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Let p(x) = p(zy, ¢5) and ¢(X) = ¢(x;, ¥,) and A be a variable parameter. Let
A, and i, be the eigenvalue and eigenfunction associated with the differential
equation

Ap+{(Ap—q) = 0.

If p is perturbed to p+ef, where ¢ is a small positive constant and
t = t(xy, @p), the boundary conditions remaining unaltered, the perturbed
eigenvalue A, and the eigenfunction ';Z,,(x) under suitable conditions admit
of the convergent infinite series expansions

Ap =2y td ) ped®+

PalX) = Pa(x)+eb(x) +ep P x)+ .

The result holds also in the one-dimensional case as well as in three and
higher dimensions,

§ 1. Consider the differential equation

AP+ Qp—gip=0 .. .. .. .o (L)

over a two-dimensional region £, which may be finite or infinite.
¥ = P(X) = (@1, 23), p = p(X) = p(@1, ¥), ¢ = q(X) = (21, 23)
and A is a variable parameter, real or complex. p(xX) is assumed strictly positive
forallx e E.
The differential equation
AY+AP—qp =0, .. .. .. .. (12)
obtained by slightly changing p to p = p+ef,t = t(X) = (23, ¥2) and ¢, a
small positive constant, is the ‘p-perturbed’ equation.

We assume that the perturbed as well as the unperturbed eigenvalues
are all discrete. This happens if ¢(X)/p(X) — o, as X — 00 and #(x) < Lp(x),
where L is a positive constant. For, the first condition implies that the
unperturbed spectrum in (1.1) is discrete [Titchmarsh (1958), p. 153] and by
the second condition P(X) = p+e < p(1+el). Thus 4(x) > a(x)

P(x) ™ (1+el)p(x)
and hence the perturbed spectrum in (1.2) is also discrete.

We assume further that the boundary conditions remain unaltered for the
perturbed as well as the unperturbed equations. We confine our attention to
the non-degenerate case only.
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Let A, and $s(X) be the perturbed eigenvalues and eigenfunctions, the
corresponding unperturbed ones being represented, respectively, by A, and
Pn(X).

We obtained asymptotic formulae of the type [Chakravarty (1966)]

Ap=dat A+ . e HOEmty L L L (13)
and

In(X) = du(X)+ X))+ . e ()0, L. L. (14)

m fixed and ¢ — 0, expressing the perturbed eigenvalues and eigenfunctions in
terms of the unperturbed ones.

Our object in the present paper is to obtain series expansions of the
form
Ap=hp+al+ea®+ .0 .0 L. L (L)
and ’

In(X) = ghn(X) F U (x) 2D (%) . . . (18)

convergent for sufficiently small e.

The two problems are different. For, it is not always possible to obtain
convergent series expansions for ,(X) and A, but the theory of asymptotic
perturbations is applicable to these problems. (Compare Titchmarsh 1958,
p. 218).

§ 2. We assume the validity of the expansions (1.5) and (1.6) and derive
formally the coefficients in these expansions.

Let

o«

‘l'f,m)(x) _ Z QL',"),,/,r(x), . .. .. @20

r=0
m=0,1,2 ..., (%) = Pu(X).

We write P = p+et and A = A4, in (1.2), so that ¢ = J,(x). Then substi-
tuting for 4, and J,(x) as given by (1.5) and (1.6) and equating powers of €
to zero, we obtain

A+ Onp =+ (Ot =0 (22)

AYO+ Q=P+ O+ 2+ W =0 .. (23)
and generally,

AP+ Q=D+ O p 4 At} D+ PN T

+Mp AT VM =0, .. (24)
m=23,4,...
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Using (2.1), it follows formally that
2G04 ap— )9 (%)

I

™ Ae(X)+ (Anp—9) Z o) he(X)

z Ca=M)e™ de®p(x), .. .. L (25)
m==1,2,3,.

Substituting (2.5) (with m = 1) in (2.2), multiplying the resulting equa-
tion by ¢a(x) and integrating over K, we obtain, by using the orthogonal

relation

[ 0 p(x) ax = 5,4

8r, s being the Kronecker delta, the relation

Ail) = —Anbn’ n . s . . (2.6)
where

B, m = fE¢m(x)¢n(x)t(x)dx. e

Also, multiplying the same by ¢(x), M # n, and integrating over E, we
obtain

ey An
%y == —AMbM" .. . .. (2.8)

Further, we have

1= [ BoP@ ax = [ (atabP+ey®+ .. Yipte) dx.

