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An initial value investigation into the axisymmetric wave motions in an
infinitely deep fluid with a free surface produced by harmonically oscillating
disturbances acting on the free surface of the fluid is made in this paper. An
asymptotic analysis of the problem has been carried out in considerable
detail for a deeper understanding of the steady state and transient wave
motions. The limiting behaviour of the asymptotic solution as time 7T
tends to infinity has been given due attention. A careful consideration has
been given to examine the validity of Lighthill’s prediction regarding the
steady state solution. Finally, the steady state solution is obtained as a
limiting case without any fictitious damping force.

1. INTRODUCTION

It is well known that the solution of the steady state (or stationary)
wave problem in which the wave motions are simple harmonic in time is,
in general, not unique on mathematical grounds. But in any physical situa-
tion only one solution is of interest. In order to remove this mathematical
difficulty in derlving a solution of physical interest, several methods have
been employed in the treatment of this steady state problem, all of which
are aimed at deriving a solution of physical interest by introducing some
artificial device. A brief review stating some important features of these
methods is made below to understand them clearly and to indicate our
motivation. ,

Firstly, mention may be made of a fictitious damping force (Lamb 1905,
1932) which is introduced to avoid indeterminateness and to obtain a solution
of the stationary wave problem appropriate to physical situation. Although
this method works, it is probably pertinent to ask a physical justification of
_the artificial force imposed on the fluid system. A satisfactory answer to
this question has not yet been obtained.

Secondly, in order to find out a solution of physical interest, the
problem is, in general, investigated by imposing Sommerfeld’s radiation
condition at infinity. The radiation condition is, indeed, on mathematical
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and physical reasons, essential to achieve a unique solution of interest of the
steady state problem.

As an alternative to a fictitious damping force or to the radiation condi-
tion, Lighthill (1960) suggested an alternative approach of applying the
radiation condition in solving the general wave problems. This method is also
ugeful in finding out a solution of physieal interest of the problems.

As a matter of fact, the radiation condition or Lighthill’s alternative
approach of applying the radiation condition or the fictitious damping force is
indispensable for deriving a solution of physical interest of the steady state
problem. All these methods lead, in general, to the same solution.

These formulations, all of which seek a steady state solution, are open to
criticism for various reasons. In the first place, a hypothesis that the motion
holds for all times is, of course, an unnatural feature of ‘dynamics’. The
natural method of generating waves involves transient motions which die out
after sufficiently long times, and none of the above methods consider these
transient motions at all. Mathematically, a unique solution is not guaranteed
unless one considers an initial value formulation. Finally, in some more
complicated situations, it is not always immediately clear how the radiation
condition should be applied.

From the above considerations, it is probably desirable to pay special
attention to the general problem of wave propagation in a fluid as an initial
value problem, which appears to be mathematically more sound and physi-
cally more realistic in ‘mechanics of continuous media’. The first and
foremost reason in favour of this new approach is that this is a rigorous way of
deriving the unique solution of physical interest of wave problems, without
the need for any of the essentially physical assumptions of the three methods
described above. Secondly, it gives the behaviour of wave formation, in
principle, at all times, instead of only in the limit. Thirdly, the steady state
golution, if it at all exists, can be derived under certain circumstances as a
limiting case, and this limiting solution satisfies the radiation condition at
infinity.

Some recent progress, probably not adequate, has been made in the devel-
opment of the linearized theory of transient wave motions in a fluid originated
by disturbances on the free surface of the fluid. An account of recent works
on the initial value problem by Stoker (1957), Miles (1962) and Sen (1962)
can be given in a nutshell to describe the important features of their investi-
gations and indicate our motivation.

Stoker (1957) formulated an initial value problem of wave propagation
due to an oscillating pressure distribution concentrated in a single point of the
undisturbed free surface of a fluid of unlimited depth. With due investigation
of the problem, he arrived at the conclusion that the solution does tend to
that of the corresponding steady state problem considered by Lamb (1905) as
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time 7' tends to infinity for fixed values of X. And the limiting solution also
satisfies the appropriate radiation condition at infinity.

