14), (2.2), (3.8) and (3.15), we have
sinh My A
s a5 CAURRYI
and
v=f(y)
where f(y) and Fi(y) are given by (3.8) and (3.15).
From (2.3) and (2.4), the pressure distribution is
_ A X
where C is given by (3.9).
The pressure increase in a-direction is
AC
p(x, y)=p0, y) = 553 2%
The shearing stress at the lower plate is
iy (a_")
° o \0y/y=o
I'0
_ ///; ////
g - :///
o8t o
-7 1';} o> //
<78 e
06 ) P 4
° < s s
) A 7
" [+ Vs /
TO-‘F X X § //o 7 // / d
¥ / " // e /
s G
o ! // y; Ve
02} A
v
i7,7
oL, : v L
-05-04 -02 0 « o2 04 06 08

Fra. 1. Longitudinal and transverse veloeity profiles plotted against

and M = 0-——--),

y(A=01,R=100; M =35

10

. (3.16)

. (3.17)

. (3.18)

.. (3.19)
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And the coefficient of skin friction is given by

C __2_”_2_3(@)
7T P02 R \oy/yoo

2 M " 3K,
sinh M " 4M sinh

R

2
I_{i@x] . (3.20)

M—{-—AQM)H- B

4, NUMERICAL DISCUSSION

The longitudinal and transverse velocity profiles for A = 0-1, R = 100,
M = 5 at various cross-sections of the channel are shown in Fig. 1 and they
are compared with the case without magnetic field, i.e. M = 0. It is noted
that due to a small suction at the stationary plate a flow from large values of z
towards the mouth of the channel is developed near the stationary plate
(a similar phenomenon is reported by Verma and Bansal for the case of non-
conducting fluids). In the present case, due to the presence of magnetic field,
this back flow occurs right up to the small distances from the mouth of the
chanunel. If the Hartmann number is small, viscosity dominates and the
velocity profile is similar to the case of non-conducting fluid. As the Hart-
mann number increases, the region of back flow is extended from the stationary
plate towards the upper plate and it is shown in Fig. 2 for various values of

IO

0-8f

—
(o]
=

o2t

535z 0 o2 03 O 08 To
L e

Fie. 2. Longitudinal velocity profile plotted against y
(A = 0-1, R = 100 and = = 100).

Hartmann number and A = 0-1, B = 100 and x = 100. This is due to the
fact that viscosity becomes unimportant as the Hartmann number increases
except near the upper plate.

The pressure distribution is shown in Fig. 3 for A = 0-1, B = 100 and
M =0, 1. The pressure in the main flow direction is parabolic and it is found
that this pressure increase decreases with the increase of Hartmann number.
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Fie. 8. Axial pressure increase v. length in flow direction for A = 0-1 and R = 100.

The coefficient of skin friction at the stationary plate is shown in Fig. 4
for B = 100 and for various values of A = 0-1, 0:2, 0-5 and M =0, 1, 2.

02}

+O

oal o\ A\ \

56 100 150 200 250 300 350 400 450 500

F1a. 4. Variation of coefficient of friction v. length in flow direction for
A=01——,A=02~-m=,)=05-----and E = 100.
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It is interesting to note that the coefficient of skin friction decreases with
increase of suction parameter or with increase of Hartmann number.
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