Hence equating like powers of € from both sides,

f¢2tdx+ Z J’ gpdx =0 .. .. .. (29
r4+s=1
z f O dx 4 Z f $pdx =0 .. .. (2.10)
s =1 rts=2
and generally,
D feast 3 [ ipac=o. e
r+s=m+1
From (2.9) and (2.1) (with m = 1),
Wl ==t .. . . .. (212)

Substituting (2.5) (with m = 2) and (2.1) (with m = 1) in (2.3), multi-
plying by #4(x) and integrating over E, we have

2D = ( A,,ZA /\) co e L (213)
r~—"n
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and
@ _ An § 1 v
otn,M /\n—/\Ml( +/\M ) ) bn nbn M+ A ';"" _/\r } .- (2.14)
n#EM.
Also from (2.10) and (2.1) (with m = 1, 2),
B2 B2
(2) — 1 3b2 —92 nr 2 n,r
2, 2{; - ,\nZ . An’; (Af—/\n)Z}‘ .. (2.15)

Hence in the non-degenerate case, the formal expansions of 4, and §a(X),
as far as terms involving <2, are given by

A=t el b""+e'\"( — Z,\M) .. (2.16)
TEDB r
and
Fnl) = (%) +e (—%b,w bl +h > bz;r_sb%)
r#En T 7

2 3b2 -
+e [ { 2hn Z i (A ga,bn(x)
1 AR bn, bR
dn=Ag)"? (7 —)b,b b 108, ¢
D (n=2n) { 5ty ) b n,R+,\n;ﬂ e ga(x) |+

R#n
. (2.17)

§3. We now investigate the conditions under which the infinite series
(1.5) and (1.6) converge and represent respectively the perturbed eigenvalues
and eigenfunctions. We state our results in the form of the following theorem.
The result holds also in the one-dimensional case and in higher dimensions
than two.

Theorem. (i) Let p(X) > % >0 and [{(X)] < p(x) in E, which may be
finite or infinite.

(ii) G(x, & A) be the unperturbed Green’s function and

Go(X, & N = G(x, £, \)— ‘/‘”;x)_‘_/”:\ z PrlX ‘/" .o (3
be the ‘modified Green’s function’.

(iii) F(x) and F(x) be two functions such that F(x) p(x), F(x) p(x)
belong to L, F(x) has for its Fourier coefficient Cn and F(x) satisfies the
differential equation

AF+(p—)F = —Fp+Crn(x)p(x). R ¢ 2

If E is finite, F(x) and F(x) satisfy the prescribed boundary conditions.
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(iv) F(x) and F(x) satisfy the snequality
f Fodx < olf szdx+02f Fopax .. .. .. (33)
E E E

where Cy, Cy, are positive constants independent of F(x) and F(x).
(v) Further, let

(#3")p and (4,

belong to L for every positive integral value of m; g&ﬁ,o) being equal to ¢, (X);
(i) XY == [ dEEHE) dE;
E
(viD) ) = —n [ Gulx, & Mbn(OUE) d—Wn(x) [ U2O(E) dt
E E

and for all integral values of m > 1, let

(an) x(m) {A l/J(m 1)t+A 1)(¢ m—l) l/l(m z)t)-{-A 2)(¢(m -2) +¢Lm—3)t)
+ AT Dt}

ﬁm»%=fo@mma;

x) ") = j Gu(X, &, Aa)X(E) dE~ 1ty f {00 p 4t

HE TG DA D It} dx.
Then the infinite series in (1.5) and (1.6) are both convergent and represent
respectively the perturbed eigenvalue and eigenfunction.
The coefficients X} and (P x)}, m =1, 2,. . ... , have the values as
SJormally determined in § 2.
Proof. Let

om={ [ @ pax )}t and pa={ [ @Fiulax}t.

Then by the Schwartz inequality and the orthogonality relations for ¢, (x) it
follows that

| [, 7 x| < em. L (34)
Since

2 2 2 _
le¢,¢de < J.Ez,b”[t]dx < fE¢”pdx =1,

we obtain

UE St dXI < Bm. S (38)
Hence by the Schwartz inequality,

” gy dxl<ocrocs . (38
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and

' fE¢f;>¢f’tdxl<ﬁ,ﬁ,. O £ % )

The unperturbed Green’s function G(x, £, A) satisfies the relation (see
Titchmarsh 1958, p. 81)

(O=X) _G(x, u, N6(u, & X)p(u) du = G(x, £ N—G(x, & X).
Hence as given by Titchmarsh (1958, p. 58), it follows that
Pm(X)
f (x, &, Npm(¢) dg_km_/\ . .. .. (3.8)

If E is infinite we ensure the uniqueness of the ‘Green’s function by im-
posing the conditions:
q(x) > —Q(r), p(x) > S(r), where Q(r)/S(r) is non-decreasing and S(2r) =
O{S(r)}, r, being the radius vector to the point x (see Titchmarsh 1958, p. 83).
Put