Miles (1962) has pointed out that Stoker’s formulation suffers from
erroneous initial conditions and has reinvestigated the same problem by the
method of stationary phase. Finally, he has arrived at the same conclusion
as Stoker had. Unfortunately, a careful scrutiny reveals that, although his
asymptotic solution is free from any doubt, his conclusion is wrong.

Sen (1962) has formulated an unsteady wave problem by introducing a
fictitious damping force similar to Lamb’s and investigated it by a compli-
cated mathematical treatment. Finally, he arrived at the conclusion that the
transient component of the asymptotic solution always decays to zero as time
T tends to infinity and, consequently, the steady state is set up in the limit.
Unfortunately, his formulation like Stoker’s suffers from erroneous initial
conditions. And he did not suggest any explanation in favour of the fictitious
frictional force imposed in the initial value formulation.

In this connection, reference may be made to an excellent account of
work on general wave problems considered by Lighthill (1964). He suggested
in his work that ‘all different ways of switching on a circuit produce identical
steady states’ but he did not adduce any proof in support of his prediction.

To examine the validity of Miles’ conclusion and Lighthill’s prediction,
Debnath (1967, 1968, in press) has proposed a linearized theory of transient
development of two-dimensional surface waves in a fluid of finite, infinite and
shallow depth produced by harmonically oscillating pressure distributions and
sources. With a rigorous investigation by the generalized function treatment
combined with the method of steepest descent and stationary phase, our
analysis reveals a striking difference between the wave motions generated
by oscillating pressure distributions confined over a finite region and at a
single point on the free surface of the fluid. This analysis further suggests
that Lighthill’s prediction regarding the steady state is not always true—its
validity can be restricted by it.

Motivated by the above consideration and immense applicability of the
initial value approach to the wave problems on its own right, we propose to
develop, in this paper, a linearized theory of transient development of axi-
symmetric waves in an inviscid, incompressible and homogeneous fluid of
unlimited depth created by harmonically oscillating pressure distributions on
the free surface of the fluid. An asymptotic analysis of the problem related to
certain pressure distributions of considerable physical interest is made in some
detail. A careful consideration has been given to examine the validity of
Lighthill’s prediction. The limiting behaviour of the asymptotic solution as
time 7' tends to infinity has also been given attention.

Before we embark on the actual investigation of the problem, we would
like to mention that we formulate, unlike Sen’s, the axisymmetric wave

6
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problem with correct initial conditions. And the fictitious frictional force intro-
duced by Sen is not necessary in deriving the steady state solution in the
limit.

2. MatHEMATICAL FORMULATION OF THE PROBLEM

We propose to investigate the propagation of axisymmetric transient sur-
face waves in an inviscid, incompressible and homogeneous fluid of unlimited
depth produced by a harmonically oscillating pressure distribution in the
form

P(R, T) = P(R) ¢*TH(T), R <
(R, T) = P(R) etTH(T) R<A} )

= 0 , R>A4

acting on the free surface ¥ = 0 of the fluid (initially at rest), where w is the
fixed frequency, 7' the time, P(R) is an arbitrary function of R and H(T)
the Heaviside step function.

We assume that X-Z plane be the undisturbed horizontal free surface and
Y-axis be vertical positive upward. We take cylindrical polar coordinate
(R, ©, Y) with cylindrical symmetry about the Y-axis such that the quantity
R is equal to the distance v/ X21 72 from the Y-axis.

As the motion is irrotational, there exists a harmonic wave potential
®(R, Y; T) which satisfies the Laplace equation (Sommerfeld 1950)
op 109 o020
5R€+R'ﬁz+gﬁ=0 29
—0o<Y<0, 0<R<w.

