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A straight annular pipe of circular cross-section through which liquid is flowing
under a pressure gradient is rotated about an axis perpendicular to its own.
The flow pattern has been studied in detail, assuming narrow gap approxi-
mation for small values of angular velocity.

1. INTRODUCTION

Barua (1954) has studied the secondary flow of a viscous fluid passing
through a straight pipe which is rotating about an axis perpendicular to its
own. We consider in this paper the stationary circulatory flow of an in-
compressible viscous fluid in an annular pipe (with radius , and 7, 72 > 1)
which rotates with an angular velocity £2 about an axis perpendicular to its
own. For simplicity, we restrict to the case of narrow gap solution for which
the width gap e = r,—r; is a finite quantity, but negligible in comparison with
ry. Substituting in eqns. (11) and (12) of Barua,

w=la f=v, r=ntd
we have, on neglecting terms of order e/r; and replacing v > by 22/8¢2 (Chandra-

gekhar 1961),

Jw o4
—.R COS O‘ﬂ = Eg (1)
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wa£=—wi§“ .. . ®©
where
Q_Q 2 3
R= ;,c=d§.“ R )

We seek the solutions of the foregoing equations subject to the conditions
for no slip at both the edges of the pipe, i.e.
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2. SoLuTioN OF THE PROBLEM

In the absence of rotation, the problem reduces to the flow in the annulus
under a pressure gradient. It is well known that the velocity distribution is
the same as that of the Poiseuille flow between parallel planes (Chandra-
sekhar 1961) and the solution of (1) and (2) can be satisfied by

¢=0, o=iic(2=0. .. .. .. A ()]

When the rotation is present, for small values of the angular velocity 2, we
expand o and ¢ in ascending powers of E:

o= wy+LRw,+ E2w,+ . .. .. .. .. (6)
¢ = g+ R+ R2ps+ . . . .. . (D

where
$o=0, wy=1c(l=0. .. .. .. .. (8

Substituting « and ¢ in (1) and (2) and equating the coefficients of equal
powers of R, we get a set of relations

042

Solving relations (9) and (10) subject to the appropriate boundary condi-
tions given by (4), we obtain to the second order in R,

) _ dwg 0%y — awl
—aF = [0 ) ___—8{ s -“_a£4 = cos 0 ac . .. . (9)
02wy - ¢>o 02 ofwy 3451 02wy

=¢, cosf-- EIaair T cos 8 =~ PR (10

Rc cos : !
b= — S (121 .. .. ..oy
w=3c({2—0)— 'ﬁ) © cos? 0L3(L—1)3 .. .. ()
whence
w=—2 ﬁ—g sin 002(L—1)2(22—1) .. . . (13)
v Be 2
V== 5 008 0L(C—1)(82—5L+1). .. .. (14)

3. DiscussioN

We now examine the nature of the streamlines to the first order of ap-
proximation in R. The differential equation for any streamline is given by

tilf rdd dz

—=m=— L (19)

The central plane perpendicular to the axis of rotation corresponds to
§ = =»/2 and 6 = 37/2 and gives both halves of the annular pipe. In both
cagses from (14) » = 0. Hence a particle of fluid once in this plane does not
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leave it in the subsequent motion. On integrating (15), the streamlines in
the central plane are given by
(28—1)2
{1=9
where z, is a constant of integration and differs from streamline to stream-
line. The streamlines are symmetric about the line { = % (the line through
the middle of the annulus) as shown in Fig. 1. None of these lines reach
either edges of the annular pipe as well as { = . Further the pattern is
the same for both halves of the annular pipe 6 = »/2 and 8#/2 unlike in Barua’s
problem. For a given value of {, z varies inversely as B. As the angular
velocity £ increases, the distance which must be covered by the streamlines
to be within a given distance from either edges gets smaller.

€=1

for @ = 4w, 87 .. .. (18)
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Fic. 1. Streamlines in the plane § = g .

For any other plane, the first relation of (15) gives, on integration,
sec 0 = AL2({—1)2(2L—1) S Looan
where 4 is a constant of integration. For different values of 4, we get a
set of curves which are projections of the streamlines on a cross-section
of the annular pipe (shown in Fig. 2 for the first quadrant 0 < 8 < #/2). For
an equal value of A, we get similar curves for the fourth quadrant
37/2 < 0 < 27 being the reflections of the former curves on § =0. For an
equal and opposite value of 4, the curves in the lower half of the cross-section
are obtained by the reflection of the above curves on the diameter of the sec-
tion perpendicular to the axis of rotation. None of the streamlines in each of
the quadrants ever reach the edges of the annular pipe or the middle of the
pipe, r = 3(ry+rs).
For all values of 8, v vanishes when { = {; = 0276 or { = {, = 0-724
approximately and for all values of £, w vanishes when 6 = 0 or . We thus
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see the streamlines of motion through the points ({ =1¢;, 6 =0), ({= Iy,
0= 0), (=, 0 =m), ({={s, § = n) are straight lines and the motion of the
fluid may be regarded as screw motion in opposite directions about two pairs of

straight lines. The dashed line in Fig. 2 represents the section of the surface
of zero transverse velocity.

€ =.,724

1 I ]

F1a. 2. Projection of the streamlines on a cross-section of the
annular pipe in the first quadrant.

From (15) the relation between 8 and z is given by

607‘1
rEECEa et o - (9)

dz = —
For points very near to either edges of the pipe this gives, on integration,

z—2 = — fj%@ log tan (36+3m) .. .. .. (19
where z; is the value of z when 6 = 0. The distance z—z; covered by a
fluid particle in going from 8 = 0 to § = 6, is proportional to log tan (30-+1n)

and inversely proportional to R.
The flux @, through the annular pipe is

2 (¥ cavr R2
- rdp=mm s B L
Qr = Jrl JO wr dr df 6 {1 16800} (20
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The resistance coefficient becomes approximately (Goldstein 1938)
Ve Q)Z R .
o= (Qr =ltges - - . (21)
where ¥ and ¥, are the resistance coefficients for flows without and with rota-
tion and @ and @, stand for the flux in those cases.
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