Byls, N) = fG,,(xs,\)f p(x)dx .. .. .. (3.9

where f is any function with Fourier coefficient €, such that f2p belongs to L.
Multiply (3.8) by f(x) p(x), integrate and then replace ¢ in terms of ¢/, as
given by (3.1). Then it follows that the Fourier coefficients of @, (s, A) are

COm

—2- fmzZn; and 0, if m = n.
Am—A

Then by Parseval’s theorem

[Cm[?

fE [Duls, A) 2p(s) ds = pa P AE"

Making A —> A,, we obtain by using Fatou’s theorem,

(2alE ) Ep(6) 5 < P L 02— [ pwix.. (a0)
[A | 8 32

m An
where
IBI = min IAm—AnL
mEN
Using (3.1) and (3.8), (3.9) can be written as
Ous, N = [ 60x 8, 0 { F0)Px) —4ap(x) [ _f(0)ha(w)p(u) du } dx.
Hence ¢, satisfies the equation

A%, )+ (p—@)Pu(x, ) = —fPH+n(X)p(x) [ _f(0)gn(u)p(v) du
. (3.11)
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It follows from (3.11), that (3.2) is satisfied if F(x) = ®n(x, A) and F(x)
= f(x).

Hence from (3.3) with F = @,(X, A) and F = f(x), and the relation
(3.10), we have

f (X, An)t(X) dx < C' f fpdx .. .. .. (312
E E

where the constant C’ is independent of f and &,.

Let g(x) be a function such that g2(x) p(x) belongs to L. Then ¢2(x) #(x)
also belongs to L.

Then

[, [, 6ntx, & ampmigt@pxiu) ixat | = | [ @ute, anatérnce) ae
<K'{J'Ef2pdxngztdx} N A &)

by the Schwartz inequality and the inequality (3.12).
In particular,

[, [, Gnls & 200700 Op (000 dx 8| < Eoufi .. (314)
Simjlarly,
[, ], @0 & xmf0g@peop@ x| <k { [ ppax [ gpax}.
. (3.15)
In particular,
[, [ 6ntx & 0 s @pp(6) dx it | < Krros. .. (310
Put
b, = ],\L’)l, r=1,2,...,m—1, and by = ’/\(m)|—],\n18m 1-
Then by (3.4) and (3.5), it follows from the condition (ix) of the theorem that
bm < by(am_1+Bm-2) +be(0tm—o+Pm-3)+ - .. +bmoa(es+Bo). .. (3.17)

Multiplying the condition (x) by z/uf:") p, integrating over £ and making use of
the inequalities (3.6), (3.7), (3.14) and (3.16), we obtain

om < Hoam-101+Bm-1Bo+%m—2%2+Bm-of1+ - . . +x1%m_1+B1Bm-2+Pm-1Bo)

+K]/\n]ﬁm~1+K{b1(°‘m—1+ﬂm-2)+b2(°‘m—2+ﬁm—3)+ v +bm-1(°‘1+30)}’
.. (3.18)
where
K =max (K, K,).
Now,
(@m—14Bm-1)(@1+Bo) = tm_1%1+Bm-1B0+%1Bm-1+Po%m-1

> om 101+ Bm_1Bo; ete.
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Hence (3.18) reduces to

am < F{(e1+Bo) (am-14+Bm-1)+ (@2 B1) (wm-2+Bm-2)+ . . . + (@m-1+Bm-2) (%14 B1)}
- +3Bm_1Bo+ K [ An!| Bm-1+ K{by(am-1+ Bm—2)+ba(em 2+ Bm-3)

+ .o (2 4-Bo)}- .. . .. .. .. . .. (3.19)
Let
o, =om, B, =Bm A, =0, +B,C =a +f , and Kb,=1b =1iQ
m=12 ....
Also, let

‘%ﬁ(’, = 3oy 4 Bo+ K | M |-
Then since
$(1+Bo) (%m -1+ Bm_1)+3Bm-180+ K | M| B 1
< 3oy +2Bo)“m—1+%ﬁm—1(°€1+ﬁ(;)
S G CHE .M
the inequalities (3.19) and (3.17) can be written in the forms
@, < A 1Oty Cot by Ot +4,C,, )

+%(@m—1@1+@m_2@‘2+ R Bm) - (3.20)
and

b, <D, +0C ot 40, €. - .. (32D

Hence substituting 4, = max (#y, ©p) and By = V-4, the relations (3.20)
and (3.21) reduce to the forms
o, < Hdn 1 A1+ Am s dot - .. +An141)+3(Brdm 1+ Bedm_ot - - - +Bm-14y)
and
b:,, < Bidme1+BoAm o+ ... +Bm_14;.