VP =

The linearized boundary conditions at the free surface are given by
¢>T+gE=—},P(R,T), Y=0, T>0 (23

Oy=E;, Y=0 T>0 N X )

where suffixes denote partial differentiation and E(R, T') represents the vertical
surface elevation of the free surface, p the density and g the gravitational
acceleration.

The condition at infinity is given by

Dy —>0 as ¥ — —o0, .. .. (2.5)
The initial conditions are given by
®R, Y; 0) == E(R, 0) =0 f
0 1 . (2.6)
—(DR,O,T =—'PR:0
[87’ ( )]T=O P ( )

We further assume that the functions @¢(R, Y; T) and E(R, T) possess the

Hankel transform with respect to B in the generalized sense.
6B
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We thus complete an initial value formulation of the problem for the
determination of the wave potential ®(R, Y; 7T') and the surface elevation
ER,T).

Remarks: (1) A remark on the corresponding axisymmetric wave problem
as a steady state may be inserted here. As in the two-dimensional problem,
the axisymmetric problem under consideration may also be investigated as a
steady state, just by omitting the initial conditions (2.6) from the above
formulation. Here, again, the radiation condition at infinity or the fictitious
damping force is indispensable for deriving a solution of physical interest.

(2) Sen (1962) has considered a similar problem in an infinitely deep
water with the initial conditions

OR,0; 0) =DHR,0; 0) =0
which seems to be erroneous because it means that E(R, 0) = 0 implies
Dr(R,0; 0+)=0
only if P(R, 0-+) = 0.
Our formulation, stated above, is free from the error.
(3) On account of various reasons suggested in the introduction, we
prefer the initial value approach to the axisymmetric wave problem without

introducing any fictitious damping force as suggested by Sen in his analysis.
This makes the present formulation much more convincing.

3. SOLUTION OF THE PROBLEM

We first introduce, for convenience, non-dimensional variables r, z, ¥, 2,
a, t, 5 and ¢ defined by the relations

2
(r,x,y,z,a):%(R,X,Y,Z,A), t =l

Pwt Pwb
— K, =—— 0.
93p ¢

With the aid of these relations, the basic equations can be rewritten in
the following form:

1)=

bbbty =0 . . . .. @31
—0<y<0, 0K<r<w
bitg=—p(r,f), y=0, t>0 .. .. .. (3.2
dy=m, y=0, t>0 .. .. .. .. (33
¢y—>0 as y—>-—o0 .. .. .. .. (34
=7=0, t=0
Ig:n—p(r,t), t=0, y=0}' 8-5)
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In order to obtain a solution for the function ¢ as well as », we introduce
the Laplace transform ¢, 5 (Churchill 1944; Doetsch 1961) of functions ¢, 7
respectively with respect to ¢ defined by integral in the form

¢=¢(r,y;8) = f: e~st d(r, y; 1) dt.

We next introduce the Hankel transform g, 3 (Lighthill 1958; Sneddon
1951) of the functions &, 7 respectively with respect to the variable » defined
by integral like

7= 3k g3 6) = f: rdokr) §ir, y; 8) dr,

where Jy(kr) represents the Bessel function of the first kind of order zero.
A similar Laplace and Hankel transforms are needed for the function (r, ¥).

Making use of the Laplace and Hankel transforms with respect to
¢t and r respectively and assuming that the joint Laplace-Hankel transforms
ok, 8) of p(r, t) exist, eqns. (3.1)—(3.5) can be transformed into the form

Py =k R e X )
sP+T=—p, y=0, s>0 .. .. .. (37
Py=s7, y=0, s>0 .. . .. (3.8)
Py—>0 asy—>—0 .. .. .. (3.9
d=1n=0, s=10
8‘;;):"_5(8716)’ e, y=0}' N E A 1)

The solution of eqn. (3.6) with the boundary condition (3.9) can be
put into the form B
B(k, y; s) = A(k, 5) ¥, N G B )
where A(k, s) is an arbitrary function of £, s to be determined soon.

Substituting the value for 3 into eqns. (3.7)—~(3.8) and eliminating 7, we
can determine 4(k, s). Having done this, we obtain the expression for 3

as well as 3 into the form
sp(k, s) ek¥

Bk, y; 8) = — = [T . (3.12)
Ak, §) = — %’;‘f_k‘;) . (3.13)

Making reference to the inversion theorem for the Laplace transform,
we obtain

a-t-ico =
Sk, ys 1) = — oy ot SB, 9) g (3.14)
Y i) e .. (3.
) 1 atio ’C=]C s
ik, 6) = — 5~ a-meﬂ (.f;(_*_’k))ds’, . .. (3.15)

where « > 0.
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Now the use of the Faltung (or convolution) theorem for the Laplace
transformation gives us

12

Fk,y; t) = —e’f?!f Bk, t—&) cos 4/ k¢ dé, .. .. (3.16)

0

t
Ak, t) = _\/%f Pk, t—¢) sin\VEkEdE. .. .. (317
0 :
It may be observed that in certain cases of physical interest the function
Pk, 1—¢) is usvally simple in nature and the above integrals (3.16) and (3.17)
can, therefore, be easily worked out in exact form. Then the inversion

theorem of the Hankel transform enables us to obtain the form of ¢(r, y; f)
and %(r, £) as

#rys 0=~ | :keky.lo(kr) db j;p(k, i—£) cos VEEdE, .. (3.18)

n(r, t) = — j : I8 J o(kr) dke f; Dk, t—£) sin v/ k¢ dt. .. (3.19)

These integrals (3.18) and (3.19) cannot, in general, be evaluated exactly.
Hence one has to use asymptotic methods with care to obtain the asymptotic
solution of physical interest.

4. SoME PRESSURE DISTRIBUTIONS OF PHYSICAL INTEREST

The non-dimensional form of certain harmonically oscillating pressure
distributions are stated below for due consideration by asymptotic methods.
They are of considerable physical interest and given by

(4a) .. .. .. .. p(r,t):e“—a—(;—.),
where 3(r) is the Dirac function of distribution.
And we take

p(r, t) = el'p(r), r<a

=0 , T>a
with the prescribed form of p(r) as
(4]3) .- .. .. .o _’p(f‘):l,
- 2

{4c) .. .. .. . plry=e (r 1'0),
@d) .. .. . ) =)

5. ASYMPTOTIC ANALYSIS OF THE SOLUTION

In case 4(a), we have

_ i)
p(r, 1) = eit ol
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Hence the function p(k, t—¢) is given by
Bk, t—§) = H0=5),

The integral representation (3.19) for the surface elevation %(r, ) assumes the
following form

n(r, t) = f: k(i sin /% t+ VT eos /& t— /T ett) (k—1)~1J o(kr) dk.
(5.1)

A similar expression for the wave potential ¢(», ¥; t) can be obtained without
any difficulty.

It may be noticed that the integral (5.1) has no singularities on the real
axis (0, o), hence the path of integration can be deformed into a path L
(say) in the complex s = k--iu plane, which coincides with the real axis (0, o)
except that it is diverted round the zeros of the denominator of the integrand.
We can then break up the integral into a sum of two components where the
integrals do becorse singular at the zeros of the denominator.

We thus obtain

n(r, t) = f 83 sin 4/s t4+4/5 cos /s t—/s eit)(s—1)~1 Jy(sr) dsb, (5.2)
L
where the path L is indicated in Fig. 1.

/u1

0 L /L ‘

k=1

Fie. 1. The 8 = k+-¢u plane.

We next write 5(r, ) in the form
77("': t) = (11—12)’
where I, and I, are given by the integrals in the form

I, = J‘L st(i sin /s t4+4/5 cos 4/5 t) Jo(kr)(s—1)"1 ds

Iy =ett j o= 1)1 Tofkr) ds
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where —7 < arg s < «.