Hence by following the analysis of Titchmarsh (1958, pp. 226-27), we
can show that the series for A, given by (1.5) is convergent for || < (431)72

where
M = max (4;, B;) = max (oc’1+/3;, a+B;, by).
We next establish the convergence of the series for Ja (X) given by (1.6).
Following Titchmarsh (1958, p. 227), we have

[A+0ap—@ WP (%) = —(at+25" D) .32
and for m > 1,
[A+Qnp—@ (%) = XP(X) A" Yu(x)p(x). .. .. (3.22)
Also
1
v | o clx+%r f'd {g (1_ 1'—:2) - logf} (F+ (g—2p)P} dx
. (3.23)
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where @(x) have continuous partial derivatives up to the second order and
f, p, g are continuous, satisfies the differential equation (Titchmarsh 1958, p.
330)

[A+dp—q)@=Ff .. .. .. .. (3.24)
By the Schwartz inequality

J', < RlpS‘M)(X) dx I < l f, <R {‘I’S;M)(X)}ZP(X) ax |*‘ J; <x {p(x)}1 dx ff.

Hence, if R is sufficiently small,

[ 4 dx = Ofam),
r<R

om being defined as before.
Again, by Minkowski’s inequality, it follows by the condition (viii} of the
theorem, that

Qm,n =

[, ey ax] <l

[ o]
AT, e e

AT, e e

<[ 2l Broa | A | (@ma+Bme2)+ - +| 27 | a1+ Bo)
.. (3.25)
p(x) and so {(x) being bounded in » < E.
Hence taking @(x) = ¢f,m)(x) in (3.23), we can argue as in Titchmarsh
(1958, 227-28) to establish the convergence of the series for J, (x) defined in

(1.6). The analysis applies to the one-dimensional case also; the formula
corresponding to (3.23) is now

(E=2200) = [* (y—20—402() dy— [* €94~ /+ @202} dy

a formula due to Titchmarsh (1946, p. 34) and used extensively in a paper by
the author (1968).

To verify that J.(x) and 4, represent respectively the perturbed eigen-
function and eigenvalue, we observe that

(A+Anp—Q)n = 0.

Hence operating on (1.6) by the operator A-+A,p—¢ and making use of
the relations (3.21) and (3.22), we obtain, on slight reduction, by using (1.5),
that

(A+Mp— Qs = —(An—dn)PPn— Aty
Therefore, §, satisfies (1.2) with A = 4,.
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In one dimension the infinite series expansion of Gu(X, £, As) as derived
from (3.1) converges absolutely and uniformly but in two dimensions this is
not necessarily the case. However, in two dimensions the weaker relation

. < (X)) }
lim Gn(xa g: /\n)— dx =0
A > |

m—> O

holds (Courant and Hilbert 1953).
Therefore,

fEGn(x,g,An)¢n(x)p(x)dx=o. co L. (3.26)

Multiplying the condition (X) of the theorem by #,(x) p(x) and then integrating
over B, it follows by (3.26) that

[, #P @ (xp(x) dx

= =1 [ O p 0+ G ) gt} dx

. (3.27)
Now

[ 0P dx
E
= [ Gntahd+d+ . )2(pte) dx
The term independent of e on the right-hand side of the above is equal to
| pax=1.
E
Also the coefficient of e, m = 1, 2, ..., is equal to

(m)
2[4 dx

+f {¢(m 1)(¢(1 +¢nt)+ ¢’Ll)(¢$‘m_1)p+ﬂbim—2)t)+‘l’f,m—l)l/’nt} ix,

which is zero by (3.27).

Hence the set {§a(x)} is orthonormal.

Thus Jn(xX) is the perturbed eigenfunction, the corresponding eigenvalue
being 4,.

It remains now to show that the coefficients {\™} and {$”'} have the
values as determined formally in § 2. We have

A = —dn [ gltdx = —dabn,s
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@) = —dn [ Gu(x, & M)n(OUO) de—tha(x) [ vR(EUE) de
E E
— 1 $x)
= —unthutdn Z oy | gr@rmiene a

by, rfr(X)
An_hr

- %bn, n ‘/’n+2n

rEN

Y R GIAGE

= = [ DA G+ ) n(6) a6

bZ
— bZ — ", r
(o 3]
and so for the higher coefficients. The theorem, therefore, is completely
established. A similar argument is used to prove the result in three dimen-
sions and for higher dimensions an iterated formula is required.

It may be remarked in connection with the theorem established before
that conditions (iii) and (iv) are only necessary to establish the inequalities
(3.14) and (3.16) and hence can be dispensed with if these inequalities are
found to be satisfied for a particular problem.
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