Evaluation of the Wave Integrals :

To evaluate the steady state wave integral I,, we replace Jy(sr) (Whittaker

and Watson 1920) by a pair of Hankel functions H(()l)(sr) and Hff)(sr). This
gives us

e{t ’ ”
Iy = 3 (I,+1,),
where 1, 2 and 1, 2 are given by the integrals

I, = fL 52 HO)(sr)(s— 1)~ ds,
I = f 52 HO (sr)(s— 1)1 ds.
L

For the integrals I; and I;, we take contours I'; in the first quadrant
and I'y in the fourth quadrant respectively. They are bounded by the path
L, p-axis and the circular ares O, and C; lying in the first and fourth
quadrants respectively. Making reference to Cauchy’s theorem of residues,

we find that the integrals along the u-axis are 0(%), r > 1, by partial inte-

gration. For evaluating the integrals along the arcs € and C,, we replace
the Hankel functions by their asymptotic value for large sr and can show
easily that these integrals tend to zero as the radii of the circular arcs tend to
infinity.

Finally, it turns out that

3 . ks
f=—i7) Dol L 63

In order to perform integration of the transient integral [,, we first
replace the Bessel function Jy(sr) by its integral representation

kg

Jolsr) = %fzcos (sr cos 8) d#.
0
This gives us

1 3

11=§f21’de L (B30
’”0

where I ; is given by the integral in the form

I = f s4(i sin 4/s t4+4/s cos /s t)(s—1)"1 cos (sr cos 6) ds.
L
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We now introduce a new variable p defined by p2=3s, R(p)> 0 and
p = u-+iv and transform the s-integral to p-integral (Fig. 2).

0 » CJT\ -+ U

p=1 M

Fi16. 2. The p = u-+iv plane.

A simple rearrangement of the p-integral gives us the following:
I} = YLy+Ly+ Lyt Ly),

where L;, L,, Ly and L, are given by the integrals

Ly=[_gulp) e -0 dp,
L= _g.(p) - dp,
L;= fc g-(p) e~ P dp,
Ly= -[c g4(p) e~ ® dp,
where g.(p) = zp—z__’hii—l—) and ji(p) = (p:l:i’;f cos 0).

We first consider the integral L,. This integral has no poles but it has a
stationary point in the range of integration (0, ). Therefore, it can be
integrated along the real axis. We thus find

L= : g.(w) e~H_ du.

The stationary point is given by u = u, = Qt; sec § so that f (u) = 0,
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With the aid of the stationary phase method (Copson 1965; Jeffreys and
Jeffreys 1946) for large values of ¢, the integral L, can be approximated as

2m Yo (w)+i T
L, ~ g+(“1){"”—‘} e 4
¢ f_(ul){
_ {L}*ef(ﬁ-gwca)
{ug+1) {r cos 0 )

In order to evaluate the integral L,, it niay be noticed that it has both a
pole at p = 1 and a saddle point p = p; so that p, is the root of the equation
(Copson 1965; Courant and Hilbert 1953, 1962)

f(p)=0.

Then we can write L, in the form
Ly = f g-(p) /@ dp,
C

where the function f(p) is given by f(p) = if _(p).
The saddle point

p=p = (‘_f;) sec 0 and f'(p) = —2i(€) cos 8.
Now, by Taylor’s expansion of f(p) about p = p;, we obtain

(o) = flp1)+1@—p)% " (p1)+ . -
" )
= Ir—‘z——ose— 1-%‘(p-—pl)z CoSs 8+ e

This suggests that the path of integration must be a straight line through
the saddle point p = p, such that the quantity
— S (p=py)? cos 0
is real and negative,
Suppose the equation to the line is given by

p= P1+l et
Then it turns out that

- i—:(p—pl)z cos § = — Ef?lz e2iz cos 8
whence it follows that o must be such that

cos 20 = 0, sin 20 < 0.

This gives o = —=/4, 3w/4 which would fix up the slope of the steepest
path.
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There are two distinct cases to be considered:
(I)p; >1and A1) p; < 1.

Case I: When p, > 1—The path is indicated in Fig. 3, the angle of
approach of the path of steepest descent through the saddle point p = p, is
-y

We have by Cauchy’s theorem

J‘c 9-(p) 2 dp = [fc +J‘c +fc ] 7-(p) T dp.

It can be shown without any difficulty that the integrals along the paths
C; and C; have no significant contribution. In fact, the integral along the
path C3 (on putting p = p,+Re®™®) tends to zero exponentially as B — co.

The integral along the path C, has a contribution which is 0(%)
Then it turns out that
f g-(p) 4@ dp
C
= f g-(p) @ dp, with p = p,+1e®® on O,
62

20 e —i]
Ng—(pl){tlfﬂ(pl)]} e 4

= g(p1) (—j——)ir ¢ (gmo‘ %) .

7 cos @

Case I1: When p, < 1 in this case, making reference to Fig. 4 and
applying Cauchy’s theorem, we obtain

f g-(p) 4@ dp
5

= U +j +f ]9-(10) et @ dp —2mi (residue at p = 1).
Cl 62 Ca
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A similar argument can be made to the integrals C; and Oy and it turns out
that they give no significant contribution to the main integral.

F1c. 4.

Finally, we arrive at the result

[ g-wer® ap
C

o2 @
~ =i gilt~7 cos 0)_,_9_(7,1)(7. CZS 0) e’(4, sec 0 4).

To compute the integral L, it may be noted that it has a pole at p =1,
hence we can take a contour I's bounded by the path L, v-axis and the cir-
cular arc (s, all lying in the first quadrant of the complex p-plane. Again,
taking the help of Cauchy’s theorem, we easily find that the contribution to
Ls from the circular arc (5 tends to zero as the radius of C; approaches to

inﬂnity and from the v-axis is O(%) This leads us to the result

1

Lastly, it may be noticed that the integral L, has neither poles nor sta-
tionary points. Hence it can be treated like Ls. So, by the similar argu-
ment, it readily follows that the integral L, has no significant contribution.

We thus obtain

, —2mp git-reosl) 5, <] . )* ,(ff sec T
I~ + % v
1 [ 0 , PL> 1] g-(p1) (r wosd)

We then substitute the asymptotic value of I 1 into (5.4) and make appeal
to the method of stationary phase to work out é-integral. Having done
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this, we obtain an asymptotic representation of I; in the form

LY A
WECI

0 , >

{3

_—_— { ¢ cos (t2)+isin tz)
I 2r 4r (217 }
44/2 74(___1)
472

+

Finally, combining the vaiue of I, as well as [,, an asymptotic represen-
tation for the surface elevation »(r, t) takes the form

(2= ¥ i(t—r+7zr) “ :
(7, t) ~ [1(7) ¢ >
0 , 1 &2r

{3

t IZAN S 2 1
AT [27 008 (?47)““ S0 (Z;)] + 0(-2). .. (5.5)
44/2 74(172—-1)

Remarks: (1) The above solution (5.5) is not valid at ¢ = 2r. As we
are essentially interested in the asymptotic solution for large f, the com-
putation of the valid solution at £ = 2r is not so important in the present
discussion. However, this can be done by a special device advanced in the
thesis (Debnath 1967).

(2) It is very important to notice that the transient term involved in
solution (5.5) does not tend to zero as ¢ — oo for fixed values of r. Conse-
quently, the solution (5.5) for the surface elevation 7(r, ) does not tend to the
corresponding steady state solution in the limit. One of the reasons, from
mathematical point of view, is that this is probably due to the strong singu-
larity of the Dirac function at the origin. However, we intend to discuss
this point further on a future occasion.

(3) In this connection, it may be suggested that Lighthill’s prediction
‘all different methods of switching on produce identical steady states after
sufficiently long time’ is not true. At least, the present solution (5.5) does not
support it.

Motivated by the strange behaviour of the asymptotic solution for
n(r, t), due to an oscillating pressure distribution concentrated in a ‘single
point’ of the free surface, we propose to consider some oscillating pressure
distributions confined over a ‘finite’ region of the free surface, stated before
in cases 4(b)-4(d).

In case 4(b), we have

pir)=1
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go that
Pk, t—8) = 7 Ji(ak) €7,

where J(ak) represents the Bessel function of the first kind of order unity.
By virtue of this result and making an argument similar to case 4(a), we

readily obtain an integral representation for the surface elevation y(r, t) in
the form

p(r, 1) = afL J1(as)(s cos /s t+1i 4/s sin Vsi—s e“)%i? ds. (5.6)

This integral is very much similar to that of (5.2). Therefore, an identical
asymptotic analysis can be carried out to obtain an asymptotic solution for
n(r, £). This leads us to the asymptotic solution for 4(r, #) in the form

e

0 , t€2or

+_ati(é@_ [‘ s(t2)+zsm(‘2)]+0(1). (BT
Ver (—-—1) S v £

ERemarks: (1) A similar remark, as before, can be made regarding the
validity of the solution (5.7) at ¢ = 2r. Making reference to a method similar
to that advanced in the thesis (Debnath 1967), the solution of the surface
elevation 5(r, t} at the critical point { = 2r can be obtained as

n(r, ) ~ (3;)(7\) Ji(a) (cos r-sin 7).

(2) It is very interesting to notice that the transient term involved in
solution (5.7) does, in fact, tend to zero as t — oo, for fixed r. Consequently,
the solution for the surface elevation »(r, t) does approach to the corresponding
steady state in the limit £ — oo as expected.

(3) Proceeding to the limit r > co, for fixed ¢, the surface elevation 5{, t)
has the following asymptotic representation:

gz

(4) It may be interesting to observe that the asymptotic solution (5.5)
for 5(r, t) can be deduced from that of (5.7) as a limit P — oo, @ — 0 provided
Pa? tends to a finite constant.
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We next turn our attention to the Gaussian pressure distribution stated
in case 4(c) in order to examine the wave motions.
In this case, we readily obtain

Blohe

Pk, t—&) = 2m2etE—E)—k2m2 o

An argument analogous to that advanced in case 4(a), with the above-
stated value of P(k, {—¢&), enables us to obtain the following result for the
surface displacement 5(r, £):

i - - o sk
n(r, 1) = 2m2fL e=tm2(4/s cos A/5 141 sin V/3t—1/s e”)f(si_o_ilr-';—)ds

=4L;‘?f§ (I—I)de .. .. .. .. .. .. (58
where I, and I, are given by
I, = _[L st e=s2m2(4/s cos A/ s t+i sin A/'s £)(s—1)~1 cos (sr cos 8) ds
I, =it fL e~ s2m?® 2(s— 1)1 cos (sr cos ) ds.

These integrals are similar in nature to those obtained before in case
4(a). Hence an asymptotic treatment analogous to case 4(a) can be given to
them, More explicitly, the method of steepest descent and of stationary
phase combined with the caleulus of residues can be employed to evaluate the
wave integrals I, and I,. Finally, the f-integral involved in (5.8) can also be
worked out by the stationary phase approximation.

This leads us to obtain the following asymptotic expansion for 5(r, t):

] om i(t-r+g)—m2
17<r’t)N[2@77L2A/—7_—e , 1> 2r
0 , t<L2r
mi2\2

4 {2 t2 3

—— Y hl s ain { — . .. (5.9

+ 2\/§r4(522 1) {2reos (47*)—“ sin (47)} (5.9
7

Remarks: The above solution (5.9) suggests that the transient term
decays very rapidly as £ — oo, for fixed values of ». As a result, the asym-
ptotic solution tends to the corresponding steady state in the limit,

In fact, the steady state solution for %(r, £) is given by

LINPY SR L Y
7(r, t)~2im2(?rf) Sl
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Lastly, we consider case 4(d). In this cage, we readily find
Bk, t—8) = 600 [ 5. T, () Toka) d
0

where the integral on the rvight is a standard one (Watson 1922).

Without repeating the calculation similar to that encountered earlier, we
write down the asymptotic representation for the surface elevation 7(r, f)
related to this case in the form

o
"7(7‘ t) _ [ZNl(g;—T) e’(i +4) , t> 27-:|
0 , <€ 2r

3 2 2
_I____'Zv2t2— ..t_c()s i +17 sin L +0 }2' > .o (8.10)
V2r4(L 1) 2 \4r 4r t
42"

where N, and N, are given by known integrals involving the product of Bessel
functions (Watson 1922) as

N;= fOxJO()\z) Jo(x) dz,

N—EJAJQE%)d
2= | edo0a) T\ ) e

A conclusion similar to cases 4(b) and 4(c) can be drawn regarding the limiting
behaviour of the solution (5°10) as ¢ - o for fixed . In other words, the
solution for the surface elevation 5(r, t) does tend to an uitimate steady state
in the limit.

6. DiscussioN oF THE WAVE MOTIONS

The above analysis reveals a striking difference between the wave motions
generated by oscillating pressure distributions confined over ‘a finite’ region
and at ‘a single point’ on the free surface of the fluid. The relation between
case' 4(a) with cases 4(b)-4(d) is that the former results from taking the double
limit ¢ — 0, ¢ - oo in this order while, in the latter three cases, we have
taken the limit ¢ — oo first. The fact that the answers are different suggests
that the order of the double limit taking is not commutative.

The reason why case 4(a) does not tend to the corresponding steady
state solution is, of course, as stated earlier from mathematical point of view
that there is a strong singularity of the Dirac delta function at the origin.
This singularity, corresponding to an infinite pressure applied over a vanish-
ingly small region, violates the small amplitude assumption of the linearized
theory.

The situation described by case 4(a) is purely mathematical and would
never arise in practice, since any physical pressure distribution would be
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spread over a finite region, however small, of the free surface and so the ulti-
mate steady state described by cases 4(b)-4(d) would be reached.

In fact, the surface elevation %(r, £) related to cases 4(b)-4(d) assumes
the limiting form

(e, £) ~ 5. D),

r
where B is a fixed known constant, of course, different for different pressure
distributions. This solution corresponds to the circular surface waves advan-
cing with the phase velocity g/w and the group velocity g/2w; and the amplitude
of the waves decays like r-%.

So the significant conclusion is that the solution of the initial value prob-
lem would always tend to the ultimate steady state as ¢ — o« for fixed r, pro-
vided the pressure distribution is distributed over a finite region on the un-
disturbed free surface.

This analysis further suggests that the ultimate steady state can be
obtained as a limit from the transient solution without imposing any fictitious
damping force as suggested by Sen. So, it is probably fair to say that the
present initial value treatment is more convineing.

Lastly, we can say that the axisymmetric analysis, presented above,
further embolden us to put forward exactly the same comment, as in the two-
dimensional case (Debnath 1968), on Lighthill’s prediction regarding the
steady state. More precisely, it is probably fair to suggest that Lighthill’s
prediction is not always true—its validity can also be restricted by this axi-
symmetric analysis.

7. CoONOLUDING REMARKS

In this paper, our discussion has been restricted to the transient devel-
opment of axisymmetric surface waves in a fluid of unlimited depth. The
investigation into the same problem in a fluid of finite and very shallow depth
may remain open for future communication.
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